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Abstract. This book is purely expositional and is in Russian. It is shown how in 
the course of solution of interesting geometric problems (close to applications) naturally 
appear main notions of algebraic topology (homology groups, obstructions and invariants, 
characteristic classes) . Thus main ideas of algebraic topology are presented with minimum 
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KoHcJ}Hrypai];HOHHBie npocTpancTBa h njianapHOCTb. IIpcnaTCTBHC B3pc3anno- 
ro KBa^paTa k njianapnocTH rpa(|)OB. — TeopeMa Mypa o Tpno^ax n npnMep nenjianapnoro 
6ecKonennoro flepsBa. — HpenflTCTBHe B3pe3annoro KBaflpaia k njianapnocra KOMnaKTOB. 
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BBBflenne: npoSjieMbi bjitokhmocth h 3ay3JiHBanHa. — 06iri;ee nojioxenne. Hflea flo- 
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BBEAEHHE 



Nothing was changed, but now it made sense. 
U. K. Le Guin, The Beginning Place. 

SaneM 3Ta KHHra. 

Ajire6paHHecKaH TonojiornH aBjiaeTCfl (JjyHflaMeHTajibHoii ^acTbio MaTeMaTHKH h hmg- 
eT npHMeHeHHfl 3a ee npe^ejiaMH. KaK h jijir jiio6oii (J)yHflaMeHTajibHoii ^acTH nayKH, ee 
ocHOBHbie MOTHBHpoBKH H H^BH MOJKHO ^ocTynHO H3JiO}KHTb ^ejiOBexy, He HMeioiri,eMy rjiy- 
60KHX cneiinajibHbix noBnaHHii. TaKOMy HBjiojKeHHio nocBamena nacToamaa KHHra (bmg- 
CTe c |ST04j . |BE82j . |Fo92j . |Pr95j . |An03) h, bosmojkho, ^pyrHMH KHnraMn). Ee oco6eH- 

HOCTb — B03MOJKHOCTH HOSHaKOMHTbCa C 3THMH MOTHBHpOBKaMH H HfleflMH HpH CBefleHHH 

K Heo6xoflHMOMy MHHHMyMy si3UKa. /JeMOHCTpHpya ocHOBHbie Hflen na HpocTeiiniHx nacT- 
Hbix cjiynaax, CBo6oflHbix ot TexHH^ecKHx flBTajieii, a nafleiocb c^ejiaTb ajire6paH^ecKyio 
TonojiorHK) 6ojiee ^ocTynHoii Hecnen,HajiHCTaM (b nepByio onepe^b CTy^eHTan) . 

Hpoiiecc HOflBjieHHa HOJieanbix ajire6paHHecKHx nonaTHii npofleMOHCTpHpoBan na npn- 
Mspe HanGojiee narjia^Hbix TonojiorHHecKHx aa/ia^ (o BjiojKeHHax rpacjjOB b njiocKOCTb, o 
nocTpoeHHH H KJiaccH(J)HKaLi,HH BeKTopHbix nojieii, norpyjKeHHH h BJiojKeHHH, o roMOTona- 
HecKoii KjiaccHcJjHKaiiHH HenpepbiBHbix OTo6pajKeHHH). TaKoe HBjiojKeHne aBjiaeTca hb 
HOBOBBBfleHHeM, a, nanpoTHB, BOBBpainBHHBM k noflxo^y nBpBOOTKpbiBaTBJiBii (kotopob, 
BnpoHeM, aBTopy o6bi^HO npHxo^HJiocb cnaHajia nepeoTKpbiBaTb h jinnib noTOM y6e}K- 
^aTbca, HTO KjiaccHKH paccyjKflajiH Tax jkb). TaxoB hsjiojkbhhb 6bijio o6bi^HbiM b 'flo6yp- 
GaKHCTCKHii' nBpnofl |ST04| . |CL95) . Hbjiojkbhhb 'ot npocToro k cjioJKHOMy' h b cJjopMB, 
6jih3koh k 4)opMe pojKfleHHa MaTepnajia, npoflOJiJKaeT ycTnyio Tpa^Hiinio, Bocxo^amyra 
K Jlao Ilsbi H IljiaTOHy, nojioJKBHnyio FBrBJiBM b ocHOBy najiojKBHHa 4)hjioco4)hh, a b co- 
BpBMBHHOM npBno^aBaHHH MaTBMaTHKH npBflCTaBjiBHHyio, nanpHMBp, KHnraMH Xloiia h 
jKypnajiOM 'KBaHT'. 

Bcjiefl 3a KJiaccHKaMH, a opneHTHpyiocb na o6T3eKTbi, KOTopbie ocHOBaTejibnee Bce- 
ro yKopBHaiOTca b naMaTH (hjih no^coBHanHH) . 9to — OTHioflb hb chctbmm aKCHOM h hb 
4)opMajibHO-jiorH^ecKHe cxeMbi flOKa3aTejibCTB, a ecTecTBennbie nocTpoeHHa ^jia pemeHHa 
HHTepecHbix npo6jieM hjih H3aHi,Hbie flOKa3aTejibCTBa KpacHBbix Teopen, (jjopMyjinpoBKH 

KOTOpblX aCHbl H flOCTyHHbl. BOJIBB TOrO, HMBHHO HO TaKHM HOCTpOBHHaM H flOKaSaTBJIb- 

CTBaM, npH HajiHHHH HeKOTopoii MaTeMaTHHecKoii KyjibTypbi, ^HTaiejib CMOJKeT BOCCTano- 
BHTb 6ojiee a6cTpaKTHbiH TeopeTH^iecKHH MaTepnaji. 

AjirB6paHHBCKaa Tonojiorna ocnoBana na cjiBflyiomBii npocToii h^bb, HacTO BCTpBHa- 
lomeiica npn pemeHHH niKOJibHbix (b ^acTHOCTH ojiHMnnaflHbix) 3afla^: HeeosMOOKHOcmh 
npoflejiaTb HeKOTopyro KOHCTpyKiinro mojkho flOKa3biBaTb nyTBM nocTpoenHa ajire6paHHe- 
CKoro npensimcmeusi (hjih UHeapuanma) — nanpHMBp, h3 coo6pajKBHHH ^bthocth. To^ho 
Tax JKB HesKeueaAeumHocmb K0HCTpyKH,HH nacTO ^0Ka3biBaeTca nyTBM nocxpoeHHa ajire6- 
paHHBCKoro UHeapuanma, hx pa3JiH^aioiLi,ero (stot HHBapnaHT aBJiaeTca npensimcmeucM 
K SKBHBajiBHTHOCTn) . Mhophb hbhoxojkhb Apyr na flpyra sa^a^H tohojiophh anajiorn^- 
HbiM o6pa30M BCTBCTBBHHO npHBOflaT K noxojKHM flpyr na flpyra npensimcmeusiM. Hmbhho 
BBTBH aj[re6paH^ecKOH TonojiorHH, Henocpe^CTBeHHO CBa3aHHOH c meopueu zomoaozuu h 
meopueu npennmcmeuu, nocBaniBna nacToaniaa KHHra. 

'^HuHcso He uaMCHUAOcb, HO menepb ece 6uao noHamno. V. K. Jle FyuH, MaHanajibnoe 
Mecmo (nep. aemopa). 

^3aMBHy, HTO BaJKHBHHIHB TBOMBTpH^BCKHB Hpo6jIBMbI, paflH KOTOpblX 6bIJia C03flaHa 

ajire6paHHecKaa TOHOJiorna, b cboio o^epe^b 6biJiH MOTHBHpoBanbi HpeflbiflymHM pa3BHTH- 

BM MaTBMaTHKH (npBJK^B BCBFO aHajIH3a H ajir66pbl) . MoTHBHpOBaTb 3TH rBOMBTpHHBCKHB 

safla^H HB BxoflHT B ii;bjih nacToaniBH khheh. 51 jih6o npHBOJKy ccmjikh, jih6o anHBJinpyio 

K HBHOCpBflCTBBHHOii JII0603HaTBJIbH0CTH HHTaTBJIH. 
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H3JiO}KeHHe ajire6paHHecK0H TonojiorHH, na^HHaiomeecH c ^jiHTejibHoro ocBoeHHfl 
HeMOTHBHpoBaHHbix a6cTpaKTHbix noHHTHH H TeopHH flejiaeT MajiofloCTynHbiMH ee sane- 
HaTejibHbie npHMeHennfl. XlpHBe^y jinnib o^hh npHMep h3 mhophx. Eme b 19 Bexe 6biji 
npHflyMan o^enb npocToii, narjiH^Hbiii h nojiesHbiii HHBapnaHT MHoroo6pa3Hii — (J)op- 
Ma nepeceHeHHH (yMHOJKeHne b roMOJiornax MHoroo6pa3Hii) . 3aMe^aTejibHbiM OTKpbiTH- 
eM KojiMoropoBa h AjieKcan^epa 1930-x roflOB HBHjiocb o6o6iri;eHHe SToro HHBapnaHTa 
Ha npoH3BOJibHbie nojiHS^pbi (yMHOJKeHHe B KoroMOJiorHHx) . yMHOJKeHHe KojiMoropoBa- 
AjieKcaHflepa Menee narjiH^HO h onpeflejiaeTCfl 6ojiee rpoMos^KO, hgm 4)opMa nepeceHe- 
HHii (ho 3aT0 HMeeT 6ojiee npoflBHHyTbie npHMeHenHfl). Onpeflejienne 4)opMbi nepeceHe- 
HHii Hepe3 yMHOJKeHHe KojiMoropoBa-AjieKcaH^epa ^ejiaeT Majio^ocTynHbiMH ee saneHa- 
TejibHbie npHMeHeHHH (flJia nojiy^enHfl KOTopbix ne Tpe6yeTca yMHOJKeHHa KojiMoropoBa- 
AjiGKcaHflepa) . XlosTOMy dpopmy nepeceHeHHii HHor^a npocTO nepeoTKpbiBaiOT pVIo89j. 

Ha^eiocb, npHHHTbiii CTHJib HSJiojKeHHfl He TOJibKO cflejiaeT MaTepnaji 6ojiee ^ocTyn- 
HbiM, HO no3BOJiHT CHJibHbiM CTyflBHTaM (fljis KOTopbix floCTyoHO flajKB a6cTpaKTHoe H3- 
jiojKeHHe) npHo6pecTH MaTeMaTH^ecKHii BKyc c lem, T^To6bi pasyMHO BbiGnpaTb npo6jieMbi 
fljia HCCJieflOBaHHH, a TaKJKe acHO HSJiaraTb co6cTBeHHbie OTKpbiTHfl, ne CKpbiBaa omH6oK 
(hjih H3BecTH0CTH HOJiy^BHHoro pe3yjibTaTa) 3a T^pe3MepHbiM 4)opMajiH3MOM. K cojKajie- 
HHK), TaKoe (6ecco3HaTejibHoe) coKpbiTne ohihGok ^acTO nponcxo^HT c mojio^mmh MaTena- 

THKaMH, BOCOHTaHHblMH Ha ^peSMBpHO (jjOpMajIbHblX KypCaX (npOHCXOflHJIO H C aBTOpOM 

3THX CTpoK; K CTacTbio, ^o^^TH Bce moh omH6KH HcnpaBjiajiHCb neped ny6jiHKai];HflMH) . 

HTeHHe 3TOH KHHrH H pemeHHe sa^aH noTpe6yK)T ot HHTaiejia ycHJinii, o^HaKO sth 
ycHJiHfl 6yfljT CHOJina onpaB^anbi tbm, ^to BCJie^ 3a BejiHKHMH MaTeMaTHxaMH 20- ro Bexa 
B npoijecce H3y^^eHH^^ reoMeTpn^ecKHx npo6jieM ^HTaiejib OTKpoeT neKOTopbie ocHOBHbie 
noHHTHH H TeopeMbi ajireSpaHHecKOH TonojiorHH. Ha^eiocb, sto noMOJKeT HHTaTejiro coBep- 
niHTb co6cTBeHHbie HacTOJibKO }Ke nojiesHbie OTKpbiTHa (ne o6fl3aTejibHO b MaTenaTHKe)! 

Coflep:acaHHe h HcnojiBsyeMBiH MaTepnaji. 

KHHra ^peflHa3Ha^^eHa b nepByio o^^epeflb fljia T^HTaTejieii, ne Bjia^eiomHx ajireGpame- 
CKoii Tonojiorneii (xoth bo3mo}kho, ^to ^acTb SToro TexcTa 6yfleT HHTepecna h cneiinajiH- 
CTaM). Bce Heo6xoflHMbie ajire6paH^ecKHe oGieKTbi (co CTpaniHbiMH Ha3BaHHHMH rpynnbi 
roMOJiornii, xapaKTepncTHHecKHe Kjiaccbi h t. fl.) ecTecTBeHHO B03HHKaiOT h CTporo onpe- 
deAMwmcM b npoijecce HCCJie^OBaHHa reoMeTpHHecKHx npo6jieM. B 6ojibmeii ^^acTH KHHrn 
3HaK0MCTB0 c ajire6paH^ecKHM nonaTHeM rpynnbi ne o6fl3aTejibHO, h 9to cjiobo mojkho 
BOcnpHHHMaTb KaK CHHOHHM cjiOBa 'MHOJKecTBo' (xpoMe Tex MecT, r^e oroBopeno npoTHB- 
Hoe). 

/Jjifl ^TeHHH 6ojibmoH nacTH KnnrH floCTaTonno reoMeTpnnecKon nHTyHLi;HH n nniy- 
HTHBHoro npeflCTaBjiennfl o ^ByMepnbix (Koe-r^e — TpexMepHbix) MHoroo6pa3Hflx. JXjih 
y^o6cTBa nnTaTejia b rjiaBe 1 npHBe^enbi onpe^ejienna n Hcnojib3yeMbie CBoiicTBa rpa- 
(JjOB, flByMepHbix H TpexMepnbix MHoroo6pa3HH. SaneinM, hto 9Ta rjiaba hh b kobm cjiy^ae 
He HcnepnbiBaeT Teopnn sthx oGiexTOB; xota (J)opMajibHO ona ne onnpaeTca na flpyrne 
HCTO^HHKH, ^HTaTejiK) MOJKeT OKa3aTbCfl nojie3HbiM 03HaK0MHTbCH c 6ojiee nOflpo6HbIM 
H3JiojKeHHeM ee Maiepnajia 

CoBepmenno ne o6fl3aTejibHO nannnaTb H3y^eHHe KnnrH c noAHOzo npo^TenHH rjia- 
Bbi 1. ^eiicTBnTejibno, 6ojibmafl ^racTb rjiabbi 7 ncnojib3yeT TOJibKO rpacjjbi. TpexMepHbie 
Mnoroo6pa3na cymecTBenno ncnojib3yiOTCfl TOJibKO b nocjie^nnx naparpacjsax rjiaB 2 h 3, 
B naparpacjae '^BoiicTBeHHOCTb IlyanKape' rjiabbi 4 (^jih ^BynepHbix MHoroo6pa3HH co- 
flepjKaHHe SToro naparpaejaa noKpbiBaeTca naparpa(J)0M '(jjopMa nepeceneHHii' rjiaBbi 2), 
B rjiaBe 5 h b OT^ejibnbix MecTax rjiabbi 6 (xoTopbie MoryT 6biTb nponymenbi 6e3 ymepGa 
pjiR noHHMannH MaTepnajia, ne Kacaronieroca TpexMepnbix MHoroo6pa3HH) . B SToii KHnre 
n-MepHbie MHoroo6pa3Ha ne onpe^ejiaroTca. Hx onpe^ejienne jierxo npH^ynaTb no ana- 
jiornn c npHBe^eHHbiM onpe^ejiennen ^ByMepnbix h TpexMepnbix MHoroo6pa3HH. Mojkho 
TaKJKe B Tex necTax, r^e BCTpenaiOTca n-Mepnbie MHoroo6pa3Ha, CTHTaTb, ^to n = 2, 3 
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(snpoHeM, rjiasa 5 HHTepecna HMeHHO fljia n ^ 4). 

3aMeTHM, oflHaKO, ^to xapaKTepncTH^ecKHe Kjiaccbi no-nacTOHineMy HesaMenHMM 
TOJibKO fljifl MHoroo6pa3HH pasMepHOCTH BMine Tpex. IlosTOMy name HSJioJKenHe maie- 
pnajia o BeKTopHMx nojiax na deyjuepnux MHoroo6pa3Hax b rjiaBe 3 Menee Harjifl^HO h 
6ojiee a6cTpaKTH0, hgm HSJiojKeHHe b |BE82| . |Pr95) . /Joctohhctbo Hamero HSJioJKeHHfl b 
TOM, HTO OHO flaeT 6ojiee Henocpe^CTBeHHoe npe^CTaBjieHHe o6 o6iri;Hx MeTo^ax, npHMe- 

HHMblX K MHOZOMepHUM MHOrOo6pa3HaM. 

FjiaBbi 2, 3, 6 H 7 npaKTH^ecKH nesaBHCHMbi jxpyv ot APyra (BnpoHeM, b rjiaBe 3 pac- 
CMaTpHBaiOTca npHMepbi, anajiornHnbie rjiabe 2, ho b cpeflneM 6ojiee cjioJKHbie). HaHHnaTb 
Hsy^eHHe KHHrn mojkho c jiio6oh h3 hhx (npn Heo6xoflHMOCTH npe^BapHTejibHO osnaKO- 

MHBniHCb C Heo6xOflHMbIMH nOHHTHHMH DO TJiaBB 1). IIpH 3T0M CJIOJKHOCTb MaTepHajia (h 

KOJiHHecTBO HcnojibsyeMbix noHHTHii) BHyTpn KajK^oii rjiaBbi pacTeT. IlosTOMy Bnojine pa- 
syMHO nepexoflHTb k hoboh rjiaBe, otjiojkhb na noTOM HsyHenne KOHLi,a CTapoii. Bojiee Toro, 
pa3o6paB no rjiaBan 2, 3, 6 hjih 7 necKOJibKO npHMepoB, MOTHBHpyiomHx nonaTHe rpynn 
roMOJiornii, mojkho osnaKOMHTbCH c a6cTpaKTHbiM HSJioJKeHHeM SToro noHHTHH b rjiaBe 
4. Ilocjie SToro paayMHO BOSBpamaTbCH k OTJiojKeHHOMy MaTepnajiy. 3>opMajibHO rjiaba 4 
He 3aBHCHT OT npeflbiflymHx rjiaB. Ho b neii hst OTBeia na Bonpoc 'sa^eM', BajKHoro ^jia 
na^ajia Hsy^ennfl jiio6oh TeopHH. 

HaH6ojiee 6jiHCTaTejibHbie npHMeneHHH neKOTopoii tgophh — TeopeMbi, b (jaopMyjin- 

pOBKaX KOTOpblX Hem nOHHTHH H3 3T0H TeOpHH (hO npH ^OKaSaTejIbCTBa KOTOpblX 6e3 

flaHHoii TeopHH ne o6oHTHCb) . Taxne npHMenenHfl ecxb h y ajireGpanHecKoii Tonojiornn (b 
HacTHOCTH, TeopHH roMOJiornii). /Jjia y^oGcTBa HHTaTejia Taxne TeopeMbi Bbiflejienbi jKHp- 
HbiM mpHcjjTOM B TeKCTe, B TJiaBB 3 co6paHbi B Ha^ajie naparpa(J)0B, a b rjiaBe 5 co6paHbi 
B Ha^ajie rjiaBbi. 

/loKaaaTejibCTBa 3thx Teopen pasGnBaiOTCfl na ^Ba mara. IlepBbiH h oGmhho 6ojiee 
npocToii mar — nojiyHeHHe Heo6xoflHMoro ycjiOBHs na a3biKe TeopHH HpenflTCTBHii — npn- 
BOflHTCfl B SToii KHHre. BTopoii H 6ojiee cjiojKHbiii mar — BbiHHCJieHHe noflBJiHroninxcfl 
npeHHTCTBHH — HpHBOflHTCs jiHmb B BH^e Ha6pocKa, ijHKjia sa^aH HJIH npocTO ccmjikh 
(nocKOJibKy, HO MHeHHK) aBTopa, BTopoii mar jiy^me OHHcan b jiHTepaType, Hen nepBbiii). 
SaMe^y, ^to ^jia 6ojibmHHCTBa npocTeiimHx reoMeTpHHecKHx npo6jieM ohcbh^ho, hto 
nojiyHeHHoe Heo6xoflHMoe ajire6paH^ecKoe ycjiOBne aBjiaeTca floCTaTO^rHbiM. A bot pjlr 
6ojiee cjiojKHbix reoMeTpHHecKHx Hpo6jieM, KOTopbie 3flecb ne hphbo^htch (nanpHMep, o 
KJiaccH(J)HKan,HH MHoroo6pa3Hii hjih BJiojKeHHii), HaH6ojiee Tpy^HO HMeHHO flOKa3aTb do- 
cmamoHHOcmb HOJiyneHHoro ajire6paHHecKoro ycjiOBHa. 

Bojibmaa ^acTb MaTepnajia ccjaopMyjinpoBana b BH^e aa^aH, o6o3HaTiaeMbix jkhphm- 
MH ^HCJiaMH. Cjie^yeT HO^^epKHyTb, hto MHorne 3afla^H ne HCHOJib3yiOTCii b ocTajibHOM 
TeKCTe. KpacHBbie Harjia^Hbie sa^a^n, ^jia pemeHHH KOTopbix ne nyjKHO HHKaKHx 3Ha- 
HHH, HpHBe^eHbi yjKe B caMOM Ha^iajie. /Jjia noHHMaHHa h pemennH 6ojibmHHCTBa sa^a^ 
floCTaTO^HO 3HaKOMCTBa c HacTOflm,HM TeKCTOM (TOHHee, ero TiacTH, Hpe^mecTByiom,eH 
4)opMyjiHpoBKe sa^a^n) . Ecjih HcnojibsyeMbie b ycjiOBHH TepMHHbi ne onpeflejienbi b stom 
TeKCTe H BaM HesHaKOMM, to cooTBeTCTByiomyio sa^a^y cjie^yeT npocTO iirnopHpoBaTb. 
Otmbthm, hto fljia pemeHHH 3afl,aH ^ocTaTOHHO HOHHMaHHii hx (jjopMyjinpoBOK ii ne mpe- 

6yemCM HHKaKHX ^OHOJIHHTejIbHblX HOHHTHH H TBOpHH (KpOMe, 6bITb MOiKBT, 3a^aH CO 

3Be3flo^KaMH) . 

IIpHBO^HMbie 3aflaHH HBJIHIOTCfl HpHMBpaMH HHTepeCHblX H HOJie3HbIX (J)aKTOB, H HH- 

TaTejiK) 6yfleT nojie3HO 03HaKOMHTbCfl c caMHMH 4)aKTaMH, flajKe ecjiii oh ne CMOJKeT hx 
caMOCTOHTCJibHO flOKasaTb. HanpHMcp, b hckotopbix aa^anax hsjiojkch Hjian flOKasaTCJib- 
CTBa TeopeM, KOTopbiii HOj[e3HO HOHHMaTb, ^ajKe ecjiH ^eTajiH SToro HJiana ocTanyTca 

He^OCTyHHblMH. IIoSTOMy HpHBOflHMbie (jjOpMyjIHpOBKH 3aflaH MOryT 6bITb HyTeBO^HTejieM 

HO flpyrHM y^e6HHKaM ho ajire6paH^ecK0H Tonojiornn, hobbojihh nane^aTb HHTcpecHbie 
KOHC^Hbie ijejiH H 0T6pacbiBaTb MaTcpnaji, ne HBjifliomHiica ^jih sthx iiejieii Heo6xoflHMbiM. 
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BnpoHeM, nojiesHee Bcero 6biJio 6bi o6cy}K^aTb co cneiinajiHCTOM kek BaniH pemenHfl 3a- 
fla^^, TaK h BOSHHKaiomHe npn pemenHH TpyflHOCTH. 

EcjiH ycjiOBHe sa^aHH flBjiaeTca iJiopMyjinpoBKoii yTBepjK^eHHH, to noflpasyMeBaeTca, 
HTO 3T0 yTBepjK^eHHe Tpe6yeTCfl ^OKasaTb. 

Hepes \AB\ hjih \A, B\ o6o3HaHaeTca paccToaHne MejKfly TO^KaMH An B (h3 KOHTeK- 
CTa flCHO, B KaKOM npocTpancTBe). 

^Jia 3HaTOKOB. 

B rjiaBe 3 npHBO^HTCH Ha6pocoK npocToro floxasaTejibCTBa TeopeMbi IIlTHcjjejifl o 
napajiJiejiH3yeMOCTH opneHTHpyeMbix TpexMepnbix MHoroo6pa3Hii (H3JiO}KeHHe necKOJibKO 
ynpomeno no cpaBHenHio c |Ki89) ). HecTan^apTHbiM (xots h necjioJKHbiM) aBjiaeTca Maie- 
pnaji rjiaB 7 h 8, naparpacjaoB 'yTOJimenHH rpacjsoB', 'TpexMepnbie yTOJimeHHH ^ByMepHbix 
nojiHS^pob', 'KJiaccH^jHKaiiHfl BeKTopHbix nojieii h ceHeHHii' h 'BJiojKHMOCTb H norpyjKa- 
eMOCTb MHoroo6pa3HH'. Ilo bo3mojkhocth npHBO^flTca ccmjikh na KHHrn h o63opbi, a ne 

Ha OpHrHHajIbHbie CTaTbH. 

CTan^apTHaa TepMHHOJiorHfl TeopHH npensTCTBHii ne Hcnojib3yeTCfl Tan, r^e (no Mne- 
HHio aBTopa) OHa Heyflo6Ha fljia HaHnnaioinero. IlpHBefleM 3flecb cpaBnenne o6biHHoii Tep- 
MHHOjiornn h npnHHTon b Knnre. PaccmaHoeKU ajieMewmoe epynnu G ua i-cuMUjieKcax 
mpuamyjiM.'nuu T — to jkb, hto i-Mcpnue v,enu uaT c K09(p(pu'nueHmaMU e G. Fpynna 
xaKHx paccTanoBOK o6bnHO o6o3HaHaeTCH Ci{T;G). MnojKecTBO dCi+i{T;G) Bcex rpa- 
nnii o6pa3yeT no^rpynny rpynobi Ci{K] G), o6o3Ha^^aeMyIO Bi{T] G). Kor^a G = 7^2, mm 
nponycKaeM K034)4)Hn,HeHTbi b o6o3HaHeHHHx ijeneii, n,HKJiOB, rpaHHD, n roMOJiornii. 

KpoMe Toro, b SToii KHHre (xpoMe rjiaB 6 h 7) openHTCTBHH jiejKaT b rpynnax somoao- 
euu, a ne B rpynnax kozomojiozuu (H30Mop4)Hbix rpynnan roMOJiornii ^jia MHoroo6pa3HH) . 
HMenno STa Tonxa 3peHHa (flBoncTBennafl npnHflTon b yne6HHKax, no o6binHaH ^jih nep- 
BOOTKpbiBaTejieii) no3BOJiaeT uasAJidHO u3o6pacHcamb npensTCTBHa. 

B rjiaBax 1, 2 n 7 mm pa6oTaeM c MHoroo6pa3HflMH b KyconHO-jinnenHOH KaTeropnn, a 
B rjiaBax 3 n 5 — b rjia^Kon. IIocKOJibKy jiK)6oe rjia^Koe MHoroo6pa3He nneeT TpnanryjiH- 
iIHio, corjiacoBannyio c rjiaflKoii CTpyKTypoii, nacTO mm STy TpnanryjiimHio n Hcnojib3yeM. 
Ilo Teopene Monca o6 annpoKCHMaiinn |IBi83] anajiornnHbie pe3yjibTaTbi Bepnbi n b Tono- 
jiornnecKoii KaTeropnn ^jih pa3MepHOCTH ne Bbime 3. 

Bjiaro^apHOCTH. 

Bjiaro/iapio A. H. ^pannmnnKOBa, ^. B. <l>yKca, A. T. <l>OMeHKO n E. B. IHennna: 
H ynnjica ajireGpannecKoii Tonojiornn no Knnre [FF89| n na cennnape /JpannmnnKOBa- 
mennna b MaTeMaTnnecKOM nncTHTyTe Pocchhckoh aKa^ennn nayK. 

HacTOflmaa Knnra ocnoBana na jieKu,HHx, npo^HTannbix aBTopoM na MexMaTe Moc- 
KOBCKoro rocyflapcTBennoro ynnBepcnTeTa nM. M. B. JloMonocoBa, b He3aBncHM0M moc- 
KOBCKOM yHHBepcHTeTe, B JleTHeii niKOJie 'CoBpeMennaa MaTenaTnKa', a TaKJKe b Kn- 
poBCKoii H neTep6yprcKOH jieTnnx MaTenaTnnecKnx niKOJiax b 1994-2006 rr. (MaTepnaji 
CTaTeii |RSOO| . |RSQ2) coflepjKHTca b nacToamen Knnre b cymecTBenno flopa6oTannoM 
H pacmnpennoM Bn^e.) 51 npH3naTejien M. H. BajiOMy, A. A. SacjiancKOMy, C.K.Jlanflo, 
B. B. IlpacojiOBy, B. B. IIIyBajiOBy, ???, a TaKJKe Bcen cjiymaTejiaM STnx jieKu,HH 3a nep- 
noBbie 3anncKn jieKU,nH n Mnoro^ncjiennbie o6cy}KflenHa, cnoco6cTBOBaBmne yjiynmennio 
H3Ji0JKenna. 

9Ta Knnra nocnaniena naMaTn K)pna IleTponnna CojiOBbeBa — 3aMenaTejibnoro MaTe- 
MaTnKa, cnnTanmero onenb BajKnbiM n3JiO}Kenne MaTeMaTnKn na KonKpeTnoM, flOCTynnoM 
(n B TO JKe BpeMa CTporon) a3biKe, b OTjinnne ot 'nTnnbero' a3biKa n3JinmneH a6cTpaKi];nn. 
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rJlABA 1. rPAObI H MAJlOMEPHblE MHOrOOBPASHil 



Wissen war ein bisschen Schaum, der iiber eine Wage tanzt. 
Jeder Wind konnte ihn wegblasen, aber die Wage blieb. 

E. M. Remarque, Die Nacht von Lissabon. E| 

OCHOBHblE nOH5ITH5I TEOPHH PPAOOB. 

BepOflTHO, BBOflHMbie 3fleCb nOHHTHH 3HaK0MbI HHTaTejIK), HO Mbl npHBOflHM HeTKHe 

onpeflejieHHH, HTo6bi (J)HKCHpoBaTb TepMHHOJiorHK) (KOTopaa 6biBaeT flpyroii b ^pyrnx 
KHHrax) . B 66jibmeH ^acTH KHHrn HcnojibsyeTCH TOJibKO nepBbifi nyHKT SToro naparpacjsa, 
nosTOMy naparpacj) mojkho nponycTHTb h B03Bpairi;aTbca k Heny no Mepe Heo6xoflHMOCTH. 

Onpe^ejieHHe rpa(|)a. 

rpa(f}OM 6e3 nemcAb u Kpamnux pe6ep nasbiBaeTca KOHe^^Hoe MHoacecTBO, HeKOTO- 
pbie flByxsjieMeHTHbie noflMHOJKecTBa (i.e. Heynopflflo^enHbie napbi) KOToporo Bbi^ejieHbi. 
3jieMeHTbi flaHHoro MHOJKecTBa V nasbiBaroTCH eepmunaMU. BbiflejieHHbie napbi BepniHH 
nasbiBaiOTca pe6paMU. Ka»cfloe pe6po CGe^HHaeT pasjiHi^Hbie BepniHHbi (hgt neiejib), h 
jiK)6bie ^Be BepniHHbi coe^HHeHbi ne 6ojiee ^^en oflHHM pe6poM (hbt xpaTHbix pe6ep). 

FpaifioM (c neTjiHMH h KpaTHbiMH pe6paMH) nasbiBaeTCfl KOHe^^Hoe mho^kgctbo V , bmg- 
CTe c TaKHM OTo6pajKeHHeM e :V x V ^ Z+ b MHOJKecTBO Li;ejibix HeoTpniiaTejibHbix HHceji, 
HTO e{x,y) — e{y,x). 3jieMeHTbi MHOJKecTBa V nasbiBaiOTca eepmunaMU. Ilapa BepniHH, 
nepexo^amaa b hhcjio fc > 0, nasbiBaeTCH pe6poM Kpamnocmu k (nHor^a pe6poM KpaTHO- 
CTH yflo6HO Ha3biBaTb napy, nepexo^flmyio b 0). 

KojiH^ecTBa BepniHH, pe6ep (c y^eTOM KpaTHOCTH h BKJiro^aa neTJin) h KOMnoneHT 
CBH3H0CTH rpa(|)a o6o3Ha^aiOTca V , E m C , cooTBeTCTBeHHO. 




Phc. 1: IlpHMepbi rpa4)0B 



IIpH pa6oTe c rpa4)aMH y^o6HO nojibsOBaTbca hx H3o6pa>KeHHaMH. BepniHHbi h3o6- 
pajKaiOTca TOHxaMH (nanpnMep, na hjiockocth hjih b npocTpancTBe). KajK^oe pe6po, co- 
OTBeTCTByiomee ^ByxsjieMenTHOMy Bbi^ejiennoMy noflMHOJKecTBy, H3o6pa}KaeTca jiOManon 
(hjih KpHBoii), coe^HHaiomeH cooTBeTCTByioni,He to^kh. KajK^oe pe6po, cooTBeTCTByiomee 
OflHOSJieMeHTHOMy BbiflejienHOMy noflMHOJKecTBy {A\, H3o6pajKaeTca 3aMKHyT0H jiOMaHoii 
(hjih KpHBoii), coeflHHfliomeH STy BepniHHy A cany c co6oh. {JIilr npocTOTbi mm b ochob- 
HOM 6yfleM paccMaTpHBaTb TOJibKO Taxne pncynKH, na KOTopbix pe6pa H3o6pa}KaiOTCH 
jiOMaHbiMH, a He npoH3BOjibHbiMH KpHBbiMH.) Ha H3o6pajKeHHH jioMaHbie MoryT nepece- 
KaTbCfl, HO TOHKH Hepece^eHHfl (xpone flbyx kohd;ob pe6pa) ne aBjiaiOTca BepmnnaMH. 
BajKHO, T^TO rpacj) h ero H3o6pa}KeHHe — ne oflHO n to jKe. 

^SnaHHe s^ecb — TOJibKO nena, njiamyniaa na BOJine. O^ho ^ynoBenne Beipa — h 
nenbi neT. A BOJina ecTb h 6yfleT Bcer^a. 9. M. PeMapK, Ho^b b JlHcca6oHe (Hep. lO. 
IljianieBCKoro) . 
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Top, JIHCT MeGnyca h cdpepa c py^KaMH H3o6pajKeHbi na pncIH 




Phc. 2: Top, JIHCT Me6Hyca, uvuivmfxp h ccjsepa c py^xaMH 



1. MojKHO JIH HapHCOBaTb 6e3 caMonepeceHenHii rpa(i)bi Kc, h K^ ^ (pHC.[3]) 
(a) Ha Tope? (b) na jiHCTe Me6Hyca? 

(c) Ha c4)epe? (d) na 6okoboh HOsepxHOCTH iinjinnflpa (i.e. b KOJibiie)? 




Phc. 3: Fpacjjbi KypaTOBCKoro 



2. JI1060H rpa(i) MOJKHO napncoBaTb 6e3 caMonepece^enHii 

(a) B npocTpancTBe. 

(b) na c4)epe c neKOTopbiM kojih^cctbom pynex, aaBHcainHM ot KOHKpeTHoro rpacjaa. 

(c) B KHHJKKe C HCKOTOpblM KOJIHHeCTBOM JIHCTOB, 3aBHCflniHM OT rpa(J)a. 

(d) B KHHJKKe c xpeMa jiHCTaMH (pvic. [26l cjieBa). 

3. BbipejKbTe H3 KHHJKKH C TpeMH JiHCTaMH 

(a) JIHCT Me6Hyca; (b) Top c flbipKofi; 

(c) J11060H flHCK c jieHTO^KaMH (T.e. jiio6oe ^ByMepnoe MHoroo6pa3He c xpaen — cm. 
OHpe^ejieHHe ^ajiee). 

4. (a) Pa3pejKbTe 6yTbijiKy KjieiiHa (pnc. [23l) na flba jincTa MeGnyca. 

(b) Pa3pe}KbTe 6yTbiJiKy Kjienna Tax, ^To6bi nojiy^HJica (o^hh) jihct Me6Hyca. 

(c) MojKHO JIH H3 jiHCTa MeGnyca Bbipe3aTb HenepeceKaiOLu;Hecfl KOJibii;o h jihct Me- 
6Hyca? 

(d) * MojKHO JIH H3 jiHCTa MeGnyca Bbipe3aTb ^Ba HenepeceKaioniHecfl jincTa MeGnyca? 
OcHOBHbie noHaTHH TeopHH rpa(J)OB. 

CmeneHbw BepniHHbi rpa4)a nasbiBaeTca hhcjio Bbixo^fliLi,Hx h3 nee pe6ep. 

ITymeM b rpa(i)e Ha3biBaeTCfl KOHeHnaa HOCJieflOBaTCJibHOCTb Bepmnn, b KOTopofi jiio- 
6bie ^Be coce^HHe BepniHHbi coe^HHenbi pe6poM. II^ukaom Ha3biBaeTCH nyTb, b KOTopoM 
nepBaa h HOCJieflHSJii BepniHHbi coBna^aiOT. FpacJ) Ha3biBaeTca cgmshum, ecjiH jiio6bie ^Be 
ero BepniHHbi mojkho coe^HHHTb nyTCM. 

FpacJ) Ha3biBaeTCfl depeeoM, ecjin oh CBH3eH h ne co^epjKHT HecaMonepeceKaioniHxcfl 
ijHKjioB. 5IcH0, HTO B J11060M CBfl3H0M rpacjje cymecTBycT ^epcBO, coflepjKaniee Bce ero 
BepniHHbi. TaKoe ^epcBO Ha3biBaeTca MancuMajibHUM depeeoM. 
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BepniHHa rpacjja HasbisaeTCH eucMHeu, ecjiH h3 nee bmxo^ht poBHO o^ho pe6po (t. 
e. ecjiH ona nneeT CTenenb oahh). Pe6po rpacj^a nasbiBaeTca bucmhum, ecjiH o^na h3 ero 

KOHIieBblX BepniHH BHCHHaa. 

rpy6o roBopfl, nodspac^ flaHHoro rpacjja — 9to ero ^acTb. "topMajibHO, rpacj) G Hasbi- 
BaeTca nodzpa^OM rpacjaa H , ecjiH KajK^aa BepniHHa rpacjsa G aBJiaeTCH BepniHHOH rpacjja 
H , H Ka>K;ioe pe6po rpacjja G aBJiaeTca pe6poM rpacjja H . Xlpn stom ^Be BepniHHbi rpacjja 
G, coe^HHeHHbie pe6poM b rpacjje H , ne o6fl3aTejibHO coeflnneHbi pe6poM b rpacjje G. 

H30M0p(J)H0CTB H rOMCOMOpcJjHOCTB rpatJjOB. 

rpy6o roBopa, rpa(J)bi H30Mop(J)Hbi, ecjiH ohh o^HHaKOBbi (npn stom hx H3o6pa}Ke- 
HHfl Ha njiocKOCTH MoryT 6biTb pasHbiMH). <I>opMajibHO, rpacjjbi Gi h G2 Ha3biBaiOTCH 
uaoMopcfiHUMu, ecjiH cymecTByeT B3aHMH0 oflH03HaHHoe OTo6pajKeHHe / MHOJKecTBa Vi 
BepniHH rpa(J)a Gi na MHOJKecTBO V2 BepniHH rpacj^a G2, yflOBJieTBoparomee ycjiOBHio: 
eepmuHU A, B gVi coeduHenu pe6poM e moM u moMKO e moM cjiynae, ecjiu eepmuHU 
f{A), f{B) e V2 coeduHCHU pe6poM. 



OnepaiiHfl nodpaadejieuuM, pe6pa rpacjja noKa3aHa na pnc. [H ^Ba rpacjja Ha3biBaK)TCfl 
20MeoMop(pHUMU, ecjiH OT oflHoro MOJKHO nepeiiTH k ^pyroMy npn noMOin;H onepaiinii 
noflpa3^ejieHHH pe6pa h o6paTHbix k hhm. Hjih, SKBHBajienTHO, ecjiH cymecTByeT rpacj) G, 
KOTopbiH MOJKHO HOJiyHHTb H3 KajK^OFO H3 flaHHbix rpacjjOB onepaiiHflMH noflpa3flejieHHa 
pe6pa. 

KoMnanmHUM odnoMepHUM noAusdpoM (hjih zpa(poM e monoAozuuecKOM CMUcjie) na- 
3biBaeTca Kjiacc SKBHBajienTHOCTH neKOToporo rpacjaa ho OTHomeHHio roMeoMop4)HOCTH. 
By^eM coKpanieHHO Hbi3biBaTb KOMHaKTHbiii oflHOMepHbiii HOJiHSflp l-noAuadpoM. Ilpe^- 
CTaBjifliomHH rpacj) nasbiBaeTca 1-cxeMou cooTBeTCTByiomero l-HOJina^pa. 

IIpH pa6oTe c l-nojiHS^paMH mm HacTO 6y^eM nojibsOBaTbca HpeflCTaBJiflioni,HMH hx 
rpa4)aMH, onycKaa npoBepxy He3aBHCHM0CTH ot Bbi6opa Hpe^CTaBHTejifl b Kjiacce skbh- 
BajieHTHOCTH. Hepe3 o6o3HaHaeTca rpacj), roMeoMop4)HbiH OKpyjKHOCTH (hjih cooTBeT- 

CTByiOLLI,HH l-H0JIH3^p). 

B 3TOM a63aH,e (ne HCHOJib3yeMOM b ^ajibHeiinieM) HOHSTHfl CKJieiiKH, (janrypbi (hjih, 
HayHHO, TOHOJiorH^ecKoro npocTpancTBa) h TonojiorHHecKOH SKBHBajienTHOCTH (hjih, na- 
yHHO, roMeoMop4)HOCTH) ne OHpe^ejiHeTca, a c^HTaeTca Harjia^HO OHeBH^HbiMH. KajK^o- 
My rpa(|)y G cooTBeTCTByeT meAO zpa^a \G\ — (jsnrypa, HOJiy^aroniaflca h3 KoneHHoro 
HHCJia OTpe3KOB OTOJKflecTBJieHHeM HeKOTopbix HX KOHn,OB B cooTBeTCTBHH c rpacjjOM G. 

l-HGJIHSflpbl HaXOflflTCH BO B3aHMH0-0flH03HaHH0M COOTBeTCTBHH C (JjHrypaMH, TOHOJIOrH- 

HecKH SKBHBajieHTHbiMH Tejiy HeKOToporo rpa(|)a. HeTpy^HO ^0Ka3aTb cjieflyioniHH xpnTe- 
pnii: (fiugypu \Gi\ u IG2I monojiozunecKU SKeueaAeHmnu mosda u moAbKO mozda, Kozda 
spacfiu Gi u G2 80MeoMopcf}HU. B TOHOjiorH^ecKOH TeopHH rpacjjOB l-nojiHSflpbi HHTepecHbi 
HMeHHO KaK 4)Hrypbi (a ne ksk KJiaccbi SKBHBajienTHOCTH rpacjaoB) , a ccjsopMyjiHpoBaHHbiii 
KpHTepnii flBJiaeTCH MomueupoeKou jijir OHpeflejieHHH roMeoMopcjjHOCTH rpacjjOB, KOTopoe 
H03B0JiaeT HepeBecTH Teopnio l-nojiHSflpoB na ^hcto KOM6HHaTopHbiH asbiK. B HacTHO- 
CTH, HpHBefleHHbiii KpHTepnii pemaeT Hpo6jieMy TOHOJiorHHecKoii SKBHBajienTHOCTH ^jia 




Phc. 4: no^pa3;i,ejieHHe pe6pa 
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l-nojiH3^poB Ha asbiKe npe^CTaBJiflioiri,Hx hx rpa(J)OB (b tom CMbicjie, ^to ne cymecTByeT 
jiy^mero KpHTepna TonojiorHHecKoii SKBHBajieHTHOCTn) . 

SaMBTHM, ^TO l-nojiH3^pbi ^acTO HasbiBaiOT rpacjjaMH (onycKaa cjiOBa 'b Tonojiorn- 
^ecKOM CMbicjie'). 

Otbctbi h yKasaHHa k hckotopbim sa^anaM. 

1. (a), (b). MojKHO. KpacHBbie peajiHsai^nn rpacjja na Tope h rpacjja K^^z 
Ha jiHCTe Me6Hyca H3o6pa>KeHE.i na pnc. El 




Phc. 5: PeajiHsaiiHa rpacjsoB KypaTOBCKoro 



(c) HejibSH. Ot npoTHBHoro, nycTb mh HapncoBajiH na c(J)epe rpacj) 6e3 ca- 
MonepeceneHHii. Ecjih mh BbiKHneM h3 ccJjepBi TOHKy (ne HBjiHromyrocH BepniHHoii 
i^s), TO nojiyHHTCH njiocKOCTB, a ne njianapen (cm. |Pr04l [Sk05| hjih BBe^eHHe 
K naparpacjjy 'npenHTCTBne Ban KaMnena' rjiasBi 7). 

(d) HejibSH. ^eiiCTBHTejibHO, rpacj) ne njianapen, a i^hjimh^p (kojibi^o) mo>k- 
HO H3o6pa3HTb Ha njiocKOCTH 6e3 caMonepeceHeHHH. 

2. (a) HapHcyeM rpacj) (bo3mojkho c nepeceHeHHHMn) na njiocKOCTH. Ecjih cctb 
TOHKH nepeccHeHHH, to noflHHMCM oflHO H3 KajKflBix flsyx nepeccKaromnxcH pe6ep 
b HpocTpancTBO TaK, HTo6bi HcpeceHCHHe nponajio. 

(b) Hcnojib3yHTe H^eio pemeHHH nyHKTa (a). 

(d) (PemcHHe Hanncano E. Oomhhbix) HapncycM flanHBiit rpacj) na hjiockocth 
(c caMonepeceHeHHHMn) TaK, hto6bi pe6pa ne caMonepeccKajiHCB. Ecjih o6pa30Ba- 
jiiicb TOHKH nepeceHCHHH (kpomc Bepmiin) 6ojiee hcm flByx pe6ep, to noflBiiHCM 
HCKOToptie pe6pa TaK, hto6bi ocTajiiiCB tojibko flByKpaTHbie tohkh nepeceneHiiH. 

IlpoBefleM Hepe3 tohkh nepeccHenHH necaMonepeccKaiomyiocH KpnByio. SaTCM 
HenpepBiBHoii fle(J)opMai];Heii hjiockocth pacTHHCM ee b npsuviyio. Ha30BeM STy npsi- 
Myio KopeniKOM, a hjiockoctb ^ByMH jiiiCTaMH. HpiuienHM TpcTHii jihct no Kopem- 

Ky- 

TenepB b MajiOH okpccthocth KajK^on h3 tohck nepeceneHHsi noflKHMCM ofl- 
HO 113 pe6ep 'mocthkom' na^ ^pyriiM pe6poM na TpcTiiH jihct. TaKiiM o6pa30M 
Bce TOHKH nepeceHCHHH 6y/];yT jiHKBHflHpoBaHbi (a hobbix tohck nepeceneHiiH ne 

nOilBHTCSl) . 

yTOJIiyEHHil rPAOOB 
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B 3TOM naparpa(J)e paccMaTpHBaroTca npo6jieMbi, npn pemenHH KOTopbix ecTecTBenHO 
noHBjiHiOTCfl npoHSBOJibHbie {i.e. ne saflaHHbie b BH^e c4)ep c py^KaMn) noBepxHOCTH. He 
Hcnojibsya ^ajKe noHHTHH rpacjja (bce MecTa, r^e oho ynoMHHaeTca, mojkho onycTHTb), 
Mbi noKajKeM ocHOBHyro H^eio TeopeMbi KJiaccHcjjHKaiiHH noBepxHOCTeii, nojiHOCTbio npn- 
BefleHHoii b cjie^yiomeM naparpa4)e. 

<I>opMajibHO, MaTepnaji SToro naparpa4)a ne HcnojibsyeTca b ^ajibHeiinieM. 

PeajiHsyeMOCTb HeporjiH(J)OB Ha hjiockocth h Tope. 

1. YjiHiibi ropofla (c ^BycTopoHHHM ^BHJKeHHeM) H^yT jih6o c ceBepa na lor, jih6o c 
3ana^a na boctok. 

(a) H3 OflHoro nepexpecTKa Bbiexajio ^Ba BejiocnneflHCTa: nepBbiii na ceBep, BTopoii 
Ha BOCTOK. 06a ohh npnexajin na 3tot jkg nepeKpecTOK: nepBbiii c lora, BTopofi c sana^a. 
^OKajKHTe, HTO o^HH H3 BejiocHneflHCTOB nepeceKaji cjie^bi ^pyroro. 

(b) Ha oflHoro nepexpecTKa Bbiexajio Tpn BejiocHne^HCTa: nepBbifi na ceBep, BTopoii na 
BOCTOK H TpcTHii Ha aanafl. Bee ohh npnexajin na flpyroii nepexpecTOK: nepBbiii c ceBepa, 
BTopoii c BOCTOKa H TpeTHii c sana^a. ^OKajKHTe, ^to o^hh h3 Bejiocnne^HCTOB nepeceKaji 
cjieflbi flpyroro. 

Q 

Phc. 6: HeporjiHcjjbi [abab), (abacbc) h (abcabc) (HSMCHHTb!) 

IlpH pemeHHH SToii sa^a^H mojkho HcnojibsoBaTb 6e3 flOKasaTCJibCTBa cjie^yioinHH 
(JjaKT. 

TeopeMa ^^op^ana. SaMKHymaM, HecaMonepeceKawmancM, Kpueasi na njiocKocmu 
deAum riAOCKOcmb poeno na dee uacmu. JJee mouKU nAOCKOcmu, ne npunadAecHcainue 
Kpueou, Aeamam e odnou uacmu mosda u moAbKO mozda, Kosda ux mochcho coeduHumh 
AOMUHOU, He nepeceKawmeu Kpueoii. 

By^CM paccMaTpHBaTb cjiOBa fljiHHbi 2n h3 n 6yKB, b kotopmx KajK^aa 6yKBa BCTpe- 
HaeTCH flBa pa3a. YnpomeHHUM uepozAU^OM Ha3biBaeTCH Taxoe cjiobo c TOHHOCTbro ^o 

HepeHMeHOBaHHfl 6yKB, U,HKJIH^eCKOrO C^BHra H CHMMeTpHH. 

9KBHBajieHTH0, ynpovneHHUM uepozAU(poM nasbiBacTca ccMeiicTBO (saHyMepoBaHHbix) 
HeTejib c o6nieH BepniHHoii, ^jia KOToporo yKa3aH HeopueHmupoeaHHUu n,HKJiHHecKHH ho- 
pflflOK BbixoflflniHx H3 BepniHHbi OTpe3KOB (oTpe3KH, OTBe^aKjniHe oflHoii HBTJie, 3aHyMe- 
poBaHbi HOMcpoM SToii hctjih). 

3KBHBajieHTH0, ynpoiu,eHHUM uepozAU(pOM Ha3biBaeTCH (janrypa h3 2n OTpe3KOB c 06- 
nieii BeprnHHoii na hjiockocth ('njiocKaa 3Be3^a c 2n jiy^aMn'), 0Tpe3KH KOTopoii nepece- 
KaiOTCfl Apyr c flpyroM tojibko ho o6iri;eH BepniHHe h HpoHSBOJibHbiM o6pa30M pa36HTbi na 
(3aHyMepoBaHHbie) napbi. 

B 3T0M H cjie^yionieM nyHKTax ynponieHHbie HeporjiH(J)bi Ha3biBaiOTca npocTO uepo- 

ZAUcfjaMU 

HeporjiH(J)bi H3o6pa}KaK)TCfl pncyHKaMH THna phc.[6]hjih pHC.[7l Xlpn stom H,HKJiHHe- 
CKHii nopa^OK 3aflaeTCfl o6xo^om Bbixo^aninx h3 BepniHHbi OTpe3KOB Boxpyr BepniHHbi. 

HeporjiHcJ) nasbiBacTca peaAuayeMUM na UAOCKOcmu, ecjin mojkho coe^HHHTb pe6pa 
KajKfloii napbi jiOManoii Tax, ^To6bi ne 6bijio nepeceHCHHii. Hjih, 3KBHBajieHTH0, ecjin ero 
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neTJiH MOJKHO HapHCOBaTb 6e3 caMonepece^eHHH na njiocKOCTH Tax, HTo6bi npn o6xo^e no 
njiocKOCTH BOKpyr BepniHHbi Bbixoflamne h3 nee OTpesKH npoxo^HJiHCb 6bi b cooTBeTCTBHH 
c yKasaHHbiM iiHKjiHHecKHM nopaflKOM. 

HanpHMep, neporjiHcJ) (abab) (pHC.[6]) ne peajiHsyen na njiocKOCTH (cp. c sa^aHeH la). 

2. HeporjiHcJ) G peajinsyen na njiocKOCTH Tor^a h TOJibKO Tor/ia, Kor/ia BbinojiHeno 
jiio6oe H3 ^Byx cjie^yiomHx SKBHBajieHTHbix ycjiOBHii: 

G He co/iepjKHT HeporjiH(J)a {abab). 

rpa(|) neTejib HeporjiH(J)a G flBjiaeTca o6'beflHHeHHeM HSOJinpoBanHbix BepniHH. 

IIoHflTHe 'co^epjKHT' fljia HeporjiH(J)OB onpe^ejiHTe caMOCToaTejibHO. 

rpa(poM nemejih HeporjiH(|)a nasbiBaeTca rpacj), BepniHHaMH KOToporo aBjiaiOTca neTjiH 
HeporjiHcjja; ^Be BepniHHbi coe^HHenbi pe6poM, ecjin cooTBeTCTByiomHe ^Be neTJin o6pa- 
3yiOT neporjiHcJ) c pnc. [6]cjieBa (i.e. 'cKpemHBaiOTCfl'). 

TopoM HasbiBaeTCH noBepxHOCTb 6y6jiHKa (pnc. [2]cjieBa). 

HeporjiHcJ) nasbiBaeTca peajiuayeMUM na mope, ecjin na Tope mojkho coeflHHHTb jio- 
Manoii OTpesKH KajK^oii napbi b SBes^e Tax, ^To6bi ne 6biJio nepecei^eHHii. Hjih, skbh- 
BajieHTHO, ecjiH ero neTjin mojkho H3o6pa3HTb 6e3 caMonepeceHenHii na Tope Tax, HTo6bi 
npH o6xofle no Topy Boxpyr Bepmnnbi Bbixo^amne na nee OTpesKn npoxo^njincb 6bi b 
cooTBeTCTBHH c yKasaHHbiM n,HKJiHnecKHM nopa^KOM. 

3. (a) HeporjiHcJ) {abab) na pnc. [6] cjieBa peajinsyeM na Tope. 

(b) HeporjiH(|) {abcabc) (c mecTbro jiynann, pa36HTbiMH na napbi ^naneTpajibno npo- 
THBonojioJKHbix) H neporjiHcJ) (abacbc) (pnc. [HcnpaBa) peajinsyeMbi na Tope. 

(c) HeporjiH4)bi na pnc. [7] ne peajiH3yeMbi na Tope (yKasanne: ecjin ne nojiynaeTca, 
CM. nanajio cjie^yiomero nynxTa). 

(d) |Cu81) . |KPS) . Cjieflyronine ycjiOBna na neporjincj) G SKBHBajienTHbi 

(1) G peajiHsyeM na Tope. 

(2) G ne co^iepjKHT nn o/inoro neporjincjaa c pnc. [7l 

(3) rpacj) neTejib HeporjiH4)a G aBJiaeTca o6T3e^HHeHHeM nsojinpoBannbix Bepninn 
H nojiHoro TpexflOJibHoro rpacjja Kp^q^r- 

(4) G peflyn,HpyeTca p,o o^noro h3 neporjincjjOB () (lax o6o3HanaeTca neporjincj) 6e3 
neiejib), (abcabc) hjih (abab). 

PedyKi^ueti (ynpomennoro) neporjinejaa naabiBaeTca KOMno3HLi;Ha nexoToporo nncjia 
cjie^yroninx npeo6pa30BaHHH. 

(1) Yflajienne neKOTopoii HSOJinpoBannoii neTjin (i.e. TaKoii neTjin, KOTopaa b iihkjih- 
necKOM nopa^Ke 3aflaeTca ^ByMa no^pa^ Hflyni,HMH 6yKBaMH {aa . . .)). 

(2) SaMena flByx 'napajiJiejibnbix' neiejib ana' (i.e. fljia KOTopbix b iiHKjinnecKOM 
nopa^Ke 6yKBbi, cooTBeTCTByionine sthm neTJiaM, naxo^aTca na coce^nnx MecTax n ne 
nepe^yroTca: {aa' . . . a' a . . .)) na o^ny. 

TonojiorHHecKaa SKBHsajieHTHOCTB ^hckob c jieHTOHKaMH. 

IlycTb HMeeTca neporjincj). Bo3bMeM ^ByMepHbin ^hck (nanpnMep, BbinyKjibiii mhofo- 
yrojibHHK na njiocKOCTn). Ha rpannnnon OKpyjKHOCTH ^ncKa OTMeTHM nenepeceKaronin- 
eca 0Tpe3KH, OTBeHaionine pe6paM 3Be3flbi c 2n jiynaMH. OpnenTHpyeM STy rpannnnyio 
OKpyjKHOCTb. /^Jia KajKfloii neTjin neporjincjaa coe^nnnM (ne o6a3aTejibHO b njiocKOCTn) 
cooTBeTCTByronine eMy ^Ba OTpe3Ka jieHTonKoii-npaMoyrojibHHKOM (lax, nTo6bi pa3Hbie 
jienTonKH ne nepeceKajincb) . Xlpn stom CTpejixn na OKpyjKnocTn ^ojiJKHbi 6biTb npoTHBO- 
nanpaBjienbi b^ojib jienTonxH. 

ymoAineuueM neporjincjja Ha3biBaeTca flBynepnaa 4)Hrypa, aBJiaioniaaca o6'beflHHe- 
HHGM nocTpoennbix ^ncKa n jienTonex. (HeporjincJ) nasbiBaeTca cnauHOM, hjih ymoineHueM 
nocTpoennoii (janrypbi.) 
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Phc. 7: HeporjiH(J)bi, ne peajinayeMbie na Tope (yMeHbniHTb h nepe^ejiaTb!) 




Phc. 8: CTpejiKH, npoTHBOHanpaBjienHbie B^ojib jienTO^KH 

Jlfie jieHTOHKH Ha3biBaiOTCfl omdeAeuHUMU, ecjin hx ocHOBaHHH-OTpesKH vipjT noflpa^ 
(a He Hepe^yiOTCfl) npn o6xofle rpannHHoii OKpyjKHOCTH ^HCKa. HanpHMep, b HeporjiHcJje 
(aabb) jienTO^KH a n b OT^ejieHbi, a b neporjiH^je (abab) — hbt. 

HanpHMep, yTOJimeHHe HeporjiHcJja (abab) na pnc. [6] cjieBa TonojiorHHecKH SKBHBa- 
jieHTHO flHCKy c ^ByMH HenepeKpyHeHHbiMH HeoTflejienHbiMH jienTO^KaMH. IIocjieflHHH to- 
nojiorn^ecKH SKBHBajieHTeH Topy c ^bipKoii (pnc.??). 

B 3T0M naparpa(i)e noHATHfl (|)Hrypbi h TonojiornHecKoii SKBHBajieHTHOCTH ne onpe- 
flejiaeTCfl CTporo, a c^HTaeTca narjiflflHO o^eBH^HbiM. Ohh cooTBeTCTByiOT noHHTHHM 2- 
MHoroo6pa3HH H roMeoMop(J)HOCTH, CTporo onpe^ejieHHbiM b cjie^yiomeM naparpacjje. ^Jia 
flOKasaTejibCTBa Tonojiorn^ecKoii SKBHBajienTHOCTH b cjie/iyioinHx sa^a^ax ^ocTaTO^HO 
HapHCOBaTb iieno^Ky xapTHHOK, aHajiorHHHyio pnc. ??. 

4. (a) YTOJimeHHa neporjiHcjaoB (abcabc) hjih (abacbc) TonojiorHHecKH SKBHBajieHTHbi 

TOpy C flByMfl ^bipKaMH. 

C(pepa c g pyuKUMU HSoGpajKena na pnc. [2] cnpaBa (fljia (7 = 3). HanpHMep, ccjsepa c 
o^Hoii pyHKoii TonojiorHHecKH SKBHBajienTHa Topy. 

HeporjiH^) nasbiBaeTCH peajiuayeMUM na c(pepe c g pyHKUMU, ecjia na ccjaepe c g pyH- 
KaMn MOJKHO coeflHHHTb jiOManoii OTpesKH xajK^oii napbi b SBes^e Tax, ^To6bi ne 6bijio 
nepeceHennii. Hjih, SKBHBajienTHO, ecjin neTjin mojkho H3o6pa3HTb 6e3 caMonepece^enHii 
Ha c4)epe c g py^xaMH Tax, HTo6bi npn o6xofle no ccjsepe c g py^xaMH Boxpyr Bepmnnbi 
Bbixo^flnine h3 nee pe6pa npoxo^njincb 6bi b cooTBeTCTBnn c yKa3aHHbiM u,HKJiHHecKHM 
nopflflKOM. 

4. (b) KajKflbiii n3 neporjiHcJjOB na pnc. [7|peajiH3yeM na c^Jepe c pfiyuR pyHxaMn. 

(c) yTOJimeHHe HeporjiH(J)a na pnc. [7] cjieBa TonojiornHecKH SKBHBajienTHO cijiepe c 
flByMH py^KaMH h Oflnoii ^bipKoii. 

(d) YTOJinienHH ocTajibHbix HeporjiH(J)OB na pHC.[7|TOHOJiorH^ecKH SKBHBajieHTHbi ccjse- 
pe c ^ByMfl pyHKaMH n o^non ^bipKon. 

B 3T0M naparpa4)e mm HCH0Jib3yeM 6e3 fl0Ka3aTejibCTBa cjieflyroninii dpoKT. 
C(pepu c pasHUM hucjiom pyneK ne nejisuomcn monoAozunecKU aKeueajieuniHUMU dpyz 
dpyzy. 

9tot (J)aKT KajKeTca OHeBn^nbiM, ho nepecTaeT 6biTb TaxHM nocjie flOKa3aTejibCTB 
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TonojiorH^ecKoii SKBHsajieHTHOCTH 4)Hryp, KajKymnxcH coBceM pasHbiMH (cm. ^ajiee). Oh 
aKKypaTHO flOKasan b nynxTe 'KjiaccHcjjHKaiiHH ^ByMepHbix MHorooGpasnii. 

5. (a) BbiBeflHTe h3 npHBe^eHHoro 4)aKTa, ^to Top c ^bipKoii neBOSMOJKHO BbipesaTb 
H3 c4)epbi. 

(b) BbiBeflHTe h3 npHBeflenHoro (|)aKTa h 3afla^^H 4d, ^to C(i)epy c ^ByMa py^KaMH h 
oflHoii ^bipKoii HeBOSMOJKHO BbipesaTb H3 Topa (c ^bipKoii). 

(c) HeporjiH(J)bi c pHC.[7]He peajiH3yeMbi na Tope. 

6. (a) 3»opMyjia SiiJiepa. JJuck c n (nenepeKpyHeHHUMu) AewmoHKaMU (m.e. ymoji- 
meHue uepozAU(^ c n nemAsiMu), UMeewmuu F npaeeux OKpyoKHOcmeu, monoAozunecKU 
9KeueaAeHmeH c(pepe c {n + 1 — F)/2 pynnaMU u F dupnuMU. 




Phc. 9: ^o6aBJieHHe HenepeKpy^eHHoii jienTO^KH (nonpaBHTb!) 
yKa3aHHe: cm. pHC.[9l 



Phc. 10: HcMy roMeoMop(|)Ha 3Ta (j^Hrypa? 

(b) ^BjiacTca jih (janrypa na pnc. fTQlxonojiorH^ecKH SKBHBajieHTHoii c4)epe c py^KaMH 

H flbipKaMH? ECJIH fla, TO HeMy paBHO HX ^HCJIO? 

(c) * ©opMyjia Moxapa. Tlycmh pans (nad Iji) Mampui^u CMeatcHocmu gpa(f}a ne- 
mejib ducKa c AewmoHKaMU (m.e. ueposAucfia) paeen b. Tosda b nemno u amom ducK c 
AenmoHKaMU (m.e. ymoAinenue amoso uepozAU(pa) monoAozunecKU aKeueaAenmeH c(pepe 
c 6/2 pyHKttMU u HenomopuM KOAunecmeoM dupoK. 

7. (a) IlpHflyMaHTe neporjin^), ne peajiH3yeMbiii na ccjjepe c ^ByMa py^xaMH. 

(b) ^Jia KajK^oro g npn^yMaiiTe neporjiHcJ), ne peajiHsyeMbiii na ccjjepe c g py^xaMH. 

(c) EcjiH HcporjiHcJ) He peajiH3yeM na cijiepe c g pyHxaMH, a npn y^ajieHHH jiio6oh 
ero neTJiH nojiy^aeTca neporjiHcJ), peajiHsyeMbiii na ccjaepe c g py^xaMH, to b hcxo^hom 
HeporjiHcjje 2g -\-2 neTJin. 

(d) * ^Jia KajKfloro g onnniHTe HeporjiH(|)bi, peajiH3yeMbie na ccjjepe c g py^xaMH, h 
oiieHHTe HX HHCJio. 9Ta 3afla^a HHTepecna ^ajKe ^jia g = 2. S^ecb h j\ajiee bosmojkhm 
OHHcaHHfl B TepMHHax yHHBcpcajibHbix HeporjiH(J)OB (yKa3aHHe HeporjiHcjsoB Ei, . . . , Eg co 
cjieflyiomHM CBoiicTBOM: flanHbiii neporjiHcJ) peajiH3yeM na c(i)epe c flbyMa pyHxaMH Tor^a 
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H TOJibKO Tor^a, Kor^a oh pe^yiinpyeTca o^Horo h3 neporjiHcjaoB Ei, . . . , Eg) hjih sanpe- 
meHHbix noflbieporjiHcjjOB (yKasaHne HeporjiHejjOB Ei, . . . , Eg co cjie/iyioinHM cbohctbom: 
flaHHbiii HeporjiHcJ) peajinayeM na c4)epe c ^ByMH pyHxaMH Tor^a h tojibko Tor^a, Kor^a 
OH He CO^epjKHT HH O^HOrO H3 HeporjiH4)OB El, . . .,Es). Cp. [Cu8T] [Vd95] [Vd96] [Vd97| . 

^HCKH C nepeKpyHGHHBIMH JieHTOHKaMH. 

JIhct Me6Hyca h 6yTbiJiKa KjieiiHa H3o6pa}KeHbi na phc.[2]h pHC.[23l PeajiuayeMOcmb 
ynpomeHHoro neporjiHcJja na jihctg MeGnyca onpeflejiaeTCH anajiornHHO peajinayeMOCTH b 
c4)epe c py^KaMH. 

8. (a) ynpomenHbiii neporjiHcJ) na pnc. [6]cjieBa h BTopoii ynpomenHbiii neporjiHcJ) na 
pHC. [TIpeajiHsyeMbi na jiHCTe Me6Hyca. 

(b) CjieflyiomHe ycjiOBHs na ynpomenHbiii neporjin^) paBHOCHJibHbi: 
peajiHsyeM na jihctb Me6Hyca; 

ne co^epjKHT hh ynpomeHHoro neporjiHcJja c pnc. [7| cjieBa, hh ynpomeHHoro nepo- 
rjiH(J)a c pnc. [6]cnpaBa. 

ero rpacj) neiejib HBjiflBTCH oGte^HHeHneM HSOJinpoBanHbix BepniHH h nojiHoro rpa- 

4)a. 

(c) Pe^yKiiHfl ynpomeHHbix HeporjiH(J)OB ne o6fl3aTejibHO coxpanaeT peajiH3yeMOCTb 
na JIHCTG Me6Hyca. 

9. (a) /Jhck c flByMfl nepeKpy^enHbiMH OT^ejieHHbiMH jienTOHKaMH TonojiorHHecKH 
3KBHBajieHTeH 6yTbijiKe KjieiiHa c flbipKoii. 

(b) JIhct Me6Hyca c pyHKOH Tonojiorn^ecKH SKBHBajieHTeH jiHCTy Me6Hyca c BbiBep- 
HyToii pyHKOii (pnc. ??). 

(c) 3>opMyjia Sftjiepa. Jl^ucK c n AewmoHKaMU, cpedu Komopux ecmb nepeKpynen- 
Httx, UMeewinuu F spanuHHUx OKpyotcHocmeu (puc. ?? cjieea), monoAozunecKU aneuea- 
AenmeH ducKy c n + 1 — F AucmuMU Me6uyca u F dupKUMU (puc. 11 cnpaea). 



(d)* 3>opMyjia Moxapa. UocmaeuM na duazoHUMhuou KJiemne Mampuiifii cmcokho- 
cmu zpa(pa nemejib ducna c AenmoHKaMU HOAb, ecjiu coomeemcmeymmaM AenmoHKa ne 
nepeKpynena, u eduHuv,y, ecAU nepeKpyneua. Uycmb pam (Had'L2) noAyHeuHou Mampu- 
vfii paeen b. Tozda amom ducK c AeumoHKaMU monoAozuuecKU aneueaAeHmeH c(^epe c b 
AucmaMU Me6uyca u ueKomopuM KOAunecmeoM dupoK. 

10.* (a) OnHniHTe ynpomeHHbie neporjiHcjjbi, peajiHsyeMbie b 6yTbijiKe KjieiiHa. 

(b) OnnniHTe ynpomeHHbie HeporjiH(|)bi, peajiH3yeMbie b ^HCKe c m jincTaMH Me6Hyca. 

HepozAU^OM (ne ynpomennbiM) Ha3biBaeTC5i neporjiHcJ) BMecTe c neKOTopoii paccTa- 
HOBKoii Hyjieii h eflHHHu, na ero neTJiax (pnc. 11, 11). 

HeporjiHcJ) HaabiBaeTca peuAuayeMUM na jihctg Me6Hyca, ecjiH ero neTjin mojkho h3o6- 
pa3HTb 6e3 caMonepeceHeHHii na jincTe Me6Hyca Tax, HTo6bi 

— npn o6xofle no jincTy Me6nyca Boxpyr Bepmnnbi Bbixo^amne h3 nee OTpe3KH npo- 
xoflHjiHCb 6bi B cooTBGTCTBnn c yxaaannbiM iinKjinnecKnM nopa^KOM, n 

— BflOJib neTejib, na KOTopbix ctoht eflnnnn,a, Menajiacb 6bi opnenTan,na, a b^ojib 
neTejib, na KOTopbix ctoht HOJib, ne Menajiacb 6bi. 

PedyKv^ueu neporjine^ja naabiBaeTca KOMnosniina nexoToporo HHCJia npeoGpaaoBannii 
(1) n (2) fljia neTGJib c nyjien, a TaxjKe 




Pnc. 11: /Io6aBjienHe nepeKpy^ennofl jienTOHKH (nsMcnnTb!) 



16 



(2') SaMena jxsyx 'napajiJiejibHbix' neiejib a h a' c eflHHHiieii (i.e. fsjia KOTopbix b 
iIHKjiH^ecKOM nopflflKe 6yKBbi, cooTBeTCTByiomHe sthm neTjian, naxoflflTca na coceflHHx 
MecTax H Hepe^yiOTCfl: {aa' . . . aa' . . .)) na Oflny. 

11. (a) |Cu81| |Pe| Cjie/iyioiuHe ycjiOBHH na neporjiHcJ) paBHOCHjibHbi: 
peajiHsyeM na jiHCTe MeGnyca; 

He coflepjKHT HH oflHoro neporjiHcjja c pnc. [22lcBepxy: 
peflyiiHpyeTCfl k neporjiHcjsy c oflHoii neTjieii c eflHHHiieii. 

(b) * |Cu81j |Tej Cjie^yromne ycjiOBHH na neporjiHcJ) paBHOCHJibHbi: 
peajiHsyeM na 6yTbijiKe Kjienna; 

He co^epjKHT HH o^Horo HeporjiHcjja c pnc. ??; 
pe^yiinpyeTCfl k o^noMy h3 flbyx HeporjiH(J)OB c pnc. ??. 

(c) * OnnniHTe neporjiH^jbi, peajiHsyeMbie b flHCxe c m jiHCTaMH Me6H- 
yca [(T58T] [E] [C^ [WoH] [Vd^ (W97] . 

OpHGHTHpyeMbie yTOJimeHHH rpacJjoB. 

Cjie^yiomaa KoncTpyKiiHH ymojiineHUJi BOSHHKaeT bo mhophx sa^a^ax TonojiorHH h ee 
npHJiojKeHHH (cHHOHHMbi: rpa(J) c BpanieHHflMH, sckhs [Haj . [KPSj . |LZj l. HaM ona 6yfleT 
nojiesna fljia pacHOsnaBanHH njianapnocTH rpacjsoB (h hx po^a) b cjie^yiomeM nynxTe. 

nojiype6poM rpacjsa nasbiBaeTca napa h3 pe6pa h ero KOHE;eBOH BepniHHbi (hjih, necjaop- 
MajibHO, nojiOBHHKa pe6pa) . Xlpn stom KajK^oii nerriAe OTBe^^aeT dea H0Jiype6pa. Opueumu- 
poeauHUM ymojivneHueM rpacj^a G nasbiBaeTCH rpacj) G BMecTe c yKasanneM ^jih KajK^oii 
ero BepniHHbi opHeHTHpoBannoro iiHKjiH^ecKoro HopaflKa Bbixo^amnx h3 nee nojiype6ep. 
Cm. pHC.fni 

3aMeTHM, ^TO HeporjiH(J)bi ne HBjiaiOTCfl HacTHbiMH cjiy^aaMH opneHTHpoBanHbix 
yTOJimeHHH. 











A 


1 


\/ 

A 



Phc. 12: OpneHTHpoBanHbie yTOJimenHa rpa4)a 

12. (a) CKOJibKO opneHTHpoBanHbix yTOJimeHHii c sanyMepoBannbiMH BepmnnaMH co- 
OTBeTCTByeT rpa4)y K^^. 

(b)* To >Ke c HesanyMepoBaHHbiMH BepmnnaMH (i.e. yTOJimenHH c tohhoctbio flo h30- 

MOp4)H3Ma). 

HpHBefleM SKBHBajieHTHoe OHpeflejienne opHeHTHpoBannoro yTOJimenHH. Oho cjioJKnee 
TBM, ^TO flByMepHO (a He o^HOMepHo), HO c HHM y^o6Hee pa6oTaTb. ^ji-h flannoro rpacjja 
paccMOTpHM necBHSHoe o6T3eflHHeHHe ^hckob, ^hcjio KOTopbix paBHO HHCJiy BepniHH rpa- 
4)a. Ha KajKfloii rpaHHHHoii OKpyjKHOCTH flHCxa Bbi6epeM opnenTaiiHio h OTMeTHM nenepe- 
ceKaioniHecfl OTpesKH, OTBe^aronine BbixoflaniHM h3 cooTBeTCTByionieH BepniHHbi pe6paM, 
B yxasaHHOM opneHTHpoBaHHOM n,HKJiHTiecKOM Hopa^Ke. ^jih KajK^oro pe6pa rpacjja co- 
eflHHHM (ne o6H3aTejibHO b hjiockocth) cooTBeTCTByioniHe eMy ^Ba 0Tpe3Ka jienTOHKoii- 
HpHMoyrojibHHKOM (laK, ^To6bi pasHbie jieHTO^KH He HepeceKajiHCb) , cm. pnc. 1131 Xlpn 

3TOM CTpejIKH Ha OKpyjKHOCTHX flOJIJKHbl 6bITb HpOTHBOHaHpaBJieHbl. SaMeTHM, ^TO KajK- 

flbiii H3 flByx CHOC060B Ha pnc. [13] MOJKeT OTBe^aTb npaBHjibHOMy coeflnneHHio ^hckob 

JieHTO^KaMH. 
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Phc. 13: Coe^HHeHHe ^hckob jieHTO^^KOH 



IlycTb N — o6'be^HHeHHe nocTpoeHHbix ^hckob h jieHTOHeK. Ilapa {N, G), cocToamaH 
H3 iV H rpa(i)a G, ecTecTseHHO BjiojKeHHoro b TV, HasMBaeTca (deyMepnuM) opuenmupy- 
eMUM ymojiineHueM rpa4)a G. HHor^a ^Jia KpaTKOCTH mm 6yfleM nasbiBaTb yTOJimeHHeM 
TOJibKO 4)Hrypy N. (FpacJ) G nasbiBaeTca cnauHOM, hjih ymovneHueM 4)Hrypbi N .) 

UpuMepu opuewmupyeMUX ymojivneHuu. (1) I^hjihh^p c ero cpe^ineii jiHHHeii HBJiaeTCH 

OpHeHTHpOBaHHbIM yTOJIIIieHHeM OKpyjKHOCTH. 

(2) EcjiH rpacj) BJiojKeH b njiocKOCTb (hjih b ccjsepy c pyHKaMn), to jierxo Bbi6paTb 
OKpecTHOCTb SToro rpa(J)a, aBjifliomyioca ero opneHTHpoBanHbiM yTOJimenneM. 

(3) EcjiH flano OTo6pa>KeHHe o6iri,ero nojiojKeHHfl rpacjja G b njiocKOCTb (hjih b c(J)epy 
c pyHKaMn), to mojkho hoctpohtb opneHTHpoBaHHoe yTOJinieHne rpacjja G, cooTBeTCTBy- 
lomee 3T0My OTo6pajKeHHio (pnc. fT ^ fTO |) . 



Piic. 14: IIocTpoeHHe yTOJinieHHH no norpyjKeHHio rpacjja b njiocKOCTb (flo6aBHTb eme o^hh 
pflfl 6e3 caMonepece^eHHii!) 

13. (a) OflHH H TOT jKe rpacj) (nanpHMep, 'bocbMepKa') MOJKeT HMSTb HeroMeoMop4)Hbie 
opneHTHpyeMbie yTOJimeHHH. 

(b) Jlio6oe opneHTHpyeMoe yTOJinieHne (iV, G) ^epeba G (TO^nee, ero nepBbiii sjieMenT 
N) roMeoMop4)HO ^HCKy. 

(c) CKOJibKO opneHTHpyeMbix yTOJimeHHH OKpyjKHOCTH c TO^iHOCTbio pf) roMeoMop- 

4)H3Ma? 

(d) A rpa4)a 'bocbMepKa'? 
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(e) A rpa(|)a K4I 

JliiR opneHTHpyeMbix yTOJimeHHH noHHTne no^yTOJimeHHa onpe^ejifleTCfl anajiornHHO 
cjiyHaio rpacJjOB. 

^Ba yTOJimeHHH o^Horo rpacjsa zoMeoMop^HU orriHocumeAbHO amozo zpa^a, ecjiH mojk- 
HO H3MeHHTb opHeHTaLi,HH Ha Hx flHCKax TaK, HTo6bi fljiR J11060H BepniHHbi rpacjja G nene- 
peceKaiomHeca OTpesKH na rpanH^Hoii OKpyjKHOCTH cooTBeTCTByromero ^Hcxa hijih 6bi b 

O^HHaKOBOM (opneHTHpOBaHHOM) H,HKJIHHeCKOM HOpSflKe. 

^Ba yTOJinieHHfl pasHbix (roMeoMopcjjHbix) rpacjjOB zoMCOMop^HU, ecjiH ot o^Horo 
MOJKHO nepeiiTH k ^pyroMy npn homoihh onepaiinii oflHOBpeMenHoro noflpasflejieHHA pe6pa 
rpa4)a h cooTBeTCTByiomeH jightohkh yTOJimenHa, hjih o6paTHbix k hhm. 

IIpoHSBOJiBHBie yTOJimeHHH rpacJjOB. 

Ha6pocKOM HasbiBaeTCfl rpacj) BMecTe c paccTaHOBKoii nyjieii h e^nHHu; na ero pe6pax 
H, fljifl KajKflOH BepniHHbi rpa(|)a, opneHTHpoBanHbiM Li;HKjiH^ecKHM nopa^KOM Bbixo^a- 
mHx H3 nee nojiype6ep. HHoepmupoeaHueM e eepmune a nasbiBaeTca sanena opHeHTaiiHH 
ii,HKJia nojiype6ep, Bbixo^amHx h3 a, o^HOBpeMeHHO c saMenoii nyjieii e^HKHiiaMH, a e^H- 
hhd; HyjiHMH Ha Bcex pe6pax, Bbixo^amnx h3 a (npn stom ^HCJia na neTjiax ne MenaiOTca) . 
/^Ba Ha6pocKa naabiBaiOTca aKeueaAenmHUMU, ecjiH ot o^Horo mojkho nepeiiTH k flpyroMy 
HecKOJibKHMH HHBepTHpoBaHHflMH (bo3mo>kho, b pasHbix BepniHHax) . (HeopueHmupoettH- 
hum) ymojiineHueM rpaijia HasbiBaeTca Kjiacc SKBHBajieHTHOCTH Ha6pocKOB, cooTBeTCTBy- 
lomHX 3T0My rpa4)y. 

SaMBTHM, ^TO HepOrjIHCjjbl flBJiaroTCfl HaCTHblMH cjiy^aaMH yTOJimeHHH. 

14. (a) CKOJibKO Ha6pocKOB c sanyMepoBanHbiMH BepniHHaMH cooTBeTCTByeT rpacjjy 
c sanyMepoBaHbiMH BepniHHaMH? 

(b)* Tot jKe Bonpoc c HesanyMepoBanHbiMH BepniHHaMH (T.e. ckojibko Ha6pocKOB c 

TOHHOCTbK) flO H30MOp4)H3Ma COOTBeTCTByiOT rpa(J)y i^4?). 

(cdefg) PeniHTe anajiorn sa^a^n 13 fljia yTOJiin;eHHH. 

/JbyMepHoe onpeflejieHne yTOJimeHHa anajiorH^HO BbimenpHBefleHHOMy, tojibko CTpeji- 
KH na OKpyjKHOCTflx flOJiJKHbi 6biTb HpoTHBOHanpaBJieHbi, ecjiH Ha pe6pe ctoht 0, h cona- 
HpaBJieHbi, ecjiH na pe6pe ctoht 1 (KajK^biii h3 ^Byx choco6ob na pnc llSl MoaceT OTBe^aTb 
KaK coHanpaBjieHHbiM, Tax h npoTHBOHanpaBjienHbiM jienTOHKaM). 

HanpHMep, jihct Me6Hyca c ero cpe^neii jiHHHeii (pnc. llSp HBJiaeTca yTOJinienneM 

OKpy>KHOCTH. H3 HpHMepOB (2) H (3) OpHeHTHpyeMblX yTOJ[III,eHHH HOJiy^aiOTCa HHMepbl 

yTOJimeHHH, ecjiH aaMennTb ccjaepy c py^xaMH na c4)epy c pyixaMH h njienKaMH Me6Hyca. 



Phc. 15: JIhct Me6Hyca c ero cpe^Heii jtHHHeii — yTOJinieHHe OKpyjKHOCTH 

/l^jiH Ha6pocKOB H yTOJimeHHii HOHflTHe HO^yTOJinieHHH onpeflejiaeTCfl anajiorn^no cjiy- 
naio rpa4)0B. 

^Ba yTOJimeHHa o^noro rpa(|)a zoMeoMop^HU orrmocumeAbHO smozo zpacjja, ecuH mojk- 

HO H3MeHHTb OpHeHTail,HH Ha HX flHCKaX TaK, HTo6bI 

(1) jieHTOHKH B flByx yTOJimGHHax, cooTBeTCTByiomHe oflHOMy h TOMy jkb pe6py rpacj^a 
G, 6bijiH 6bi oflHOBpeMeHHO nepeKpy^enbi hjih hbt, h 
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(2) jiJiR jiK)6oii BepniHHbi rpacjja G, HenepeceKaromnecfl OTpesKH na rpaHHHHoii OKpyjK- 
HOCTH cooTBeTCTByiomero flHCxa mjiH 6bi b o^HnaKOBOM (opneHTHpoBaHHOM) iiHKjiHHecKOM 
nopHflKe. 

roMeoMop4)HOCTb yTOJimeHHH pasHbix (roMeoMop(J)Hbix) rpa(|)OB onpe^ejiaeTCH ana- 
jiorH^HO CJIy^^aIO opneHTHpyeMbix yTOJimeHHH. 

IlpHBefleM B BHfle ijHKjia sa^aH KAaccu(puKau,UK) ymoMu,eHuu oniHocumejibHO dauHoso 
zpa(pa. 

15. Ckojibko KjiaccoB roMeoMop(i)HOCTH opneHTHpyeMMx (bcgx) yTOJimeHHii othoch- 

TejIbHO 

(a) OKpyjKHOCTH, (b) TpHO^a, (c) KpecTa, (d) n-o;ia, 
(e) BocbMepKH, (f) 6yKBbi 0? 

KaKHe H3 3THX yTOJimeHHH BJIOJKHMbI B HJIOCKOCTb? 

16. roMeoMop4)Hbie rpacjsbi hmgiot oflnnaKOBoe KOJinnecTBO KjiaccoB roMeoMop4)HOCTH 
opneHTHpyeMbix (bcex) yTOJimenHii OTHOCHTejibno sthx rpa4)0B. 

17. (a) JIjir CBHSHoro ki/Suhhozo (i.e. HMeromero tojibko BepniHHM CTenenn 3) rpacjaa 
KOJiHHecTBa KjiaccoB roMeoMop4)HOCTH opneHTHpyeMbix (Bcex) yTOJimenHii OTHOCHTejibHO 
SToro rpa(i)a paBHbi 2^~^ (2^), cooTBeTCTBenHO. 

(b) Kjiaccu(fiuKa'nuM 2-ymoAVneHuu epa(^a. IlycTb G — CBiiSHbiH rpacj), ne roMeoMopcJ)- 
Hbiii TO^Ke, OKpyjKHOCTH HjiH OTpesKy. EcjiH B G HMeeTCfl V Bepmnn CTeneneii ki, . . . ,kv 

n E = 2 (^1 + • • • + fcy) pe6ep, to KOJiH^ecTBa KJiaccoB roMeoMop(J)HOCTii opiieHTiipyeMbix 
H Bcex yTOJimeHHii OTHOCHTejibHO SToro rpacjsa paBHbi cooTBeTCTBenno 

i(A:i-l)!.....(fcv-l)! H 2^"^(fci-l)!...(fcy-l)! 
IIjiaHapHOCTB H po/], yTOJimeHHH H rpacJjOB. 

npo6jieMa BjiojKHMOCTH (T.e. peajinsyeMOCTii 6e3 caMonepece^eHHii) rpacj^OB (hjih rpa- 
(i)OB c flonojiHHTejibHoii CTpyKTypoii) b njiocKOCTb, Top, jihct MeGnyca (h ^pyrne no- 
BepxHOCTn) — o^na h3 ochobhmx b Tonojiorn^ecKoii TeopHH rpacjjOB [MTOlj . O^na h3 
KpacHBbix 4)opM pemeHHa stoh npo6jieMbi — HaiiTii necKOJibKO TaKHx noflrpacjjOB, hto 
npoHBBOJibHbiii rpacj) G bjiojkhm b ^aHHyio noBepxHOCTb Tor^a h TOJibKO Tor^a, Kor^a G 
He coflepjKHT HH o^Horo H3 TaKHx noflrpa(J)OB. 

TeopeMa KypaTOBCKoro. Fpaifi njianapeH mozda u moMKO mozda, Kozda oh ne 
codepotcum nodzpa^a, zoMeoMopcpHozo odnoMy U3 zpac^oe ujiu 3. 

06cy}KfleHHe h npocToe ^OKaaaTejibCTBO SToii TeopeMbi npHBO^HTca, nanpHMep, 
B |Pr04) ■ |Sk05| . |ST07| . HecMOTpa na xpacoTy h npocTOTy 3Toro KpHTepnii, cooTBeT- 
CTByHDmHii ajiropHTM pacno3HaBaHHfl njianapHOCTH rpacjjOB Me^jieHHO pa6oTaeT. IIosTOMy 
HHTepecHbi flpyrne cnoco6bi pacno3HaBaHHfl njianapHOCTH. O^hh h3 hhx Hcnojib3yeT yTOJi- 
meniiii. 

Tax KaK jiio6oii rpacj) HMeeT KoneHHoe hiicjio opneHTHpyeMbix yTOJimenHii (nanpHMep, 
no TeopeMe KJiaccncJjHKaiiHH yTOJiniennii) , to Bonpoc o BJiojKnMOCTH rpacjaoB b njiocKOCTb 
CBOflHTca K Bonpocy o BjiojKHMOCTn opnenTnpyeMbix yTOJimennii b njiocKOCTb. 

OpnenTHpoBaHHoe yTOJinjenne nasbiBaeTca nAanapHUM, ecjin ero mojkho napncoBaTb 
6e3 caMonepecenennii na njiocKOCTH Tax, ^To6bi ^jih KajK^oii Bepmnnbi 06x0^ Bbixo^aninx 
na nee nojiype6ep no nacoBofi CTpejiKe coBnaflaji 6bi c yKaaannbiM opnenTHpoBanHbiM 
ii,nKJinnecKnM nopa^KOM. 

18. (a) KaKHe h3 opneHTnpoBannbix yTOJimennii rpa4)a 1^4 hbjihiotch njianapnbiMn? 

Jlim yTOJimenHii (n sckhsob) nonaTna noflyTOJiniennfl, roMeoMop4)HOCTH n t. ^. onpe- 
flejiHiOTCfl anajiornnno cjiy^aio rpacJjOB. HanpnMep, ecjin L — no^rpacj) rpa(J)a G, to 
yTOJimenne N rpacjja G coflepjKHT yTOJimenne rpacjsa L, naabiBaeMoe nodymoMu,eHueM 
yTOJimenna N . 
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TeopeMa njianapHOCTH yTOJimeHHH. Kaotcdoe U3 cjiedywinux ycjioeuu na cenauoe 
opueumupyeMoe 2-ymojiw,eHue {N, G) paenocuMHO ezo ejiootcuMocmu e njiocKocmb: 

(E) V — E + h{N) = 2, zde V u E — KOJiuuecmea eepmuH u pe6ep zpa(pa G, a h{N) 
— Hucjio spanuHHUx OKpyoKHOcmeu ymojiineHUJi. 

(S) {N, G) He codepoKum nodymoAineHuu, 20MeoMop(pHux u3o6paoKeHHUM na puc.^T^ 

Ha6pocoK doKaaamejihcmea Kpumepun (S). Heo6xo;iHMOCTb ^lOKasbisaeTca c Hcnojib- 
30BaHHeM TeopeMbi ^op^ana. 

/ 

/ 

Phc. 16: BbipesaHHe cpe^neii Tpera 

^OKajKeM flOCTaTOHHOCTb Ha flSbIKe 3CKH30B. Bbl^ejIHM B flaHHOM 3CKH3e nOfl3CKH3 

MaKCHMajibHoro ^epeBa. IloKpacHM ocTaBniHeca pe6pa b KpacHbiii iibst. Hb KajK^oro xpac- 
Horo pe6pa BbipesceM ero 'cpeflHioio TpeTb', xax na pnc. [TBI OcTaneTCH sckhb ^epeba T. 
Ero MOJKHO H3o6pa3HTb (c yHBTOM opHeHTHpoBaHHoro Li,HKJiHHecKoro nopfl^Ka) 6e3 caMO- 
nepece^eHHii na njiocKOCTH BHe (BHyTpeHHOCTn) MHoroyrojibHHKa Ai . . . An Tax, HTo6bi 
BepniHHbi flepeba 6bijiH 6bi bepniHHaMH MHoroyrojibHHKa. (9to flOKaabibaeTca no HH^yK- 

LI,HH C 0T6paCbIbaHHeM bHCHHefi bepniHHbi.) 

IlycTb cymecTbyiOT BepniHHbi A, B, Ai, Bi ^epeba T, jiejKamne na rpanHije MHoro- 
yrojibHHKa B 3TOM nopaflKe, Hpn^eM BepniHHbi A vi Ai jiejKaT na o^hom xpacHOM pe6pe, a 
BepniHHbi B n Bi — na flpyroM. CoeflHHHM bepniHHy A c Ai n B c Bi nyTHMH b ^epeBe. 
EcjiH 3TH nyTH nepeceKaiOTCfl poBHO b oflHofi Tonxe, to hcxo^hmh sckhb coflepjKHT sckhb 
'bocbMepKa' (cm. pnc. 1141 ). Ecjih 3th nyra nepeceKaiOTCH poBHO no o^noMy OTpe3Ky, to 

HCXO^Hblii 3CKH3 CO^epjKHT 3CKH3 'TBTa' (cM. pHC. 1141 ). OcTajIbHblB CJiy^aH CBO^HTCH K 

paccMOTpennbiM. HTax, ncxoflHbiii sckhb coflepjKHT no^acKna, roMeoMop4)HbiH o^noMy hb 
H3o6pa}KeHHbix na pnc. [I4l 

IloaTOMy ecjiH bepmnnbi A, Ai jiejKaT na o^hom KpacHOM pe6pe, & B,Bi— na flpyroM, 
TO BepniHHbi A, Ai, B, Bi jiejKaT na rpanniie MHoroyrojibHHKa b 3tom iiHRjiHirecKOM no- 
pa^Ke (hjih b hpothbohojiojkhom) . Sna^HT, nx mojkho coe^nnnTb BHyTpn MHoroyrojibHHKa 
HenepeceKaiomHMHca OTpeBxaMH. Cjie^ObaTejibno, HCxo^Hbiii sckhb njianapen. □ 

18. (a) C4)opMyjiHpyHTe h ^oxajKHTe anajior KpHTepna (S) ^jih yTOjnu,eHHH, ne npe^- 
HOJiaraeMbix opneHTnpyeMbiMH. 

(b) ^OKajKHTe KpnTepnii (E). 

(c) C4)opMyjiHpyHTe KOM6HHaTopHbiH ajiropHTM HOflCHeTa ^HCJia h{N). 

19. (a) FpacJ) ne bjiojkhm b hjiockoctb. 

(b) FpacJ) -f^s^s ne bjiojkhm b hjiockoctb. 

(c) •I'opMyjia Bftjiepa ^Jia ctJjepBi c g py^KaMH. Ilycmb na apepe c g pynnaMU 
HapucoeuH 6e3 caMonepeceneHuu ceaaHuu gpacfi c V eepuiunaMU u E pe6paMU. HaaoeeM 
spaHbw saMKHymyw o6jiacmb na c(pepe c pyuKUMU, ozpaHuneHnym pe6paMU amozo zpa(pa. 
Ilycmb F — HUCJIO zpaneu. Uycmb nacHcdaM spam paaSueaemcM, Am6ou AOMauou c koh- 
"UttMU na spanuv^e amou zpauu (m.e. monojiozunecKU aKeueajieHmna auMKHymoMy ducny 
Ha njiocKocmu) . Tozda V — E + F — 2 — 2g. 

(d) HaiiflHTe hhcjio pynex b KajK^OM hb opneHTnpyeMbix yTOJimeHHH rpacjaa K^. 

(e) Kg ne bjiojkhm b Top. 

(f) JXjir JI1060H c(i)epbi c pyHKaMH HafifleTCii rpa(i), ne BjiojKHMbiii b nee. 
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OpuemnupyeMUM podoM rpacjja G HasbisaeTCH HanMeHbinee hhcjio g, ^jih KOToporo 
G BjiojKHM B c^epy c g pyHxaMH. HeopueumupyeMUM podoM rpacjaa G HasbieaeTca nan- 
MeHbinee ^hcjio m, fljia KOToporo G bjiojkhm b ^hck c m jiHCTaMH Me6Hyca (hjih b ccjsepy 
c m njieHKaMH Me6Hyca). 

20. (a) HaiiflHTe opneHTHpyeMbiii h HeopneHTHpyeMbiii po^bi rpacjja K^. 

(b) OpneHTHpyeMbiii po;; rpacjja G paben -{2 — V + E — H), r^e 

H := max{h{N) \ N — opneHTHpyeMoe yTOJimeHHe rpaijia G}. 

(c) Haii^HTe aHajiorHi^Hyio (jaopMyjiy jijir HeopneHTHpyeMoro po^a. 




Phc. 17: 06xofl MaKCHMajibHoro ^epeba 

21. AASopumM Moxapa pacnoanaeaHUM poda zpa(^. By/ieM CTHTaTb, hto b cbasHOM 
rpacj^e G hgt bHCHHHx bepniHH. BbiflejiHM b rpacjse G MaKCHMajibHoe flepebo. Bne SToro 
^epeba b:— E — V -\- 1 pe6ep. SanyMepyeM sth pe6pa HHCJiaMH ot 1 b. /^Jia KajK^oii 
bepniHHbi rpa4)a G bbi6epeM opHeHTHpobanHbin iiHKJiH^ecKHii nopa^OK pe6ep, bbixo^a- 

mHX H3 STOii bepniHHbl. 0603Ha^HM bbl6paHHblii Ha6op OpHeHTHpObaHHblX LI,HKJIH^eCKHX 

nopflflKOb Hepes p. BosbMeM MaKCHMajibHoe flepebo b G h ero Tecnyio OKpecTHOCTb, ro- 
MeoMop(J)HyK) flHCKy (pnc. [T7|). Xlpn o6xofle no rpanHije 3Toro ^ncKa nojiy^aeTca iihkjih- 
HecKaa nocjie^obaTejibHOCTb pe6ep bne MaKCHMajibHoro ^epeba, b KOTopoii xajK^oe pe6po 
bCTpe^^aeTC^^ flba pasa. Onpe^ejiHM MaTpniiy Sij{p) pasMepa 6 x 6 h3 nyjieii h e^nHHii;: 
Snip) := H Sij{p) := 1 (cooTbeTCTbeHHO Sij{p) := 0), ecjin b nojiyHeHHoii iiHKJiHHecKoii 
nocjie^obaTejibHOCTH pe6pa ? h j Hepe^yroTca (cooTbeTCTbenHO H^yT no^pa^) . 

(a) OpneHTHpyeMbiii po;; rpacjja G paben minp{ranks(p)}/2. 

(b) HeopneHTHpyeMbiii pofl rpa(i)a G paben minp_^{ranks(/9, A)}, r^e MaTpnija s{p, A) 
nojiynena h3 s{p) 3aMeHoii neKOToporo nenycToro ceMeiicTba A ^HaroHajibHbix sjieMeHTOb 

Ha e^HHHIIbl. 

22. IlycTb N — opneHTHpobaHHoe yTOJimeHHe cbfl3Horo rpa4)a G CTeneHH 3, ne pea- 
jiH3yeMoe na Tope, jiio6oe cbfl3Hoe no^yTOJimeHHe KOToporo peajiH3yeM0 na Tope. 

(a) B G HeT neiejib. 

(b) B G 6 bepniHH h 9 pe6ep. 

(c) * JI1060H cbflSHbiii rpa4) CTenenn 3 c ycjiObHSMH (a) h (b) H30Mop4)eH oflHOMy h3 
nflTH rpa4)0b na pnc. [19] (floCTaTOHHO bssTb l-ii, 3-h, 4-h, 6-h h 8-ii) hjih na pnc. [181 

Phc. 18: IHecToii rpacj) 

(d) * Funomeaa peajiuayeMOcmu ymojim,eHuu nyBuuHux zpa(poe na mope. IlycTb h3 
Kax^oii bepniHHbi cbH3Horo rpacjja bbixo^HT 3 pe6pa. OpneHTHpyeMoe yTOJinienne SToro 
rpaijia peajiHsyeMO na Tope Tor^a h TOJibKO Tor^a, Kor^a oho ne co^epjKHT HO^yTOJimeHHii, 
H3o6pa>KeHHbix na pnc. [191 [PVj- 
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Phc. 19: yTOJimeHHH, ne BJiojKHMbie b Top 



23. IlycTb N — opneHTHpoBaHHoe yTOJimeHHe rpacjja G CTenenn 4, ne peajiHsyeMoe 
Ha Tope, jiio6oe noflyTOJimeHne KOToporo peajiHsyeMO na Tope. 

(a) B G HeT neiejib. 

(b) Ckojibko b G BepniHH h pe6ep? 

(c) * OnnniHTe yTOJimeHHH rpacjjOB CTeneHH 4, peajinsyeMbie na Tope. 

(d) * OnnniHTe X-rpacJjbi, peajinsyeMbie na Tope. Cp. |Ma05j . [Pe'j . 

Ha6pocoK HasbiBaeTCfl peajiuayeMUM na Jiucme Me6uyca, ecjiH ero mojkho H3o6pa- 
3HTb 6e3 caMonepeceHeHHH na jihctg Me6Hyca h OKpyjKHTb KajK^yio BepniHHy MajieHbKoii 

OpneHTHpOBaHHOH OKpyjKHOCTblO Tax, ^T06bl 

— fljia KajKflOH BepniHHbi o6xofl BbixoflamHx hb nee nojiype6ep B^ojib opneHTHpoBaH- 
Hoii OKpyjKHOCTH flaBaji 6bi saflaHHbiii opHeHTHpoBanHbiii iiHKJiHHecKHH nopflflOK. 

— Ha pe6pe ctoht Tor^a h TOJibKO Kor^a, Kor^a opneHTaiiHH aaMKHyTbix kphbmx, 
nocTpoeHHbix Boxpyr kohiiob SToro pe6pa, cozjiacoeanu edoAb amoso pe6pa (pnc. [20)) . 

24. (a) Ha6pocKH na pHC.[2T]He peajinayeMbi na jihctb Me6Hyca. 

(b) roMeoMop4)Hbie Ha6pocKH o^HOBpeMenHO peajiHsyeMbi na jihctb Me6Hyca hjih hgt. 

(c) EcjiH npH yflajieHHH neKOToporo pe6pa h3 Ha6pocKa nojiyHaeTca flepeBO, to stot 
Ha6pocoK peajiH3yeM na jihctg MeGnyca. 

(d) KaKHe Ha6pocKH, cooTBeTCTByiomHe rpacjay K4, peajinsyeMbi na jihctg Me6Hyca? 

(e) * Funomeaa peajiuayeMOcmu ymoAVneHuu na jiucme Me6uyca. YTOJimeHHe peajin- 
3yeM0 Ha jiHCTe Me6Hyca Tor^a h TOJibKO Tor^a, Kor^a oho ne co^epjKHT noflyTOJimeHHH, 
H3o6pajKeHHbix na pnc. [22l [Pe] . 

(f) * Funomeaa peajiuayeMOcmu ymoAineHuu KySuHHUx zpa^oe na 6ymuMKe KAeuna. 
IlycTb H3 KajKfloii BepniHHbi rpacjja BbixoflHT 3 pe6pa. yTOjimeHHe SToro rpa4)a peajiH3y- 
eMO Ha 6yTbiJiKe Kjienna Tor^a h TOJibKO Tor^a, Kor^a oho ne coflepjKHT no^yTOJinieHHii, 
H3o6pa}KeHHbix na pnc. ?? [Te j. 

25. * FpacfjoM c HeopuewmupoeaHHUMU epamenujiMU Ha3biBaeTCfl rpacj), fljia KajK^oii 
BepniHHbi KOToporo yxasan HeopHeHTHpoBanHbiii ii,HKJiH^ecKHH nopaflOK Bbixo^amnx h3 
nee HOJiype6ep. C(i)opMyjiHpyiiTe h ^oxajKHTe anajiorn BbimensjiojKeHHbix Teopen h sa^aH 
fljiJi rpacjjOM c HeopneHTHpoBaHHbiMH Bpain;eHHHMH. Cm. [KPS| ho noBO^y rpacjjOB CTeneHH 
4. 
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Phc. 20: PaccTanoBKa HHceji na pe6pax 



o 
o 




.0 0, 



.0 0, 







1 



Phc. 21: Ha6pocKH, ne peajiHsyeMbie na jihctg MeGnyca (^oGasHTb!!!) 
OTBeTBi H yKaaaHHa k HeKOToptiM aaflanaM. 

2. OcTajiocb flOKasaTb nacTb 'Tor^a'. FeajinsyeM SBes^y c 2n jiynaMH (h hx sa- 

flaHHblM LI,HKJIHHeCKHM HOpHflKOM) BHC BHyTpeHHOCTH HCKTOpOrO BbinyKJIOrO MHO- 

royrojibHHKa Tax, HTo6ti KOHLi,bi jiyneii H3o6paiKajiHCb 6bi BepniHHaMH MHoroyrojiB- 
HHKa. Torfla ocTaBinnecH OTpesKH moscho peajiHSOBaTb npHMOjinneilHO BnyTpn 
MHoroyrojiBHHKa. 




pasyMHO 



npOBOflHTb 



no 



cxeMe 
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Phc. 22: yTOJimeHHH, ne peajiHsyeMbie na jiHCTe Me6Hyca (flo6aBHTb!!!) 



4a. YTOjimeHHe neporjiHcJaa na pHcOcjiesa TonojiorHnecKH 9KBHBajieHTH0 Topy 
c flbipKOH. IlpH /];o6aBjieHHH jieHTOHKH nojiynaeTCH Top c ^ByMH ^bipKaMH, cm. 
pnc. [DcjieBa. 

4d. Bbi6epeM noflneporjiHcJ) c TpeMH ncTjiHMH, paccMOTpeHHbiii b 4a. Ero yTOJi- 

meHHH HBJiaeTCH TOpOM C flByMH flbipKaMH. IlpH flo6aBJieHHH HeTBepTOfi nCTJIH 

flo6aBjiHeTCH py^Ka h yflajiHCTCH flbipKa, cm. pnc. [9] cnpaba. 

5b. YKasaHHe. IlycTb h3 Topa Bbipesana cjjnrypa HBjiaiomaHCH ccJjepoH c 
pyHKaMH H oflHoft flbipKoii. EcjiH rpaHHHHaH OKpyjKHOCTb He pa36ueaem Top, to y 
K flfie rpaHHHHbie OKpyjKHOCTH — npoTHBopcHHe. Ecjih rpannHHaH OKpyjKHOCTb 
pasdueaem Top, to npn saKjieliKe stoh rpaHHHHOii OKpyjKHOCTH ^hckom h3 K no- 
jiynaeTCii Top hjih ccjjepa. IlpoTHBopeHHe c npHBeflenHbiM (JjaKTOM. 

6a. IlHflyKi^HH no n (anajiornHHO sa^anaM 4ad). YTOjimeHne 6yKeTa c nyjiCM 

nCTCJIb HMCCT OflHy KpaCByK) OKpyjKHOCTb H TOnOJIOrHHCCKH SKBHBajieHTHO flHCKy. 
IlpH npHKJieHBaHHH HOBOH JICHTOHKH BOSMOJKHbl flBa CJiy^aH Ha pHC. [HI 

6b. y 3T0H (JjHrypbi Tpn rpanHHHbie OKpyjKHOCTH. Bbi^ejiHTe MaKCHMajibnoe 
flepcBO H BbiBCflHTe H3 (JjopMyjibi 3Hjiepa, hto STa 4)Hrypa roMeoMop4)Ha Topy c 

TpCMH flbipxaMH. 

9c. HH/];yKi];HH ho n c HCHOjibSOBaHHCM pnc. [11] h 9b. 

12. (a) Otbct: 16 = 2^. Hs KajK^ofi BepmHHbi rpacjja bbixoaht ho 3 pe6pa. 
Torfla fljiH KajKfloft Bepmnnbi cymecTBycT ^Ba pasjinnnbix opHenTHpoBanHbix i];hk- 
jiHHecKHx nopHflKa BbixoflHmHx H3 Hcc nojiype6ep. lIosTOMy Bcero pasjinnnbix sc- 
KH30B 6yfl,eT 2^. 

(b) Otbct: 3, cm. pnc. [T21 HopaflKH Bbixo^amnx nojiype6ep mojkho mchhtb b 
0, 1, 2, 3, 4-x Bepmnnax. CjieflOsaTejibHO, TaKHx sckhsob hc 6ojiee 5. 

19. (a) MojKHO HCHOjibsoBaTb TCopcMy ^opflana. HpHBeflCM 6ojiee Hsamnoe 
(ho ho cyTH, anajiornHHoe) flOKasaTCJibCTBO HCHjianapHOCTH rpacjja K^, ocnosaH- 
Hoe Ha 4)opMyjie 3Hjiepa. IlycTb rpacj) i^s napncoBan na hjiockocth 6e3 caMone- 
pecenenHH. Tor^a ho cJjopMyjie 3Hjiepa 5 — 10 + = 2. SnanHT, F = 7. IIocTaBHM 
OKOJio KajKfloro pe6pa rpacjja K^, napncoBaHHoro na hjiockocth, CTpejiKy BnpaBO 
H CTpejiKy BjiCBO. Tor^a hhcjio CTpejiOK paBHO 2E = 20. Ho HOCKOjibKy rpaHHD;a 
KajKfloft rpaHH coctoht hc Mcnee hcm h3 Tpex pe6ep, to hhcjio CTpejiOK hc MCHbHie 
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3F = 21 > 20. HpoTHBopeHHe. 

(c) PaccMOTpHTe OKpecTHOCTb rpa4)a b ccjjepe c py^KaMH, HBjiaiomyiocH ero 

yTOJimeHHCM. 

(d) Otbct: 0, 1, 1 fljiH Tpex sckhsob na pnc. 1121 cooTBeTCTBeHHO. 
(f) AnajiornHHO (a) rpacj) -^^232+9 ne bjiojkhm b ccjjepy c g py^KaMH. 

OnPE/i;EJlEHHE ABY- H TPEXMEPHblX MHOPOOBPASHH 
Onpe^ejieHHe h npHMepBi flsyMepHBix nojiHSflpoB. 

Hama ufijib — onpeflejiHTb deyMepnue noeepxuocmu h deyjuepHue o6o6ineHUJi zpacfioe 

K0M6HHaT0pHbIM o6pa30M (yflo6HbIM KaK fljia TeOpHH, TaK H fljin XpaneHHH STHX o6T3eKTOB 

B naMflTH KOMnbK)Tepa) . 

OpueumupoeaHHUM v,ukaom HasbiBaeTca iiHKJiH^ecKaa nocjie^OBaTejibHOCTb opneH- 
THpoBaHHbix pe6ep, b KOTopoii na^ajio xajK^oro cjie/iyiomero pe6pa coBna^aeT c kohiiom 
npeflbiflymero (opneHTHpoBaHKbie iihkjim, OTBeHaiomHe Topy h npoeKTHBHofi njiocKOCTH 
Ha pHC. I23[ pasjiHHHbi). 2-CxeMOU nasbiBaeTCH rpacj) BMecTe c neKOTopbiM KOJiHHecTBOM 
BbiflejieHHbix B HGH opHeHTHpoBaHHbix iiHKjioB (bosmojkho, caMonepeceKaioinHMHCfl h ne- 
peceKaiomHecH Apyr c ^pyroM). Bbiflejiennbie iihkjim Ha3biBaiOTCfl zpaunMU 2-cxeMbi. 

HpHMepbl CXeM, y KOTOpblX pOBHO OflHH Bbl^ejieHHblii IIHKJI, HMeiOmHii flJIHHy 4, H306- 

pajKeHbi Ha phc.[23]b BepxHeii CTpoxe. 



Phc. 23: npocTeiiniHe cxeMbi h cooTBeTCTByiomHe 2-MHoroo6pa3Hfl (nepe^ejiaTb b coot- 

BGTCTBHH C TeKCTOM) 

H3 flaHHOH 2-cxeMbi MOJKHO nojiy^aTb HOBbie 2-cxeMbi CKJieHBaHHeM pe6ep, KOTopoe 
o6o3Ha^aeTca na pncyHKax npocTaBjieHHeM na CKjienBaeMbix pe6pax o^HnaKOBbix CTpejio- 
HeK (pHC. [26| . SaneTHM, hto sth CTpejiOHKH ne HMeiOT HHHero o6iri,ero c HanpaBJieHHeM 
pe6ep B cooTBeTCTByiomeM nanpaBJieHHOM ijHKJie (nocjie^Hee oSmhho scho h3 KOHTeKCTa 
H nosTOMy He yKa3biBaeTCH HHr^e, KpoMe BepxHeii CTpoKH na pnc. I23p . Tax h3 cxeMbi 
'KBaflpaT' (nepBaa cxena bo BTopoM pa^y na pnc. I23p nojiyHaiOTca cxeMbi h3 BepxHeii 
CTpoKH Ha pHC. 1231 no^ KajK^oii cxeMoii nepBoii CTpoKH napHCOBano cooTBeTCTByiomee 
OTOJK^ecTBjieHHe pe6ep cxeMbi 'KBa^paT'. HanoMHHM, hto b BepxHcii CTpoxe ctpcjikh na 
pe6pax o6o3Ha^^aIOT hx opneHTaiiHio b Bbi^ejienHOM iiHKjie, a bo BTopofi CTpoxe coBceM 
Apyroe — cnoco6 CKJieHBaHHa pe6ep. B KajK^OM pncyHKe BTopofi CTpoKH opHeHTaijHa b 
Bbi^ejieHHOM iiHKjie (fljiHHbi 4) 3aflaeTCfl ero oGxo^om npoTHB ^acoBoii ctpcjikh (npn flan- 
HOM H3o6pa>KeHHH Ha njiocKOCTH Hamero rpacjaa, aBjiaiomeroca d;hkjiom ^jiHHbi 4). 

OnepaiiHH nodpaadejienusi pe6pa h nodpaadejieHusi zpanu (npoeedenua duazonajiu) 
H3o6pa>KeHbi Ha pnc. 1241 f^Hxaxejib jierKO BoccTanoBHT 4)opMajibHoe KOM6HHaTopHoe onpe- 
^ejienne sthx onepaiiHii no pHcynKaM) . ^bb 2-cxeMbi nasbiBaiOTca zomcomop^humu ( mo- 
noAozunecKU SKeueaAeHnmuMu) , ecjin ot oflHoii mojkho nepeiiTH k ^pyroii npn domoihh 
3THX onepaiiHH h o6paTHbix k hhm. 06o3Ha^eHHe: Ti = T2. KoMnaKuiHUM deyMepuuM no- 

AUadpOM Ha3bIBaeTCfl KJiaCC SKBHBajieHTHOCTH 2-CXeM C TOHHOCTbK) flP rOMeOMOp4)HOCTH. 

HpeflCTaBHTejiH SToro Kjiacca SKBHBajieHTHOCTH Ha3biBaiOTCfl 2-cxeMaMU coomeemcmey- 
mineeo 2-nojiu9dpa. Mbi 6yfleM coKpamenHO Ha3biBaTb KOMnaxTHbie ^ByMcpHbie nojins^pbi 
2-nojiH3flpaMH. 

2-nOJIH3flpbI H 2-CXeMbI COOTHOCaTCfl Tax }Ke, KaK l-nOJIH3flpbI (T.e. rpacjjbl C TOHHOCTblO 

^o roMeoMop4)H3Ma, hjih rpa(J)bi b TonojiorHHecKOM CMbicjie) h rpacjjbi (c TOirHOCTbio ^o 
H30Mop4)H3Ma, HJIH rpacjjbi b KOMGnnaTopHOM CMbicjiax). OflnaKO 2-nojiH9flpbi h 2-cxeMbi 
yjKe BajKHO pa3JiH^aTb. 
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Phc. 24: IloflpasflejieHHe pe6pa h no^pasflejieHHe rpann 



1. CxeMbi B KajKfloii KOJiOHKe na pHC.[23]roMeoMop4)Hbi MejK^y co6oh, a cxeMM h3 pas- 

HblX KOJIOHOK — HBT (jKaSaHHe: HerOMeOMOp(J)HOCTb MOJKHO ^OKaSblBaTb no Mepe ^TeHHH 

cjieflyiomero nyHKTa). 

Ho KajKfloii 2-cxeMe ecTecTseHHO CTpoHTca ^mypa (tsjio 2-cxeMbi), nojiyHeHHaa h3 
rpacjja 2-cxeMbi ckacukou ^syMepHbix MHoroyrojibHHKOB, cooTBeTCTByiomHx Bbi^ejiennbiM 
iIHKjiaM 2-cxeMbi (cKjieiiKa ocymecTBjiaeTCH ne b TpexMepnoM npocTpancTBe, a a6cTpaKT- 
Ho). HanpHMep, na pnc. 1251 H3o6paa<:eHO nocTpoeHne Tejia cxeMbi, CTCTOHmeii h3 rpacjja 
Ki, B KOTopoM BbiflejieHbi Bce iiHKJibi fljiHHbi 3. Mbi He flfiSM CTpororo onpe^ejieHHfl (janry- 
pbi H CKjieiiKH (i.e. Tonojiorn^ecKoro npocTpancTBa h onepaiinn ckjighkh TonojiorHHecKHx 
npocTpancTB) , nocKOJibKy 4)opMajibHO hx ne Hcnojib3yeM (bce paccyjK^eHHH mojkho nepe- 

BeCTH Ha H3bIK KJiaCCOB SKBHBajieHTHOCTH CXen). O^HaKO BajKHO, ^TO Ha CaMOM flejie Mbl 

HByHaeM hmghho cfjuaypu nocpe^CTBOM npeflCTaBjienHfl hx 2-cxeMaMH. 



CxjieHBaHHe pe6ep 2-cxeMbi HopojKflaeT CKAeueanue pe6ep cooTBeTCTByroniero 2- 
HOJiHSflpa (pHC. [26l[23|) . IlpHMepbi 2-HOJiH3flpoB, HOJiy^ennbix CKjienKoii CTopon KBa^paTa, 
H3o6pa}KeHbi B TpeTbeM pa^y na pnc. 1231 

IlHTepecHbie npHMepbi 2-nojiH3flpoB (2-MHoroo6pa3Hfl, Konycbi na^ rpacJjaMH, I- 
paccjioeHHa na^ rpacJjaMH, S'^-paccjioenHH na^ rpacjsaMH, npoH3Be^eHHa rpa4)OB) noABflT- 
cfl ^ajiee. 

OcmaemaMCM nacmh amoso nyuKma ne ucnoAbayemcM Oam onpedeACHUM 2- 

MH08006pa3UJl. 

PaccMOTpHM npoHBBOJibHyio BepniHHy x cxeMbi T. 





Phc. 25: CKjieiiKa Tejia 2-cxeMbi 
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Phc. 26: CKjieHBaHHe pe6ep 



IlocTpoHM HOBbiii rpacj) Ykx x — auhk eepuiuHU x. Ero BepniHHbi cooTBeTCTByiOT pe6- 
paM rpa(|)a T, BbixoflaiiiHM h3 BepniHHbi x. IlpH stom KajK^oii neTjie cooTBeTCTByeT ^Be 
BepniHHbi, a pe6py KpaTHOCTH k, ne ABJiHiomeMycfl neTJieii, cooTBeTCTByeT k BepniHH. 
KpaTHOCTb pe6pa ab b rpa(|)e Ik-r x paBna KOJiHHecTBy npoxojK^eHHii Bbi^ejienHbix iihk- 
jiOB Hepes X Bflojib pe6ep a h 6 (pnc. [27|) . 

CxeMa sIt x — aeeada eepmuHU x — aBJiaeTca KonycoM Ha;; rpacJjOM Iky x. BepniHHa 
X 2-nojiH9flpa co cxeMoii T HMeeT Majiyio OKpecTHOCTb, TonojiornHecKH SKBHBajieHTHyio 
SBesfle sItx (pnc. [27| . 

EcjiH T — TpnaHryjiaiiMH, to 



2. (a) HaiiflHTe jihhkh BepniHH ^jia cxeM na pac. 1231 

(b) /Jjia jiio6oro rpa4)a naiiflyTCH cxeMa h ee BepniHHa, jihhk KOTopoii HBjiaeTCH sa- 
^aHHbiM rpacjjOM. 

Onpe^ejieHHe h HHsapHaHTbi flByMepHbix MHoroo6pa3HH. 

BepniHHa 2-cxeMbi nasbiBaeTCH tiaockou, ecjiH Bbixoflflmiie h3 stoh BepniHHbi pe6pa 
MOJKHO Tax sanyMepoBaTb ei, 62, . . . , e„, e„+i = ei, ^to Bbiflejiennbie xihkjim npoxoflaT ^e- 
pes 3Ty BepniHHy tojibko B^ojib pe6ep 6^,6^+1 h TOJibKO no o^noMy pasy fljia KajK^oro 
i = 1, 2, . . . , n — 1 HJiH i = 1, 2, . . . , n. (3to paBHOCHJibHO TOMy, hto jihhk BepniHHbi ro- 
MeoMop(|)eH OKpyjKHOCTH hjih OTpesKy.) KoMnaKTHbiH flbyMepHbiii nojinsflp nasbiBaeTCii 
KOMnanmHUM deyMepuuM MHOzoo6pa3ueM (coKpain;eHHo: 2-MHoroo6pa3HeM) hjih noBepx- 
HOCTbK), ecjiH fljifl HeKOTopoii (hjih, SKBHBajieHTHO, jiflR j[io6oH ) ero cxeMbi KajK^aa 
BepniHHa SToii cxeMbi HJiocKaa. 3to cbohctbo necjjopMajibHO osna^aeT, hto Tejio cxeMbi 
jiOKajibHO ycTpoeno Kax njiocKOCTb hjih nojiynjiocKOCTb. B 3tom nynKTe, a TaKJKe b tbx, 

^/loKasaTejibCTBO SToii SKBHBajienTHOCTH ABjiaeTca (necjio^KHbiM) ynpajKHeHneM 



six ^\J{<7 eT \ X H Ik a; = U{(T e T I CT C St a; H x cr}. 




Phc. 27: IlocTpoeHHe SBesflbi h jinnxa 
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r^e yHacTByiOT tojibko 2-MHoroo6pa3Ha (i.e. ne y^acTsyiOT n-MHoroo6pa3Hfl c n ^ 3) mm 
6yfleM HasbiBaTb hx npocTO MHoroo6pa3HflMH. 

KpaeM (hjih rpaHHiieii) cxeMbi MHoroo6pa3Hfl Ha3biBaeTCfl o6T3eflHHeHHe TaKHx pe6ep 
cxeMbi, KOTopbie co^epjKaTCfl TOJibKO b oflHoii rpann h npn^eM o^HOKpaTHO. MHoroo6pa3He 
HasbiBaeTca saMKHymuM, ecjiH Kpaii neKOTopoii (hjih, 3KBHBajieHTH0, jiio6oii) ero cxeMbi 
nycT. 

3. (a) Kpaii cxeMbi aBjiaeTCii necBiiSHbiM o6T3eflHHeHHeM OKpyjKHOCTeii. 

(b) KojIH^eCTBO 3THX OKpyjKHOCTeii OflHHaKOBO flJIH roMeoMop4)Hbix cxeM. 

XlpiiMepbi MHoroo6pa3Hii MoryT 6biTb nojiyHCHbi npHRjieHBaHHCM py^ex N N^T'^, 
npHKjieHBaHHeM njienoK MeGnyca N —> N^RP'^ h BbipesanneM flbipoK (pnc. [28l). S^ecb h 
flajiee mm npHBO^HM onpe^ejienna na Harjia^HOM fl3biKe (^HTaTejib MOJKeT npn jKejiaHHH 
npHBecTii (J)opMajibHoe onHcaniie na asMKe cxcm). 




Phc. 28: XIpiiKJieHBaHHe pyiKH, npHKJieHBaHHe njiBHKii Me6Hyca h Bbipe3aHHe ^mpkh 

4. (a) RP'^ c flbipKoii roMeoMop4)HO jiHCTy Me6Hyca. 

(b) RP^4fRP^ = K^. 

(c) RP^#K^^RP^#T^. 

SaKJieHB Bce rpanHHHbie OKpyjKHOCTH yTOJinienHa (neKOToporo rpa4)a) ^HCKaMH, no- 
jiy^HM 2-MHoroo6pa3He 6e3 Kpaa. yTOJimeniie oflHOSnaHHO onpeflejiaeT cxcMy cooTBeT- 
CTByioniero 2-MHoroo6pa3Ha (h Hao6opoT). 

SuAepoeou xapaKmepucmuKou cxeMbi Ha3biBaeTca ^hcjio x = F — E' + F, r^e F — 
HHCJio rpaneii. 

5. (a) Haii^HTe aiijiepoBM xapaKTepncTHKH cxeM c pnc. 1231 

(b) 9iijiepoBbi xapaKTepncTHKH flbyx roMeoMop4)Hbix cxcm oflHHaKOBM. 

(c) BiijiepoBa xapaKTepncTHKa ccJjepM c g py^xaMH, m njieHxaMH Me6Hyca h h flbip- 
KaMH paBHa 2 — 2g — m — /i. 

OpueHmaii,UM ^ByMepnoro njiocKoro (HecaMonepeceKaronieroca) MHoroyrojibHHKa 3a- 
flaeTCH OKpyjKHOCTbio CO CTpejiKoii, b nem jiejKanieii. BnympeHHUM pe6poM 2-cxeMbi Ha3bi- 
BacTca ee pe6po, yHacTByiomee no KpaiiHeii Mcpe ^BajK^bi b rpanax (t.c. jih6o no Kpannen 
Mepe B AByx, jih6o no KpanHeii Mepe b o^noii ^ByKpaTHo). CxeMa 2-MHoroo6pa3Ha Ha3bi- 
BaeTca opueHmupyeMOU, ecjin mojkho bbbcth opnenTaitHH na Bcex ee rpanax, KOTopbie 
cozAacoeanu b^ojib KajK^oro BnyTpennero pe6pa, T.e. KOTopbie sa^aiOT c flByx CTopon 
SToro pe6pa npomueonojiootcHue nanpaBjienna (pnc. [29|) . 2-MHoroo6pa3He nasMBaeTca 
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opueHmupyeMUM, ecjiH oho HMeeT opHeHTHpyeMyio 2-cxeMy. yKasannbiH Ha6op opneHTa- 
HaH Ha rpaHHx 2-cxeMbi nasMBaeTca ee opueHma%ueu (hjih opneHTaiiHeii cooTBeTCTByio- 
mero 2-MHoroo6pa3Hfl) . IloHHTHe opHeHTHpyeMOCTH HeBOBMOJKHO bbgcth pjiR npoHSBOJib- 
Hbix 2-cxeM (no^yMaiiTe, noHeny), ho mojkho bbbcth ^jia 2-cxeM, KajK^oe pe6po KOTopbix 
y^acTByeT b rpanax ne 6ojiee hgm ^BajK^bi. 



2-MHoroo6pa3He 6e3 Kpaa, nojiyHeHHoe h3 yTOJimeHHfl, HBJiHeTCfl opneHTHpyeMbiM, 
ecjiH 3T0 yTOjimeHHe opHeHTHpyeMO (sto flOKaabiBaeTca npn noMomn nepexo^a k flBoii- 
CTBeHHoii TpHaHryjumHH hjih cxene). 

6. (a) roMeoMop4)Hbie cxeMbi opnenTHpyeMbi hjih hgt o^HOBpeMeHHO. 

(b) C4)epa opneHTHpyeMa, a jihct Me6Hyca HeopneHTHpyeM. 

(c) * MHoroo6pa3He opHeHTHpyeMO Tor^a h TOjibKO Tor^a, Kor^a oho ne co^epjKHT 
jiHCTa Me6Hyca (i.e. HHKaKaa cxena SToro MHoroo6pa3Hfl ne HMeeT HO^cxeMbi MHoroo6pa- 
3HH 'jihct Me6Hyca'). SaMBTHM, hto HeopneHTHpyeMaa cxena ne o6fl3aTejibHO coflepjKHT 
HOflCxeMy, HpeflCTaBjiHioniyio jihct MeGnyca (nanpHMep, cxeMbi 6yTbijiKH Kjianna hjih 
npoeKTHBHoii hjiockocth na pnc. I23p . 

KjiaccHtJjHKai^Ha flByMepHBix MHorooSpasHH. 

MHoroo6pa3He nasbiBaeTca cbmshum, ecjiH rpacj) neKOTopoii (hjih, SKBHBajienTHO, jiio- 
6oh) ero cxcMbi CBaaeH. 

TeopeMa KJiaccH(J)HKai];HH. Uycmb N — (KOMnanmHoe) cejianoe opuenmupyeMoe 
2-MHOzoo6pa3ue. 

(1) N jiejiJiemcM c(f>epou c HenomopuM KOMunecmeoM g pynen u HenomopuM koauhc- 
cmeoM h dupoK. 

(2) Hucjio g = g{N) pyueK (pod MHOzooSpaaun N ) u nucjio h — h{N) dupoK odno- 
3HaHH0 onpedeAMwmcM no N , m.e. c(pepu c g pynnaMU u h dupnajuu ne zoMeoMop(pHU 
Oaji pasAUHHUx nap {g, h). 

Ha6pocoK doKaaameAbcmea. BTopaa HacTb TeopeMbi ^0Ka3biBaeTCfl nyTen no^CTeTa 
KOJiHHecTBa CBHSHbix KOMHOHeHT Kpafl H SHJiepoBOH xapaKTepHCTHKH (neKOTopoH cxeMbi 
KajKfloro H3 nepeHHCJieHHbix 2-MHoroo6pa3HH). Ilojiy^HTca, hto siijiepoBa xapaKTepncTH- 
Ka ccjjepbi c g pyHKaMH paBHa 2 — 2g. 

^jia flOKa3aTej[bCTBa nepBoii HacTH BOSbMeM Taxyio cxeny T ^annoro 2-MHoroo6pa3HH 
N, B KOTopoii Bce Bbi^ejienHbie lihrjim HMeiOT ^jinny 3 (^OKajKHTe, ^to npoHSBOJibnaa cxe- 
Ma SKBHBajieHTHa neKOTopoii cxeMe c TaxHM cbohctbom!). IIoctpohm manouKU, AenmoHKU 
u aanAaniKU. Ha narjia^HOM ypoBne nocTpoeHne npHBe^eno na pnc. 1301 IIpHBefleM 6ojiee 
aKKypaTHoe nocTpoenne (KOTopoe HHTaTejib jierxo CMOJKeT 4)opMajiH30BaTb b cooTBeT- 
CTBHH c onpeflejieHHeM 2-MHoroo6pa3Hfl Hepes cxeMbi). 

^jiH TaKoii cxeMbi 6apuv,eHmpuHecKUM nodpaadeAenueM zpauu Ha30BeM ee saMeny na 
inecTb HOBbix rpaneii, nojiy^ennbix npoBeflenneM 'Me^nan' b TpeyrojibHHKe, npe^CTaB- 
jiflionieM 3Ty rpanb (pnc. ISTj) . EapwuenmpuHecKUM nodpaadejienueM cxeMU Ha30BeM pe- 
syjibTaT 6apHLi;eHTpHHecKoro HOflpa36HeHHa Bcex ee rpaneii. Hcho, ^to 6apHii;eHTpH^ecKoe 




Phc. 29: CorjiacoBaHHbie opneHTaiiHH 
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Phc. 30: nianoHKH, jienTO^KH h sanjiaTKH 



noflpas^ejieHHe mojkho ocymecTBHTb c noMombro KOHei^Horo ^^HCJia no^pasflejieHHii pe6ep 
H rpaneii. 




Phc. 31: BapHiieHTpn^ecKoe no^pas^ejieHne 

IlycTb T" - cxeMa, nojiy^eHHaa h3 T flsyKpaTHbiM npHMeneHHeM onepaiiHH 6apHLi;eH- 
TpHHecKoro noflpasflejieHHa. 

UlanoHKOu nasoBeM o6T3eflHHeHHe Bcex rpaneH cxeMbi T", co^epjKamnx HeKOTopyro 
BepniHHy cxeMbi T . 

JleHmoHKOu HasoBeM o6'beflHHeHHe Bcex rpaneii cxeMbi T", nepeceKaromnx neKOTopoe 
pe6po cxcMbi T, HO He BXOflaniHX hh b o^ny maHOHKy. 

KoMHOHeHTbi CBH3HOCTH o6T3e^HHeHHH ocTaBHiHxca ppaHeH cxeMbi T" HasoBeM 3a- 
njiamKUMU. 

HTaK, Mbi pa36HJiH N Ha inaHOHKH, jieHTOHKH H sanjiaTKH. 

PaccMOTpHM rpa(|) G, HBJiaiomHHca o6'be^HHeHHeM Bcex pe6ep cxeMbi T. IlycTb Go 
— MaKCHMajibHoe ^epeBO rpacj^a G. Hepes iVo o6o3HaHHM o6'beflHHeHHe inano^eK h jigh- 
TOHeK, nepecBKaioinHxca c Go- JlerKO BH^eTb, hto Nq roMeoMop4)HO flByMepnoMy ^ncKy. 
EcjiH Mbi 6yfleM nocjie;i,OBaTejibHO flo6aBJiflTb jieHTOHKH h sanjiaTKH h3 — A^o k iVo, 
TO HOJiyHHM Hocjie^OBaTejibHOCTb MHOJKecTB A^o C Ni d N2 C . . . C Np = N . TaKHM o6pa- 
30M, N HOJiyHaeTca h3 HecBH3Horo 06'beflHHeHHfl ^hckob (bo3mojkho, h3 OflHoro ^ncKa) 
npHKJieHBaHHeM jieHTOHex h 3aKJieHBaHHeM ^bipoK. 

OcTajiocb flOKa3aTb, T^TO nocjie flo6aBJieHHa jienTO^KH k c4)epe c py^KaMH h ^bipKaMH 
nojiy^HTCH CHOBa ccjjepa c pyHxaMH h ^bipxaMH (bo3mo}kho, c ^pyrHM hx hhcjiom). 3to 
fl0Ka3biBaeTCH paccMOTpeHneM ^Byx cjiy^aeB na pnc. [9] (cjiyHan na pnc. [TT] HeB03M0>KHbi 
BBHfly opneHTHpyeMOCTH). □ 

7. (a) KaKHe noBepxHOCTH h3 3afla^H 5c roMeoMop4)Hbi, a KaxHe — hct? 
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(b) KjiaccH(J)HLi,HpyHTe see HeopneHTHpyeMbie CBflSHbie 2-MHoroo6pa3HH yKasaHne: 
HcnojibsyiiTe npHBeflenHyio n^eio; k flsyM cjiyHasM na pnc. [9] flo6aBjiaiOTCfl ^ea cjiy^aa 
Ha pHc. [TTl 

Bojiee no^po6HO Teopna 2-MHoroo6pa3HH na narjiH^HOM ypoBne HSJiojKena b |BE82j . 
^onojiHCHHe: flpyrne onpe^ejieHHa. 

TpuaHgyAMV,ueu 2-noAU9dpa (coKpameHHo: TpnaHryjiHiiHeH) nasbiBaeTCH ceMeiicTBO 
^ByxsjieMeHTHbix H TpexsjieMeHTHbix no^MHOJKecTB KOHeHHoro MHOJKecTBa, KOTopoe BMe- 
CTe c KajKflbiM TpexsjieMGHTHbiM MHOJKecTBOM coflepjKHT Bce TpH ero ^ByxsjieMeHTHbie 
no^MHOJKecTBa. 3jieMeHTbi ^anHoro KOHei^Horo MHOJKecTBa Ha3biBaiOTCH eepuiuHUMU Tpn- 
aHryjifliiHH, Bbi^ejieHHbie ^ByxsjieMeHTHbie no^MHOJKecTBa — ee pe6paMU, a BbiflejieHHbie 
TpexsjieMGHTHbie no^MHOJKecTBa — ee zpaujiMu. 

TpuamyAJi'nue'u 2-MH030o6pa3UJi naabiBaeTCfl KoneHHoe MHOJKecTBO, b KOTopoM Bbi^e- 
jieHbi HeKOTopbie TpexajieMeHTHbie HeynopHflo^enHbie noflMHOJKecTBa, npHneM ;i,jia jiK)6oro 
sjieMBHTa a Bce BbiflejiBHHbie TpexsjieMBHTHbie no^MHOJKecTBa, ero coflep>Kairi,He, o6pa3yiOT 
□;eno^Ky 

{0,01,02}, {0,02, 03} . . . {a, a„_i, a„} hjih 

{0,01,02}, {o, a2, 03} . . . {a, a„_i, a„}, {a, a„,ai}. 

9jieMeHTbi flaHHoro KOHe^rHoro MHOJKecTBa nasbiBaiOTCH eepuiunaMU, Bbi^ejienHbie no^- 
MHOJKecTBa — zpauMMU, a ^ByxsjieMeHTHbie no^MHOJKecTBa rpaneH — pe6paMU. 
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Phc. 32: noflpa3flejieHHe pe6pa h rpann ^jih TpHaHryjiHiiHH 

OnepaiiHfl nodpaadejieHusi pe6pa H3o6pajKeHbi na pHC.[32]cjieBa. JXse TpnanryjiaLtHH na- 
3biBaiOTca zoMeoMop^HUMU, ecjiH ot o^Hoii mojkho nepeiiTH k flpyrofl npn noMomn onepa- 
iIHii no/ipas^ejieHHA pe6pa h o6paTHbix k hhm. (Onepaiina nodpaadejienuM spanu na pHC.[32l 
cnpaBa BbipajKaeTca Hepes onepaLtHio noflpasflejieHHa pe6pa.) 2-nojiu9dpoM nasbiBaeTca 
Kjiacc SKBHBajieHTHOCTH TpHanryjiHiiHii 2-nojiH9flpoB c to^hoctbio flo roMeoMop4)H3Ma. 
2-MH080o6pa3ueM nasBiBaeTca KJiacc SKBHBajieHTHOCTH TpnaHryjifliiHii 2-MHoroo6pa3HH c 

TOHHOCTbK) fl,0 rOMeOMOp(})H3Ma. IIpe^CTaBHTejIH 3THX KJiaCCOB SKBHBajieHTHOCTH Ha3bIBa- 

HDTCfl mpuaH3yjiJiv,ujiMU cooTBeTCTByiomero 2-nojiH3flpa hjih 2-MHoroo6pa3HH. 
OnpeflejieHHe TpexMepntix MHoroo6pa3HH. 

He(J)opMajibHO, TpexMepnbiM MHoroo6pa3HeM nasbiBaeTca (jjnrypa, jiio6afl TOHxa ko- 
TopoH HMeeT OKpecTHOCTb, TOHOJiorHHecKH SKBHBajieHTHyio TpexMepHOMy mapy. 
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IIpuMepu 3-MHOzoo6pa3uu. (1) Illap D'^ — {{x,y,z) G M'^ | 

+ + ^2 ^ 1}. 

(2) C(|)epa = {{x, y, z, t) eM.'^ \ x^ + y'^ + z'^ + f = 1}. 

(3) IIpoeKTHBHoe npocTpancTBO WP^: oho nojiyHaeTca h3 ccjaepbi S'^ OTOJK^ecTBJieHHeM 
flHaMeTpajibHO npoTHBonojiojKHbix tohgr (hjih, hto to jkg canoe, h3 flHCxa I?'' OTOJKflecTB- 
jieHHeM ^HaMeTpajibHO npoTHBonojioJKHbix TO^ex na ero rpaHH^Hoii c(|)epe). 

(4) OKpecTHOCTb rpacjaa hjih noBepxHOCTH b (hjih b KaxoM-TO y>Ke nocTpoeHHOM 
3-MHoroo6pa3HH) . 

(5) IlpoHSBefleHHH 2-MHoroo6pa3Hii na OTpeaoK hjih OKpyjKHOCTb. 

(6) 3-yTOJiiLi,eHHH rpacjaoB, cm. nynxT 'opneHTHpyeMOCTb h KJiaccH4)HKaii,Hfl yTOJinje- 
HHii' naparpa4)a 'opneHTHpyeMOCTb'. 

(7) /- H S'^-paccjioeHHH nafl 2-MHoroo6pa3HflMH, cm. nyHKT 'npocTeiimHe paccjioeHHs'. 
^a^HM Tcnepb (jaopMajibHoe onpeflejieHne 3-MHoroo6pa3Hfl, KOTopoe 6yfleT ncnojibso- 

BaTbca B HacTOHmcM TCKCTe. Ha^iHeM c 6ojiee o6mero noHATHii 3-nojiH9flpa, fljia KOToporo 
HyjKHO noHSTHe 3-cxeMbi. 

3-cxeMOU {A, P) HasoBBM 2-cxeMy A = (G, F) {i.e. rpacj) G BMecTe c ceMeiicTBOM F 

BblflejieHHblX OpHeHTHpOBaHHblX D;HKJIOb) BMCCTC C CCMeiiCTBOM P BblflejieHHblX OpHCHTH- 

poBaHHbix 2-noflcxeM, roMeoMopcjjHbix ^ByMepnoii ccjaepe . 3th Bbi^ejieHHbie noflcxeMbi 
HasbiBaiOTca MHOzozpauHUKaMU (mpexMepnuMU zpansiMu). KojiHHecTBa BepniHH, pe6ep, 
rpaneii h MHororpaHHHKOB cxcMbi 3-MHoroo6pa3iia o6o3Ha^aiOTca V, E, F u P, cootbct- 

CTBeHHO. 

ITpuMepu 3-cxeM. (1') FpacJ) G = K4, ccMeiicTBO F coctoht h3 bccx iihkjiob fljiHHbi 
3, ceMeiicTBO P coctoht h3 e^HHCTBeHHoii 2-noflcxeMbi, coBnaflaioiLi,eH co Bceii cxeMoii. 

(2') FpacJ) G — i^s, ceMeiicTBG F coctoht h3 Bcex u,hkjiob ^jihhm 3, ceMeiicTBO P cocto- 
ht H3 Bcex HflTH 2-noflCxeM, nojiy^ennbix h3 Bceii cxcmm yflajienneM HCKOTopoii BepniHHbi 
H Bcex coflepjKaniHx ee pe6ep h ii,hkjiob. 

AnajiornHHO cjiyiaio rpacjjOB h 2-cxeM, h3 KajK^ofi 3-cxeMbi T = (A, P) mojkho nojiy- 
HHTb (JjHrypy — mejio 3-cxeMU — npHKjieiiKOH k TCJiy 2-nojiH3flpa A TpexMcpHbix mapoB, 
CKJiCHBaa Hx rpaHHu,bi c Bbi^ejiennbiMH 2-no^cxeMaMH 3-cxeMbi (corjiacoBaHHO c opneHTa- 

XIHJIMh) . 

HanpHMcp, TCJiaMH 3-cxeM h3 npHMcpoB (1') h (2') 6yflyT TpexMepnbie map h c4)epa 

H3 npHMepOB (1) H (2) COOTBeTCTBCHHO. 

OnepaiiHH nodpaadejienuji pe6pa, npoeedeuun duazoHUAU 11 npoeedenuji zpanu h3o6- 
pajKCHbi Ha pHC. [33l JX^e 3-cxeMbi Ha3biBai0Tca zoMeoMop(pHUMU, ccjih ot oflHoii mojkho 
nepeiiTH k ^pyroii npn noMomH sthx onepau,HH h o6paTHbix k hhm. KoMnaKmnuM mpex- 
MepnuM noAuadpoM (kopotko: 3-noAU9dpoM) nasbiBaeTCii Kjiacc roMeoMop4)HOCTH 3-cxeM. 

JIuHK BepniHHbi V 3-cxeMbi T = [A, P) — sto 2-cxeMa Iky v = (Ik^ v, Q), rpacj) KOTopoH 
ecTb IkyiW, npH^CM naKji ei, . . . ,6^ b 3tom rpaijje sBjiaeTca BbiflejieHHbiM, ecjiH cootbct- 
CTByiomne ero pe6paM lihrjim 2-cxeMbi A jiejKaT b HCKOTopoii Bbi^ejieHHoii 2-noflCxeMe 
3-cxeMbi T. KoMnanmHuu mpexMepHuu noAuadp Ha3biBaeTCfl KOMnanmHUM mpexMep- 
HUM MHOzoo6pa3ueM, ecjiH fljifl HCKOTopoH (sKBHBajieHTHo: fljia jiio6oii) ero cxeMbi jihhk 
KajKfloii BepniHHbi roMeoMopcjseH flByMepHoii c(|)epe S^. He4)opMajibHO, 3to ycjiOBne 03Ha- 
HaeT, ^TO npn CKJieiiKe nojiy^HTca (jsnrypa, jiOKajibHO ycTpoeHHaa xax npocTpancTBO hjih 
HOJiynpocTpaHCTBO. Mm 6y^eM coKpanienHO Ha3biBaTb KOMnaxTHbie TpexMepnbie MHoro- 
o6pa3Hfl 3-MHoroo6pa3HaMH. 

12. IIpeflCTaBbTe npHBeflennbie necjsopMajibHbie npHMepbi 3-MHoroo6pa3HH b BH^e 3- 
cxcM (yKa3aHiie: anajiornHHO npHMcpaM (1) h (2) Bbime). 

duAepoeou xapaKmepucmuKou 3-cxeMbi Ha3biBaeTCH hiicjio x — ^^^^F^P- 
Kpaii H opueHmupyeMocrab 3-MHoroo6pa3HH onpeflejiHiOTCfl anajiornHHO cjiy^aio 
2-MHoroo6pa3Hii. 
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Phc. 33: IIoflpasflejieHHe o^HOMepHoii, ^ByMepnoH h TpexMepnoii rpaneii 



13. PeniHTe anajiorH sa^an 3a, 3b, 5b h 6a npeflbi^ymero naparpa4)a ^Jia 
3-MHoroo6pa3HH. 

SaKOHT^HM 3TOT naparpacj) dpyzuM (sKeueajieHniHUM) onpedeAenueM S-MHOzooSpaauM,. 
TpuamyAM'nueu 3-MHOzoo6pa3usi nasbiBaeTCH KoneHHoe MHOJKecTBO, b KOTopoM Bbi^ejienbi 
HeKOTopbie HGTbipexsjieMeHTHbie Hey^op^^flo^^eHHbIe no^MHOJKecTBa, npn^eM 

ecjiu dM jim6ozo dAeMenma A euKunymb ezo U3 Kaotcdozo eudeAeuHozo uemupexdAe- 
MeHuiHoso nodMHOotcecmea, codepotcaineso A, mo noAyneHHue mpexaAeMeHmuue mhookc- 
cmea o6pa3ywm mpuamyAJmum 2-MH030o6pa3UJi, zoMeoMop(pHozo c(pepe. 

9jieMeHTbi flaHHoro Kone^Horo MHOJKecTBa nasbiBaiOTca eepmunaMU, BbiflejieHHbie 
no^MHOJKecTBa — mempasdpaMU (mpexMepnuMU zpauMMu), TpexsjieMeHTHbie no^MHO- 
jKecTBa TpexMepHbix rpaneii — zpansiMU, a ^ByxsjieMeHTHbie no^MHOJKecTBa rpaneii — 
pe6paMU. 

OnepaLi,Hfl nodpa3deAeHUM pe6pa (a TaKJKe nodpa3deAeHUM deyMepnux u mpexMepnux 
zpaneu) onpe^ejiaiOTCfl anajiornHHO cjiy^aio 2-MHoroo6pa3Hii h H3o6pa>KeHbi na pnc. [34] 
(HHTaTejib jierKO BoccTanoBHT (J)opMajibHoe KOM6HHaTopHoe onpe^ejieHHe sthx onepaiinii 
no pHcyHKaM). ^Be TpnaHryjumnH nasbiBaroTCH zoMeoMop^HUMU, ecjin ot o^noii mojk- 
HO nepefiTH k ^pyroii npn noMomn onepaiinii noflpaa^ejieHHfl pe6pa h o6paTHbix k hhm. 
3-MHOzoo6pa3ueM naabiBaeTCH Kjiacc SKBHBajieHTHOCTH TpHanryjiaLtHii c to^hoctbio 
roMeoMop4)H3Ma. IIpe^CTaBHTejiH SToro KJiacca SKBHBajieHTHOCTH Ha3biBaiOTCfl mpuanzy- 
AMV,UMMU coomeemcmeyminezo 3-MHOzoo6pa3un. 
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Phc. 34: IIoflpas^ejieHHe oflHOMepHoii, ^ByMepHoii h TpexMepnoH rpaneii 

rJIABA 2. OPHEHTHPYEMOCTb 

/ should say it meant something simple 
and obvious, but then I am no philosopher! 

I. Murdoch, The Sea, the Sea. 

OPHEHTHPyEMOCTb 
OpneHTHpyeMOCTB 2-MHoroo6pa3HH. 

CymecTByeT KpacHBbiii h npocToii KpHTepnii opneHTHpyeMOCTH MHoroo6pa3HH: 'ne 
co^epjKHT jiHCTa Me6Hyca'. CymecTByeT npocToii ajiropHTM pacno3HaBaHHH opneHTHpy- 
eMOCTH: cnaHajia opneHTHpyeM npoHSBOJiBHO Oflny rpanb, saieM na KajK^OM mare Qypfim 
opneHTHpoBaTb rpanb, coceflHioio c neKOTopoii y>Ke opneHTHpoBaHHoii, noxa ne opneHTH- 
pyeM Bce rpann hjih ne nojiy^HM necorjiacoBaHHOCTH opneHTaiiHii b^ojib neKOToporo pe6- 
pa. B 3T0M nyHKTe mm npHBe^eM ajire6paHHecKHH KpHTepnii opneHTHpyeMOCTH, KOTopbiii 
cjioJKHee 4)opMyjiHpyeTCfl. 9tot KpHTepnii flBjiaeTca no cyra jinnib nepe4)opMyjiHpoBKoii 
onpe^ejienna opneHTHpyeMOCTH na ajire6paHHecKHii asbik. Ho oh BajKen ne can no ce6e, 
HO H KaK HJiJiiocTpaLiHfl TBopHH npenHTCTBHH. KpoMe Toro, OH HaiifleT opHMeneHHe jijir 
KJiaccucfiuKav^uu yTOJimeHHii. 

TeopeMa opHeHTHpyeMocTH. 2-MHOzoo6pa3ue N 6e3 npaa opuenmupyeMO mozda u 
mojihKO mozda, Kozda ezo nepBBiii Kjiacc IIlTHcjaejiH-yHTHH wi{N) G Hi{N) nyjieeou. 

Fpynna Hi (N) h Kjiacc wi (N) ecTecTBenno BOSHHKaiOT h CTporo onpeflejiaiOTca b 
npoijecce ^OKasaTejiBCTBa TeopeMBi opneHTHpyeMOCTH, k KOTopoMy mbi h nepexo^HM. 



^/(oACHceH 6u CKaaamb, nmo smo oananaem nenmo npocmoe u oneeudnoe, odnaKO m ne 
(pujioco(fi! A. MapdoK, Mope, Mope, nep aemopa. 
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Onpedejienue npenMmcmeywineso v,UKjia. Bo3bMeM neKOTopyio cxeny T MHoroo6pa- 
3Ha A'^. HanpHMep, BOSbMeM CTaHflapTHyio cxeny (c o^Hoii rpanbio) 6yTbijiKH KjiHHna 
(pHC. [35|) . Ha 9T0M pHcyHKe npoflejianbi Bce marn npHBOflHMoro flOKaaaTejibCTBa ^Jia HacT- 
Horo cjiyHaa. Mm npe^jiaraeM HHTaTejiio b xa^ecTBe ynpajKHeHHH npo^ejiaTb sth marn 
fljifl cxeMbi npoeKTHBHoii njiocKOCTH c pnc. 1231 
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Phc. 35: Ha6op o opHeHTau,Hii h npenaTCTByiomHH ijhkji w(o) 

BosbMeM Ha6op o opneHTaiiHH na rpanax cxeMbi. KajK^oe pe6po cxeMbi noKpacHM 
B KpacHbiH iiBeT, ecjiH opneHTaiiHH rpaneii c ^Byx CTopoH SToro pe6pa paccozAacoeauu, 
T.e. 3aflaK)T na stom pe6pe odunaKoeue nanpaBJieHHH. 06'be^HHeHHe KpacHbix pe6ep na- 
3biBaeTCH npennmcmeymWfUM v,ukjiom w{o). Ha pnc. [35l Jkhphmmh jihhhamh H3o6pajKeH 
npenHTCTByiomHii ijhkji ^jih K^. 

5ICH0, HTO 

(*) ^aHHbiii Ha6op o opneHTaiiHii rpaneii onpe^ejiaeT opneHTaiiHK) MHoroo6pa3Hfl to- 
r^a H TOJibKO Tor^a, Kor^a uj{o) = 0. 

(**) B rpacjje w(o) Hem uaoAupoeauHux eepuiuH u U3 KaoKdou eepmuHU euxodum 
Hemuoe hucjio npacnux pe6ep. 

1. (a) ^OKajKHTe sth yTBepjKfleHHH. 

(b) 2-MHoroo6pa3He c Kpaen, nojiyHaiomeeca BbipeaanHeM Majioii OKpecTHOCTH rpa4)a 
oj{o) H3 N , opneHTHpyeMO. 

FoMOAOzunecKUM u,ukjiom b npoH3BOJibHOM rpa(i)e G Ha3biBaeTCH no^rpaci) c ycjiOBH- 
eM H3 (**). Cjiobo 'roMOJiorn^ecKHii' 6yfleM onycKaTb, h6o h3 KOHTeKCTa 6y^eT noHHTHO, 
HflGT jiH peHb o roMOJiorHHecKHx iiHKjiax hjih o ijHKjiax b CMbicjie TeopHH rpacJjOB. OGt- 
eflHHeHHe pe6ep cxeMbi na pHC.[35lsBjiHeTca 'BOCbMepKoii', nosTOMy b stom rpacjje HeTbipe 
(roMOJiorn^ecKHx) ijHKJia. 

2. Hhcjio iihkjiob b CBa3H0M rpacjje paBHO 2^^^+^. 'yKa3aHHe: BbiflejiHM b rpa4)e G 
MaKCHMajibHoe ^epeBO, Tor^a Bne SToro flepeBa E — V + 1 pe6ep. 

HaMeneHue npennmcmeymmezo v^uKJia u onpedejienue zpanun^u zpauu. Ecjih (jj(o) 7^ 0, 
TO o He onpe^ejiaeT opneHTaiiHH MHoroo6pa3Ha, ho eme ne Bce noTepano: mojkho nonbi- 

TaTbCfl H3MeHHTb O, TaK HTo6bI npenHTCTByiOiri,Hii IIHKJI CTajI nyCTblM. ^Jia STOrO BblflCHHM, 
KaK Lo{o) 3aBHCHT OT O. 

JXjih rpaHH a, roMeoMop4)Hoii ^HCKy, o6o3Ha^HM ^epe3 da iihkji, o6pa30BaHHbra pe6- 
paMH rpaHHiibi SToii rpann (pnc. I36p . ^Jia npoH3BOJibHOH rpann a o6o3Ha^HM ^epes da 
□;hkji, o6pa30BaHHbiH Tenn pe6paMH rpanniibi stoh rpann, k kotopmm rpanb npHMbiKa- 
eT TOJibKO c oflHoii CToponbi (pnc. [36|) . /Jjia npHMepa na pnc. [35l rpanniia eflHHCTBenHoii 
rpaHH HycTa. 

HpH H3MeHeHHH opneHTaiiHH odnou rpann a iihkji lo{o) H3MeHaeTca na cyMMy no 
MOfsyjiio 2 (T.e. na CHMMeTpHnecKyio pa3HOCTb) c zpanuv^eu STom rpaHH: uj{o') — uj{o) = da. 
^jia npHMepa na pnc. [35] HpenaTCTByroninii lihkji BOo6LLi,e ne MenaeTca. Hpn HSMenennH 
opneHTaiiHH necKOMKUx zpaneu oi, . . . , d;hkji 10(0) HSMenaeTca na cyMMy no MO^yjiio 2 
rpaHHu, 3THX rpaneii: 

Lo{o') — Lo{o) — dai + . . . + dak- 

3. (a) CyMMa (no MO^yjiio 2) ijhkjiob ^eiicTBHTejibno ecTb iihkji. 
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Phc. 36: Ajire6paHHecKafl rpanniia rpann 



^ajiee b 3Toii sa^a^e ncnojibsyiOTCfl noHATHfl rpynnbi h H30Mop4)H3Ma rpynn. 

(b) MHOJKecTBO Hi{G) ecex iihkjiob b rpa(|)e G c onepaiineii cyMMbi (no MOflyjiio 2) 
aBJiaeTCfl rpynnoii. 9Ta rpynna nasbiBaeTCfl odnoMepHou zpynnou zomoaozuu zpa^a G (c 
K09(p(pu'nueHmaMU e l^i). 

(c) Hi{G) = Hi{G') fljia roMeoMop(i)Hbix rpa4)0B G h G' . 

(d) Hi{G) = Ij^^^'^^ jiJia CBflSHoro rpacjja G. 

(e) HecaMonepeceKaiomHecH iihrjim nopojK^aroT Hi{G). 

Onpedejieuue zpynnu Hi{N). HasoBeM zpauwueu cyMMy rpanHii; necKOJibKHx rpaneii. 
HasoBeM iihkjim uji h cj2 somoaozuhhumu, ecjiH ui — 0^2 ecTb rpanHija dai + . . . + dak- 
5IcH0, ^To 

(i) IIpH HSMeHeHHH Ha6opa o opneHTaiiHii npenflTCTByromnii li,hkji uj{o) saMenfleTCH 
Ha roMOJiorn^Hbiii iihkji. 

(ii) EcjiH w(o) sBjifleTCH rpanHiieii, to mojkho HSMeHHTb o na o', Tax HTo6bi nojiy^n- 
jiocb uj{o') = 0. 

(iii) FoMOJiorHHHOCTb aBjiaeTca OTHomeHneM SKBHBajieHTHOCTH na MHOJKecTBe iihkjiob. 
(/Iji-h flOKasaTejibCTBa yTBepjKfleHHH (ii) ssmbtvim, hto ecjiH uj{o) = dai + . . . + das, 

to mojkho B3HTb Ha6op o' opHeHTaiiHH rpaneii, OTJiHHaiomHHCfl ot o b to^hocth na rpanflx 
oi, . . . , flg, Torfla nojiyHHM a;(o') — 0.) 

OdnoMepHou zpynnou zomojiozuu Hi(T) cxeMU T (c K09(p(puv;ueHmaMU e 2,2) na- 
3biBaeTCfl rpynna n,nKJiOB c TonnocTbio ^o roMOJiornnnocTn. ^jih npnnepa na pnc. [35] 
Hi{T) = Z2 © Z2, nocKOJibKy TOJibKO OflnnaxoBbie iihkjim roMOJiornnnbi. 

IlojioJKnM Hi{N) := iJi(T) (sto onpe^ejienne KoppexTno BBn^y sa^ann 4b nnjKe). 

BajKno, nTO STa rpynna, KOTopaa yJKe nosBHJiacb npn pemennn KonKpeTnoii sa^ann (n 
eme noaBHTCfl npn pemennn ^pyrnx sa^an!) MOJKeT 6biTb KopoTKO onpe^ejiena nesabncnMO 
OT 3THX saflan. 

4. Bo3bMeM nponsBOJibnyio cxeny T 3aMKnyToro CBssnoro 2-Mnoroo6pa3Hfl N. 

(a) ^aiiTe onpe^ejienne rpynnbi Hi{T), neaabncnMoe ot paccyjK^ennn, b KOTopbix 
ona noflBnjiacb (cm. OTBeT b nanajie rjiaBbi 4). 

(b) Fpynna Hi{T) ne aabncnT ot Bbi6opa cxeMbi T ^annoro 2-Mnoroo6pa3nH N. 

(c) Ecjin ai, . . . ,aF — Bce rpann cxeMbi, to dai + ■ ■ ■ + dap = ■ CyMMa rpannn, 
jnoSoro co6cTBennoro no^MnojKecTBa MnojKecTBa rpaneii nenycTa. 

(d) |Fi(T)| = 2^-^+^-^ = 

(e) B MnojKecTBe Hi{T) KoppexTno onpe^ejiena onepan,na cyMMbi 4)opMyjioii 
[a] + [(3] = [a + P]. 

JXsjiee B SToii aa/ia^e ncnojibsyiOTCfl nonsTna rpynnbi n H30Mop4)n3Ma rpynn. 

(f) MnojKecTBO Hi{T) c SToii onepan,Heii aBJiaeTCH rpynnoii 

(g) Hi(r)-z^^(^). 



37 



(h) HecaMonepeceKaromnecH iihrjim nopojK^aroT Hi (T) . 

Onpedejienue KJiacca wi (N) . UepeuM kauccom IIImucfjeAM- VumHU cxeMbi T nasMBa- 
eTCH KJiacc roMOJiorn^HOCTH npenaTCTByromero iiHKJia: 

wi{T):^[uj{o)]€Hi{T). 

3to onpe^ejieHHe KoppeKTHO BBH^y yTBepjKflenHa (i). IIojiojkhm wi{N) := wi{T) (sto 
onpe^ejieHHe KoppexTHO bbh^y sa^aHH 5 HHJKe). 

5. Kjiacc wi(T) £ Hi{N) ne saBHCHT ot Bbi6opa cxeMbi T ^aHHoro MHoroo6pa3Ha N. 

Saeepmenue doKaaamejibcmea meopcMU opueHmupyeMOcmu. 5Icho, ^to wi{N) hbjih- 
eTca npenflTCTBHeM k opneHTHpyeMOCTH. 06paTH0, nycTb wi{N) = 0. SHa^^HT, cymecTByeT 
TaKoii Ha6op o opneHTaLtHii, hto uj{o) ecTb rpaHHLi;a. XlosTOMy mojkho HSMeHHTb na o' Tax, 
HTo6bi w(o') = 0. Tor/ia MHoroo6pa3He opneHTHpyeMO. □ 

6. (a) C4)opMyjiHpyiiTe h ^OKajKHTe anajior TeopeMbi opneHTHpyeMOCTH ^jih MHoroo6- 
paanii c nenycTbiM Kpaen (o6o3HaHeHHe: wi (N) G Hi [N, dN) ) . HapncyiiTe npe^CTaBHTejib 
nepBoro KJiacca IIlTHcjjejiH-yHTHH (i.e. npenHTCTByiomHH li,hkji) na jihctb Me6Hyca. 

(b)* C4)opMyjiHpyHTe h ^OKajKHTe anajiorn Teopen h sa^aH SToro naparpacjaa fljia 
MHoroo6pa3HH npoHSBOJibHoii pasMepHOCTH. 

IIpH paccyjK^eHHHx c roMOJiorn^ecKHMH KJiaccaMH o6biHHO cnaHajia pa6oTaK)T c npe^- 

CTaBJIHK)iri,HMH HX Ll,HKJiaMH, a nOTOM flOKaSblBaiOT HeSaBHCHMOCTb OT Bbl6opa LI,HKJia B 

flaHHOM Kjiacce roMOJiornii. 
•l>opMa nepeceneHHii 

IlycTb N — 2-MHoroo6pa3He 6e3 xpaa a a, f3 £ Hi{N). Bbi6epeM ijHKJibi a n b o6tJnezo 
nojioofcenuji, npe^CTaBjiflioiuHe 9th sjieMeHTbi (i.e. iihkjim, nepeceKaiomHecH b Kone^HOM 
HHCJie TO^eK H npHTOM TpancBepcajibHo) . SaneTHM, hto a ^ b, ^ajKe ecjiH a — (5. Hepece- 
HenucM 3THX roMOJiorn^ecKHx KJiaccoB nasoBeM 

anP:^\anb\ mod 2. 

Cp. [DZ93j . IlpHBefleM 6ojiee (JjopMajibHoe onpe^ejieHHe. 

Onpedejienue deoucmeeHHOu cxeMU djin cxeuu 2-MH030o6pa3UJi 
(puc. \3l\) . Bo3bMeM HeKOTopyio cxeny U 2-MHoroo6pa3Hfl N . Bbi6epeM b KajK^oii 
rpaHH TOHKy h o6o3Ha^HM nojiy^enHoe MHOJKecTBO tohgr Hepea Uq. ^jih KajK^oro pe6pa 
a HcxoflHoii cxeMbi coe^HHHM pe6poM a* tohkh MHOJKecTBa C/p, cooTBeTCTByiomHe cocefl- 
HHM BflOJib SToro pe6pa rpanaM. IIojiyHeHHbiH rpacj) o6o3HaHHM Hepe3 [/*. 9tot rpa4) 
pa36HBaeT 2-MHoroo6pa3He N na MHoroyrojibHHKH. IlGjiy^eHHafl cxeMa U* Ha3biBaeTCfl 
deoucmeeHHOu k U. 




Phc. 37: /jBoiicTBeHHafl cxena. y6paTb CTpejiOHKH, c^ejiaTb flBoiicTBeHHyio nyHKTHpHoii 

PaccMOTpHM cxeMy U 2-MHoroo6pa3Ha A'^. Bo3bMeM flBoiicTBeHHyio cxeMy U* . /Jjia 
pe6ep X cxeMbi U n y cxcmm U* nojioJKHM xCiy = 1, bcjih x m y flBOHCTBeHHbi, n x Ciy — Q 
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HHa^e. ^Jia no^rpacjjOB X cxeMbi U n Y cxeMM U* nojiojKHM X C\Y pasHbiM KOJiH^e- 
CTBy Hx TOHeK nepeceHeHHH no MOflyjiio 2 (i.e. npoflOJiJKHM yMHOJKeHne H na pe6pax flo 
6HjiHHeiiHoii CHMMeTpHHHoii 4)opMbi n : Z|' x Zf" — > Z2). 

7. (a) IlepeceHeHHe LtHKjia h rpanHiibi Bcer^a nyjieBoe. 

(b) "JopMyjia [a] n [6] := a n 6 KoppeKTHO sa^aeT (fiopMy nepeceHenuu fl : Hi (N) x Hi (N) 

(c) a n 13 = (3 n a h (a + /3)n7 = an7 + /?n7, T.e. nepeceHeHne na roMOJiornax 

CHMMeTpHHHO H 6HJIHHeiiH0. 

(d) Ho njianeTe Tonojiora, HMeiomeii (|)opMy Topa, TexyT pexH MepH^iHan h Ilapaji- 
Jiejib. ^Ba MajieHbKHx npHHija npomjin no njianeie h Bepnyjincb b ncxoflnyio TOHKy, npn- 
HGM oflHH H3 HHx oepexoflHji MepHflHaH 10 pas, a IlapajiJiejib 17 pas (TpancBepcajibno) , a 
flpyroii — 9 pas h 12 pas, cooTBeTCTBeHHO. ^OKajKHTe, ^to o^hh MajienbKnn npHHn, BH^eji 
cjieflbi flpyroro. 

8. (a) ^Jia roMOJiorHHecKoro iiHKJia a, npe^CTaBJiaeMoro saMKHyToii necaMonepeceKa- 
lomeiicfl KpHBoii, BbipajKeHne aD a paBHO 1, ecjin npn o6xofle b^ojib 3Toii KpnBon MenfleTca 
opneHTaiiHH n paBHO 0, ecjiH ne MeHaeTCfl. 

(b) wi{N) n a = a n a ^jia jiK)6oro a G Hi{N). 

(c) wi{N) n wiiN) ^ X{N) mod 2. 

9. (a) /Jjia Jiio6oro 6asHca xi, . . . ,xe rpynnbi cymecTByeT 6asHC yi, . . . ,yE rpynnbi 
Zf" , fljiH KOToporo Xi n yj = Sij . 

(b) TeopcMtt deoucmeeHHOcmu HyaHKupe. <l>opMa nepece^enHii neBbipojK/ieHa, T.e. ee 
panr paben 2 — x(-/V), T.e. fljia jiio6oro 6asHca ai, . . . , a2-x(N) rpynnbi Hi{N) cymecTByeT 
6asHC /?!,..., P2~x(N) rpynnbi Hi[N), ^jia KOToporo fl (ij = Sij. 

PesyAMpnou OKpecmHocmbw rpa(i)a b MHoroo6pasHn ABjiaeTca ero OKpecTHOCTb, sb- 
jiaK)in,aaca ero yTOJinienneM. 

10. (a) PeryjiapHbie OKpecTHOCTH o6pasoB pasnbix BjiojKeHHH rpacjja b njiocKOCTb 
(pnc. [72I) roMeoMop4)Hbi. 

(b) To JKe fljia roMOTonnbix BjiojKeHHH b jiio6oe (jsHKcnpoBaHHoe 2-MHoroo6pasHe. 

OpHGHTHpyeMOCTb yTOJIII];eHHH. 

BBe^eM opneHTaiinio na KajK^oii rpannHHoii OKpyjKHOCTH ^hckob hs onpe^ejieHna 
yTOJimeHHfl (hjih, hto to JKe caMoe, bjiojkhm sth OKpyjKHOCTH b njiocKOCTb c (JjHKcnpo- 
BannoH opneHTaiineii) . Tor^a jienTO^xa ns onpeflejienna yTOJiineHna nasbiBaeTca nepe- 
KpyHCHHOu, ecjiH CTpejiKH na ^Byx ee npoTHBonojiojKHbix CTopoHax, jieacaninx b opnenTn- 
poBannbix OKpyjKHOCTax, coHanpaBJienbi b^ojib jienTOHKH. JlenTOHKa nasbiBaeTca uenepe- 
KpyneHHOu, ecjin STn CTpejiKH npoTHBonanpaBjienbi. 

TeopeMa opneHTHpyeMocTH yTOJimeHHH. Cjiedywinue ycjioeusi na ymojiineHue 
{N, G) paenocuAbHU ego opueHmupyeMocmu: 

(M) {N, G) He codepotcum nodymoMneuuM,, soMeoMopcfjHozo u3o6paoKeHHOMy na 
puc. (Aucma Me6uyca). 

(E) B KaotcdoM HecaMonepeceKamineMCM v^uKAe e zpa(fie G uemHoe KOAunecmeo nepe- 
KpyneHHUx AenmoHeK. 

(W) Hepeuu kaucc IIImu(peAii-yumHU wi{N ,G) G H^{G) nyAeeou. 

KpHTepnii (W) HennTepeceH can no ce6e. O^naKO KoncTpyKiinn ns ero ^OKasaTejib- 
CTBa nHTepecHbi Kax njijuocTpaiina TeopnH npenaTCTBnii n Heo6xoflHMbi ^jia kauccu^u- 
Kav,uu yTOJiniennii (cm. HHJKe). 

JJoKaaameAbcmeo Kpumepuee (M) u (E). Hcho, hto (M) SKBHBajienTHO (E), n hto 
ycjiOBHe (E) Heo6xoflHMO fljia opHenTHpyeMOCTH. ^OKajKeM ero ^ocTaTO^nocTb. 

SaMBTHM, HTO jiio6oe yTOJimenne flepeba opnenTHpyeMO. PaccMOTpnM octob rpacjja 
G H Bbi6epeM Taxoii Ha6op opneHTaxinii na rpannHKbix OKpyjKHOCTax ^ncKOB, hto Bce 
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jieHTOHKH B yTOJimeHHH ocTOBa T He nepeKpyHeHbi. HecaMonepeceKaromHiica hukji, o6- 
pasoBaHHbiii npoHSBOJibiibiM pe6poM e bhg ocTOBa h neKOTopbiMH pe6paMH ocTOBa, hmg- 
eT HeTHoe KOJiHHecTBO nepeKpyneHnbix jieHToneK. HoaTOMy jieHTOHKa, cooTBeTCTByiomafl 
pe6py e, ne nepeKpyHena. SflaHHT, yTOJimeHne opneHTHpyeMO. □ 

OnpedeABHue zpynnu H^{N), KAacca Wi{N,G) u doKaaameAbcmeo Kpumepun (W). 
YTOJimeHHe HBJifleTCfl opneHTHpyeMbiM Tor^a h TOJibKO Tor^a, Kor^a mtokho HSMeHHTb 
opHeHTaijHH Ha rpaHHHHbix OKpyxHOCTHx ero ^hckob Tax, htoBm Kaxflaa jieHTOHKa CTajia 
HenepeKpy^eHHoii. 

Bbi6epeM Ha6op opneHTaiiHii o na ^ncKax yTOJimeHna. IIocTaBHM na pe6pe rpa(J)a 
G eflHHHijy, ecjiH cooTBeTCTByromaa jieHTOHKa OKaaajiacb nepeKpyneHHofl, h HOJib, ecjiH 
HenepeKpyHeiiiioii. HaaoBeM nojiyHeiiiiyio paccTaiiOBKy nperuimcmeymtu^eu h o6o3iiaHHM 
ee u}{o). (KoiiCHiio, uj(o) saBHCHT TaKJKe ot yTOJimeHHH (N,G), ho mm ne yxasbiBaeM sto 
B o6o3HaHeHHax.) Ecjih w(o) = 0, to yTOjimeHHe N opHenTHpyeMO. 

EcjiH uj(o) ^ 0, TO o He onpeflejijjeT opHeHTaijHH yTOJimeHHa, ho eme ne Bce noTe- 
pjiHo: mo>kho nonbiTaTbCH HSMeHHTb o, TaK HTo6bi npenflTCTByiomaa paccTanoBKa CTajia 
HyjieBOH. BbiaciiHM, xax cj(o) saBHCHT ot o. JIjih 3Toro saMeTHM, hto paccTanoBKH mojkho 
CKJia^biBaTb: fljia SToro npocTO CKJia^biBaiOTCfl HHCJia, CToamne na KajK^OM pe6pe (TaKoe 
cjioxeHHe HasbiBaeTCfl noKOMnoHeHiriHUM) . Hpn HSMeneHnH opHeHTaijHH o^Horo ^HCKa, 
cooTBeTCTByiomero BepniHiie a, k w{o) npH6aBjiHeTca paccTaiiOBKa 1 iia pe6pax, Bbixo/i;?!- 
mHx H3 a, H na Bcex ocTajibHbix pe6pax. 3Ta paccTanoBKa nasbiBaeTca 9AeMeHmapHou 
K02paHuv,eu eepmuHU a h o6o3HaHaeTCfl 5a. Hcho, hto ecjiH Ha6opbi opHenTaiiHii oho' 
paajiHHaiOTCH b tohhocth b Bepmnnax ai, . . . , afe, to 

uj{p) — u){o') = Sa-i + . . . + Sak- 

HaGOBeM KospaHWueu cyMMy KorpanHu; necKOJibKHx BepniHH. Ha30BeM paccTanoBKH 

UJl H nJ2 KOZOMOJIOZUHHUMU, BCJIH uJi — UJ2 BCTb KOrpaHHLI,a 5ai + . . . + 5ak- 5ICH0, HTO 

(i) IlpH H3MCIICIIHH iia6opa o opneHTaiiHii npenflTCTByromaH paccTanoBKa w(o) 3aMe- 
HflBTCfl Ha KoroMOJiorHHHyio paccTanoBKy. 

(ii) Ecjih ui{o) flBJiaeTCH KorpaHHn;eH, to mo>kho H3MeHHTb o na o', Tax HTo6bi nojiy- 

HHJIOCb w(o') = 0. 

(iii) KoroMOJiorHHHOCTb HBJiaeTCfl OTHomciiHCM SKBHBajieHTHOCTH Ha MHOJKecTBe pac- 
CTanoBOK. 

OdnoMepHou zpynnou kozomojiozuu zpa(pa G (c K09(p(pu'nueHmaMU elii) Ha3biBaeTCfl 
rpynna H^(G) paccTanoBOK c tohhoctbio ^o KoroMOJiorHHHOCTH. 

IlepeuM KJiaccoM nimu^ejiR- YumHU yTOJimeHHH [N, G) nasMBaeTCfl Kjiacc kofomo- 
jiorHHHOCTH npeHHTCTByionieH paccTanoBKH: 

wi{N, G) = [w(o)] eiJi(G). 

3to onpeflejiBHHe koppbktho BBH^y yTBBpxflBHHs (i). 

HcHO, HTO Wi{N, G) HBJifleTCfl HpenflTCTBHeM K opHBHTHpyeMOCTH yTOJiniBHHfl. 06paT- 
iio, nycTi. wi{N.G) =0. SnanHT, cyniccTBvcT TaKoii na6op o opHcnTanHH, hto uj{o) cctl. 
KorpaHHiia. HosTOMy mo>kho H3MBHHTb na o' Tax, HTo6bi w(o') = 0. Tor^a bcb jibhtohkh 

HeHepBKpyHBHbl H yTOJIHI,eHHe OpHBHTHpyBMO. □ 

H.^a .Tiio6oro (roMOJiorHHCCKOro) n,HKJia g cyMMa lo{o) ■ g 3iiaHCiiHH lo{o) no 
BCBM pB6paM H0flrpa(i)a g hb saBHCHT ot Ha6opa o opHBHTaiinii. IIosTOMy (jsopMyjia 
wl{N, G)[g] = u){o) ■ g koppbktho 3aflaBT jiHHBiiHyio (i)yHKn,Hio wl{N, G) : Hi{G) —>■ 'Li- 
HcHO, HTO wi{N. G) = Tor^a h TO.TTbKO Torria, Kor^a 3Ta cJ'ynKiiHa iiy.icBafl. 

SaMBTHM, HTO HBpBblH KJiaCC UlTHcjjBJIfl-yHTHH OHpB^BJIHBT HHBapHaHT Wl H3 MHO>KB- 
CTBa yTOJiniBHHH B MHO>KBCTBO JIHHBHHblX (J)yHKH;HH Hl{G) %2- 

yKasaHHa k HeKOToptiM 3a;];aHaM. 
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VKasaHue k 10a. HcnojitsyliTe cJjopMyjiy 3Hjiepa. 

VKasaHue k 10b. ^OKajKHTe cnanajia, hto cJjopMa nepecenenHH na peryjiapHofi 
OKpecTHOCTH rpacjja b 2-MHoroo6pa3HH o^HHaKOBa ^jih roMOTonnbix BjiOHceHHii. 



hhbojiioij;hh 

IIpHMepbi hhbojikii];hh. 

HHTaTejib HaBepHSKa snaeT, nacKOJiBKO nojiesHbi iieHTpajibHbie, oceBbie h sepxajib- 
Hbie CHMMeTpHH B sjieMeHTapHOH reoMeTpHH. HacTOJibKO jKe nojiesHbi hx o6o6iri,eHHfl — 
HHBOJiiOLi,HH — B 'Bbicmeii' MaTenaTHKe. (B cbohd o^epe^b, noHHTHe hhbojihdiihh HBJiHeTca 
^acTHbiM cjiyHaeM 6ojiee o6mero noHHTHH flencTBHa rpynnbi na MHOJKecTBe, KOTopoe mm 
3flecb He 3aTparHBaeM, nocKOJibKy Hflen h MeTO^bi, KOTopbift mm xothm npoHjijiiocTpHpo- 

BaTb, flOCTaTOHHO BbinyKJIO BH^HM Ha npHMepe HHBOJIIOn;HH.) 

Mneojiwuueu na no/iMHOJKecTBe N C M™ nasbiBaeTCH nenpepbiBHoe OTo6pa}KeHHe 
t : N ^ N, fl,jiii KOToporo t{t{x)) = x fl,jisi jiK)6oro x d N. 

Hhbojiioiihh t HasbiBeTca ceoSodnou, ecjiH ona ne HMeeT Heno^BHJKHMx TOHex, T.e. ecjiH 
t{x) ^ X npH J11060M X. (3aMeTHM, ^to iieHTpajibHbie, oceBbie h aepKajibHbie CHMMeTpHH 
npocTpancTBa ne yflOBjieTBopaiOT STOMy ycjiOBHio.) 





Phc. 38: Hhbojiioiihh (1) h (2) 



UpuMepu ceo6odHux UHeoAwv^uu. 

(1) OTo6pajKeHHe 5*^ S*^ c4)epbi S'^ = {(x, y, z) e | + + = 1}, saflanHoe 
4)opMyjioii {x,y,z) ^ {—x, —y, —z). 9to — aHmunodajihuan hhbojiioiihh (pnc. [38|). 

(2) OTo6pa>KeHHe — KOJibija — {{r,Lp) ^M? \ 1 ^ r < 2}, saflanHoe (JjopMy- 
jioii (r, Lp) 1-^ (r, TT + if) (pnc. [ 




Phc. 39: HHBOJIIO^HH (3)-(6) 
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(3)-(5) 0To6pa}KeHHa U -.T^^T^, sa^annbie 4)opMyjiaMH (pnc. [39|) 

(6) BosbMeM HecBH3Hoe oGie^HHeHne X U X — X x {+1,-1} ^Byx Konnii npocTpancTBa 
X. OnpeflejiHM hhbojiioiihio tx aa. X x {+1, —1} cJaopMyjioii (x, s) {x, —s). 9to — mpu- 

eUaAbHUM HHBOJIIOIIHH (pHC. [39]). 

(7) PaccMOTpHM flBHJKeHHe 6e3 CTOJiKHOBenHii flByx pasjiHHHbix HacTHn; na neKOTopoM 
MHoroo6pa3HH N. (paaoeuM npocmpaHcmeoM SToro ^BHJKenHa nasbiBaeTca MHOJKecTBO 
N := {(a;, y) \ x,y d N, x ^ y}. Ha stom MHOJKecTBe mojkho bbgcth hhbojiioiihio 4)opMyjioii 
{x, y) ^ (y, x). (SaneTHM, hto MHOJKecTBO N ne o6a3aTejibHO ABjiaeTca 2-MHoroo6pa3HeM.) 

1. (a) Ha ccjaepe c jiio6biM hhcjiom py^ex cymecTByeT CBo6oflHaH hhbojiioli,hh. 

(b)* CymecTByeT jih CBo6oflHafl hhbojiioiihh na RP^? yKa3aHHe: peniHTe xoTa 6bi ^jia 
cuMnAuii,uaAbHux HHBOJiioiiHii, onpe^ejieHHe KOTopbix cm. HHJKe. 

2. (a) HpHBe^HTe npHMep cboGo^hoh hhbojiioiihh na OKpyjKHOCTH. 

(b) Ha J11060M JIH rpacjje cymecTByeT CBo6o^HaH HHBOJHOijHfl? yKasaHne: peniHTe xoTa 
6bi fljifl cuMUAWHuaAbHux HHBOJiioiiHii, onpeflejieHHe KOTopbix mojkho ^aTb anajiorH^HO 
HHJKenpHBefleHHOMy. 

HycTb T — cxeMa 2-MHoroo6pa3Hfl N . CuMnjiuii,uajibHaji omHocumejibHO cxcmu T 
ceo6odHaji uneojimv^uji — 3to pa36HeHHe BepniHH cxeMbi T na napbi, yflOBjieTBopaiomee 
cjie^yioinHM HGTbipeM ycjiOBHHM: 

— KajKfloe pe6po coeflHHaeT BepniHHbi h3 pa3Hbix nap; 

(3to ycjiOBHe npHHHMaeTca, nocKOJibKy jiK)6oe nenpepbiBHoe OTo6pa}KeHHe OTpesxa b 
ce6fl HMeeT HenoflBHJKHyio TOHKy.) 

— ecjiH {a, a'} — napa, {b, b'} — napa n ab — pe6po, to a'b' — pe6po. 

— HHKaKHe ffBB BepniHHbi B rpaHHile rpann ne jiejKaT b o^hoh nape; 

(3to ycjiOBHe npHHHMaeTca, nocKOJibKy jno6oe nenpepbiBnoe OTo6pa}KeHHe ^HCKa b 
ce6H HMeeT neHOflBHJKnyio TonKy.) 

— ecjiH {ai, a'^} — napbi n ai . . . — rpanb, to a i ... a'/. — rpanb. 

^jia 2-MHoroo6pa3Hfl N, peajiH30BaHHoro b KanecTBe no^MHOJKecTBa b M'^, HHBOJiK)u,Ha 
t na N Ha3biBaeTCfl cuMTiAUVjUaAbHou onmocumeAbHO pa36ueHUM T, ecjiH t nepeBO^HT 
BepniHHbi B BepniHHbi, KajK^oe pe6po ab b pe6po t{a)t{b) n KajK^yio rpanb ai . . .a^ b 
rpanb t(ai) . . .t{ak). Mu 6ydeM paccMampueamb moAbKO uneoAwv^uu, cuMriAuv^uaAbHue 
omHocumeAbHO ueKomopou cxcmu. 

TeopeMa o hgthocth. duAepoea xapaKmepucmuna 2-MHOzoo6pa3Uii c cumuawhu- 
UAbHou ceoBodnou UHeoAWHueii Hemua. 

3. (a) ^OKajKHTe TeopeMy o ^gthocth. 

(b) Ha npoeKTHBHoii hjiockocth c pynxaMH ne cymecTByeT CBo6oflnoH HHBOjnoH,HH. 

(c) CymecTByeT jin CBo6oflHaa HHBOjiioiiHa na 6yTbijiKe Kjieiina? 

(d) Ha KaKHx 2-Mnoroo6pa3nax cymecTByeT CBo6oflHaa HnBOJiioii,nH? 

B 2-MHoroo6pa3HH N co CBoGoflnon nnBOjiioiiHeH t OTOJKflecTBHM tohkh x h 
t{x) fljia jno6oro x. Hojiy^ennoe b pe3yjibTaTe OTOJK^ecTBJienna npocTpancTBO 6yfleT 
2-MHoroo6pa3HeM (sthm (jaaKTOM mojkho nojib30BaTbca b flajibHenmeM 6e3 floxasaTejib- 
CTBa). Oho Ha3biBaeTca (paKmopnpocmpaHcmeoM npocTpancTBa N no hhbojiioiihh t h 
o6o3Ha^aeTCH N/t. Hama nnBOJiioii;Hfl na3biBaeTCfl nnBOJiioii,neH na npocTpancTne N uad 
npocTpancTBOM N/t. 

4. B BbimenpnBeflennbix npHMcpax (l)-(6) 

(a) nnBOJiioii,nn cnMnjiHH,HajibHbi OTHOCHTejibno neKOTopoii cxbmm; 

(b) 4)aKTopnpocTpancTBa roMeoMop(i)nbi npocTpancTBaM RP^, , T^, T^, K^, X. 
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5. (a) CBo6o^Hbie hhbojik)li,hh na^ ^annbiM rpa(|)OM N mo>kho ctpohtb cjie;i,yiOLLi,HM 
o6pa30M. PacKpacHM BepniHiibi 7;anHoro rpacjsa TV b y pasHbix iiBeTOB. /^Jia KajK/i^oii Bep- 
LUHHbi rpa(i)a N BOSbMeM ^Be BepniHHbi Toro xe iiBeia. 9to Sy^yT BepniHHbi rpaejaa N' . 
P/iSi Kaxfloro pe6pa ij rp&^a. N BOSbMeM ^Ba pe6pa, Kax^oe h3 KOTopbix coe^HHaeT pas- 
HOUBeTiibie BepniHHbi iiBeTOB z h j rpacjja A'^'. 9to 6y7i;yT peSpa rpacj)a N' . Ha nojryHeiiiiOM 
pacKpameiiiiOM rpacjse N' onpeflejiaeTCJi hhbojiioiihh, Menjnomaa MecTaMH oflnoiiBeTHbie 
BepniHHbi. 

(b) IlycTb G — rpaej) c BepniHHaMH a n b, flByxpaTHbiM pe6poM ab h ^ByMJi neTjiJiMH 
aa H bb. npHBe^HTe npnnep CBo6oflHOH hhbojiioiihh rpacjsa G nafl rpacjsoM 'BOCbMepKa'. 

Hhbojhoijhji t : N ^ N naabiBaeTCJi mpueucuibHou, ecjiH cymecTByeT TaKoe 2- 
MHoroo6pa3HC X h TonojiorHHCCKaa SKBHBajiciiTiiocTb N ^ X VA X , npn KOTopoii t 
nepexo^HT b TpHBHajibnyio iihbojiiou,iiio tx ^r'a X \J X h3 npHMepa (6). 5Icho, hto 
aHTHnoflajibHaji hhbojiioiihji na C(i)epe HeTpnBnajibHa. 

6. Jlio6a}i CBo6o^Ha}i hhbojiioii,h}i oflHoro h3 cjieflyiOLu,Hx thdob jiBJiJieTCJi TpnBnajib- 

Hoii: 

(a) Ha rpacjse na^ ^epeBOM. 

(b) Ha 2-MHoroo6pa3HH na^ ^hckom. 

(c) na 2-MHoroo6pa3HH na^ cijiepoii. 

yKa3aHHe: stii h cjicri,yioni,He 3a^aHii pasyMiio pcniHTb cnaHajia ^jih KovxpemHux bm- 
6paHHbix BaMH npocTbix pa36HeHHii paccMaTpnBaeMbix 2-MHoroo6pa3HH, a dotom ^jia 
npouaeoAbHux pa36HeHnfl. 

7. ^JiH KaKHx nap (M, N) 2-MHoroo6pa3Hfl cymecTByeT CBo6o^Ha}i HHBOJiion,H}i 2- 
MHoroo6pa3H5i M na^ 2-MHoroo6pa3neM iV? 

KjiaCCH(j3HKai];HH HHBOJIIOI];Hft. 

Hhbojiioli;hh ti,t2 ■ N N Ha3biBaiOTC5i SKeueaAeHmuuMU, ecjin cymecTByeT cxena T 
2-MHOroo6pa3H5i A'' h H30Mop(i)H3M f -.T —*T, fljia KOToporo t2 o f = f o ti (i.e. n30Mop- 
(i)H3M / nepeBOflHT KajK/iyio napy {x,ti{x)) b iieKOTopyio napy {y,t2{y))- 

8. (a) Hhbojhoijhh h3 npnMepoB (3) n (4) SKBHBajienTHbi. 

(b) HpHBeflHTe npnMep flByx nesKBHBajieHTHbix CBoSoflHbix hhbojhoiihh na oflnoM h 
TOM }Ke 2-MHoroo6pa3HH. 

(c) HpHBeflHTe npHMep flByx ne SKBHBajienTHbix CBo6oflHbix HHBOJiioiiHii na ccjjepe c 
flByMJi pyHKaMH, (J)aKTopnpocTpaHCTBO no Kaxflofl h3 KOTopbix roMeoMop(i)HO Topy. 

C HiiBOJironnaMH mojkiio paGoTaib na SKBHBajieiiTiiOM asbixe Ti^ByjiHCTiibix iiaKpbiTHii. 
HecjjopMajibHO roBopa, ^ByjiHCTHoe naKpbiTne — OTo6pa}KeHHe, npn KOTopoM KajK^aa Ton- 
Ka HMeeT ^Ba npoo6pa3a. 3>opMajibHO, (HepaaeemeAeHHUM,) deyAucrrmuM uaKpumueM 
nasbiBaeTca OTo6pa»;eiiHe p : N ^ N/t pjia neKOTopoii (cBoSoflHofl) hhbojiioli;hh t. Cm. 
SKBHBajieHTHoe onpe^ejieHHe b rjiaBe 6. 

Hhbojiioli;h5i Ha3biBaeTC}i mpueuaAbHou, ecim cooTBeTCTByiomee ^ByjiHCTHoe naKpbi- 
Tne TpHBnajIbHO. 

^ByjiHCTnbie naKpbiTna pi : Xi ^ X ta p2 : X2 — > X na3biBaiOTca sKeueaAenmHUMU, 
ecjin cymccTBycT H30MopcJ)H3M cxcM / : Xi X2, KOToporo pi = P2 ° 

06o3nannM nepes S{M) MnojKecTBO ^ByjincTnbix naRpbiTnii na^ M ('nnBOJiKmnii nafl 
M') c TonnocTbK) flo SKBHBajienTnocTH nafl M. 

TeopeMa KJiaccHcJ}HKaLi,HH flByjiHCTHbix HaKpbiTHii Ha/], rpacJjoM. MHOOKXcmeo 

S{G) cuMUAUi^uaAbHux deyAucmnux uaKpumuu Had zpa^OM G c moHHOcmbw do 9Keuea- 
AeHirmocmu naxodumcH eo eaauMHO odHoanaHHOM coomeemcmeuu c Hi{G) = Z|'~^~'~'^. 

Ha6pocoK doKaaameAbcmea. PaccMOTpnM CHMnjinxinajibHoe flByjincTnoe naKpbiTne 
p : G ^ G nafl rpacjsoM G. Rj^fi Ka»;7i;oH Bepmniibi v rpacj^a G o^ny h3 TOHex b p~^ 
nasoBeM Bepxneii, a BTopyio HHJKnen. 9tot Bbi6op o6o3HaHHM nepes o. IIocTaBHM na 
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pe6pe e rpacjsa G e^HHHiiy, ecjiH cooTBeTCTByiomHe ^sa pe6pa p'^e b G coe^HHHHDT 
pasHOHMeHHbie BepniHHbi, h hojib, ecjiH oflHOHMenHbie. HasoBen nojiyHeHHyio paccTanoB- 
Ky npenjimcmeymineu h o6o3Ha^HM uj{o). (IloflCHeHHe k nasBaHHio, ne HcnojibsyeMoe b 
^ajibHeiinieM: STa paccTanoBKa npensTCTByeT TpHBHajibHOCTH ^ByjiHCTHOMy HaKpbiTHH.) 

OdHOMepnan zpynna zomoaozuu Hi{G) rpa(J)a G onpeflejiaeTCH anajiornHHO nynxTy 
'opneHTHpyeMOCTb' xax rpynna li,hkjiob b rpa4)e G. Jlim JiK)6oro iiHKJia g cyMMa u}{o) ■ g 
3Ha^^eHHii w(o) no bcgm pe6paM noflrpa(|)a g ne saBHCHT ot Ha6opa o CTpeJIO^^eK. IlosTOMy 
4)opMyjia wi{p)[g] — uj{o) ■ g KoppeKTHO sa^aeT jinneiiHyio (jjyHKiiHio wi{p) : Hi{G) — > Z2. 
Ona HasbiBaeTCfl nepeuM kauccom IIImu^eAM-yumHU ^ByjiHCTHoro HaKpbiTHH. ^oxasa- 
TejibCTBO Toro, hto cooTBeTCTBHe p sBjiaeTca 6iieKnaePL, ocTaBjiaeM b Ka^^ecTBe 

ynpajKHeHHfl. □ 

9. (a) IIpH nocTpoeHHoii Bbime 6HeKLi,HH KOMnosHiina hhbojhoiihh nepexo^HT b cyMMy 

IIHKJIOB. 

(b) CkOJIBKO CHMnjIHLI,HajIbHbIX ^ByjIHCTHblX HaKpbiTHH Ha^ TOpOM (c TQi^HOCTblO flO 
SKBHBajieHTHOCTH) ? 

(c) CkOJIBKO CHMHJIHIIHajIbHblX CB060flHbIX HHBOJIIOIIHH Ha TOpG (c TOHHOCTbK) flO 9K- 
BHBajieHTHOCTH) ? 

XlepeiifleM k KjiaccH(|)HKaLi;HH CHMHjiniiHajibHbix ^ByjincTHbix naRpbiTHii nafl ^annbiM 
2-MHoroo6pa3HeM M . IlycTb sa^ana neKOTopaa HHBOJiioiiHa t : N N na^ M . Mm 
nocTpoHM HpenaTCTBHe k TpHBHajibHOCTH HHBOJiioiiHH t. C HOMOii],bio SToro npeHaT- 

CTBHa HeTpyflHO KJiaCCHcJjHIIHpOBaTb CHMHJIHIIHajIbHbie flByjIHCTHbie HaKpblTHa Hafl M. 

PeKOMeHflyeM ^HTaTejiio pa3o6paTb cjie^yiomHe paccyac^eHHa cnanajia fljia hhbojiioi];hh 
t-.T'^^T'^ H3 npHMepa (2). 

Bbi6epeM na c4)epe Meg pyHxaMH 2g kphbmx, xax na pnc. HOl /Jjia ^ByjiHCTHoro 
HaKpblTHa p : Af — > M H o^Hoii hb sthx kphbmx HOCTaBHM na KpHBoii 0, ecjiH cooTBeTCTBy- 
lomaa HHBOJiion,Ha na^ neii TpnBnajibna (t.b. aBJiaeTca HepecTanoBKOH cooTBeTCTByromnx 

TO^eK H3 flByX KOHHii OKpyjKHOCTH) , H 1, eCJIH HeTpHBHajIbHa. IIojiyHHM Ha6op Wl{p) H3 

2g Hyjieii h eflHHHu;, HaBMBaeMbiii nepeuM kmccom Ulmu^ejisi-yumHU ^ByjiHCTHoro na- 

KpblTHa p OTHOCHTejIbHO flaHHOrO Bbl6opa KpHBMX L. 

AnajiorHT^Hbie Ha6opbi h3 2g nyjieii h eflHHHu; mojkho nojiyHHTb, paccMaTpHBaa neKO- 
Topbie flpyrne Ha6opbi aaMKHyTMx kphbmx na M . 

Phc. 40: Ha6op kphbmx ^jia KjiaccHcjjHKaijHH hhbojiioiihh 

10. IlocTpoHTe anajiorH^HMH Ha6op hb 2 — x(Af) kphbmx na ueopuemnupyeMOM mho- 
roo6pa3HH M (TaK, ^To6bi 6biJia BMHOJiHena cjie^yiomaa TeopeMa). 

TeopeMa KJiaccH(J)HKai];HH ^ByjiHCTHbix HaKpbiTHH. JI,M}i aaMKHymozo 
2-MHOzoo6pa3usi M omo6pacnceHue wi : S{M) Z2 (u3 MHOotcecmea S{M) 

cuMTiAWHuaAbHux deyAucuiHux HaKpumuu Had spacfioM G c moHHOcmbw do SKeuea- 
jienmHocmu e zpynny Hi(M) =1^ ^'"'^^'^ odnoMepHux gOMOAOsuu 2-MH080o6pa3UM M c 
K09(p(pu'nueHmaMU bTj^) siejisiemcM, eaauMHO-odHOSHaHHUM coomeemcmeueM. 

3aMeTHM, ^TO rpynna roMOJiornii Hi{M) ecTecTBenHO noaBHjiacb npn KjiaccH(|)HKa- 
□;hh flByjiHCTHMx naKpbiTHii nesaBHCHMO ot ee noaBjienHa npn HsyHennn opnenTHpyeMO- 

CTH. 

11. (a) ripn OTo6pa>KeHHH wi TpHBHajibnaa HHBOJiioii,Ha nepexo^HT b nyjieBoii sjie- 

MeHT. 

(b) ripn OTo6pa}KeHHH wi KOMno3Hn,Ha HHBOJiion,HH nepexo^HT b cyMMy ii,hkjiob. 

(c) /JoKajKHTe TeopeMy KjiaccncjanKaiinn flByjincTHMx HaKpMTnii. 
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(d) CcjjopMyjiHpyiiTe h ^OKajKHTe anajior TeopeMbi KJiaccHcjjHKaiiHH ^ByjiHCTHfaix na- 
KpbiTHii fljiH MHoroo6pa3Hii c Kpaen. 

(e) To }Ke fiJisi yTOJimeHHH rpacJjOB. 

(f) CcjjopMyjiHpyiiTe h ^OKajKHTe anajior TeopeMbi KjiaccHcjsHKaiiHH flsyjiHCTHbix na- 

KpblTHH fljia flByjIHCTHblX HaKpblTHH MHOrOo6pa3HH, COXpaHflK)iri,HX OpHeHTailHK). 



^pyroe flOKaaaTejibCTBO TeopeMbi KJiaccHcJjHKaniHH ^ByjiHCTHbix naKptiTHH. 

9to flOKasaTejibCTBO cjiojKHee npe^i^iymero. 3aTO, b OTJiH^ne ot npeflbiflymero, no- 
CTpoeHHfl SToro flOxasaTejibCTBa npHMennMbi ^jih KjiaccH(J)HKai];HH ^ByjiHCTHbix HaKpbiTHii 
Ha 2-MHoroo6pa3Hflx, Ba^anHbix cxeMoii (nanpHMep, b KOMnbiOTepe) . KpoMe Toro, 9to ^o- 
KasaTejibCTBO MOJKeT 6biTb o6o6iri,eHO ^jih TpexMepnbix (h MHoroMepHbix) MHoroo6pa3HH. 

ITocmpoeHue npen^mcmeywineso v^uKJia. PaccMOTpHM CBo6oflHyio CHMnjiHiinajibHyio 
HHBOjiioiiHio t : N ^ N , fljiH KOTopoii M = N/t. BosbMeM HeKOTopoe pa36HeHHe T mho- 
roo6pa3H}i N . IIgctpghm flBoiicTBeHHoe pa36HeHHe U (cm. onpe^ejieHHe b nyHKTe '4)opMa 
nepece^eHHii'). Ohh nopojKflaiOT ^BoiicTBeHHbie cxeMbi T/t h U/t MHoroo6pa3Ha M = N/t. 

^jiH KajK^oii napbi HHBOJiiOTHBHbix BBpinHH cxeMbi T oflHy H3 HHx Ha30BeM BepxHefi, 
a BTopyio HHJKHeii. 9tot Bbi6op o6o3HaHHM ^epe3 o. XIoKpacHM b KpacHbiii iiBeT Te pe6pa 
cxeMbi U /t, fljifl KOTopbix cooTBeTCTByiomHe ^Ba pe6pa cxcmm T coe^HHaioT paaHOHMen- 
Hbie BepniHHbi. 06T3e^HHeHHe KpacHbix pe6ep Ha3biBaeTCfl npensimcmeymxnuM v^ukaom 
uj{o). Ha pHC. I41l >KHpH0H jiHHHeii H3o6pa}KeH npenflTCTByiomHii iihkji ^jih hhbojiioli,hh na 
Tope (t.c. fljifl cooTBCTCTByiomero ^ByjiHCTHoro HaKpbiTHfl nafl topom) h3 npHMcpa (3). 



A, 
A. 

A. 



A 



A 



A 



A 



Phc. 41: IIpenflTCTByiomHH iihkji ^jih hhbojiioiihh na Tope (na^ TopoM) 



5IcH0, ^TO 

(*) /laHHoe pacnpe^ejieHHe o BepxHHx h hhjkhhx BepniHH onpeflejiHCT TpHBnajiHsaiiHio 
HHBOjiioiiHH Tor^a H TOJibKO TOFfla, Kor^a oj{o) = 0. 

(**) B rpa4)e uj{o) nem uaojiupoeauHux eepmuH u U3 Kaotcdou eepmuHU euxodum 
Hemnoe hucao npacHux pe6ep, T.e. stot rpacj) HBjiHeTCfl (roMOJiorn^ecKHM) iihkjiom. 

12. (a) ^OKajKHTe sth yTBepjKfleHHfl. 

(b) Bhc rpacjja uj{o) flByjiHCTHoe naKpbiTHe TpHBHajibHO. 

HaMeneHue npennmcmeymvuezo v,UKAa. Ecjih uj{o) ^ 0, to o ae onpe^ejiaeT tphbh- 
ajiH3aLi;HH hhbojiioiihh, ho eiri,e ne Bce noTepano: mojkho nonbiTaTbca H3MeHHTb o, Tax 
HTo6bi npenHTCTByiomHii iihkji CTaji nycTbiM. /^ji-h SToro BbmcHHM, Kax w(o) 3aBHCHT ot 
o. 

HSMeHHM Ha3BaHHa flByX HHBOJIIOTHBHblX BepniHH CXCMbl T, COOTBCTCTByiOIUHX Bcp- 

niHHe cxcMbi T/t, Jiescameii b rpann a. Tor^a iihkji uj{o) H3MeHHTCfl na cyMMy no MO^yjiio 
2 (t.b. CHMMBTpHHecKyio pa3HOCTb) c rpaHHLi,eii SToii rpann: w(o') = lu{o) + da. IIosto- 
My npH H3MeHeHHH nasBaHHii necKOJibKHx HHBOJiiOTHBHbix BepniHH cxcmm T iihkji uj{o) 
H3MeHfleTCfl na cyMMy no MO^yjiio 2 rpannn; cooTBCTCTByiomnx rpaneii cxcmm U/t: 

a;(o') = uj{o) + dai + . . . + dak- 
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SICHO, ^TO 

(i) IlpH HSMeneHHH Ha6opa o npenaTCTByromHii iihkji w(o) saMeHaeTca na roMOJiorn^- 

Hblii IIHKJI. 

(ii) EcjiH uj{o) HBJifleTCfl rpaHHiieii, to mojkho HSMeHHTb o na o', Tax ^To6bi nojiyHH- 
jiocb cj(o') — 0. 

Saeepmenue doKaaamejibcmea. HanoMHHM, ^to odnoMepHou zpynnou zomojiozuu cxe- 
Mbi T (hjih MHoroo6pa3Hfl M) HasbisaeTCfl rpynna Hi [M) iihkjiob c TO^HOCTbio flo roMO- 
jiorH^HOCTH (h hto Hi{M) = 7^ 

UepeuM KJiaccoM UlmucfjeAJi- VumHU hhbojiioiihh t (hjih cooTBeTCTByiomero ^ByjiHCT- 
Horo HaKpbiTHfl) HasbiBaeTCfl KJiacc roMOJiorn^HOCTH npenaTCTByromero iiHKJia: 

Wi{t):=[uj{o)]^Hi{M). 

SICHO, ^TO OH HBJIHeTCfl UOAHUM npenaTCTBHCM K TpHBHajIbHOCTH HHB0JIK)L1,HH t: 

UHeoAWHua t inpueuaAbHa mosda u moAbKO mozda, Kozda wi(t) ^ 0. 

Tenepb Teopeivia KJiaccHcjjHKaiiHH ^ByjiHCTHbix HaKpbiTHii BbiTexaeT h3 (ii) . □ 

13. Onpe^ejiHTe h KjiaccHcjsHiiHpyiiTe ^ByjiHCTHbie naKpbiTHH na^ flannbiM 3- 
MHoroo6pa3HeM . 

VKaaaHue k 8b. HcnojitsyHTe cJjaKTopnpocTpaHCTBa. Otbct: hhbojiioi];hh h3 
npHMepoB (4) H (5) ne SKBHsajieHTHbi. 

TPEXMEPHblE yTOJimEHHil 
/i;ByMEPHbIX nOJIH3APOB 

BjIOXCHMOCTb 2-nOJIH3flpOB B M"^ . 

EcjiH CKJieiiKy, onpe^ejiHromyro Tejio cxeMbi, mojkho ocymecTBHTb b TpexMepnoM npo- 
CTpancTBe M.^ (hjih b ^anHOM 3-MHoroo6pa3HH) 6e3 caMonepeceHeHHii, to flaHHyio cxeny 
HasbiBaiOT ejiooKUMOu e M.^ (uau e dauHoe 3-MHOzoo6pa3ue) . 5Icho, hto BjiojKHMOCTb ne 

SaBHCHT OT Bbl6opa CXeMbI B KJiaCCe rOMeOMOp4)H3Ma. IIoSTOMy MOJKHO rOBOpHTb O BJIO- 

JKHMOCTH 2-nojiH3flpa. 

<I>opMajibHO, 2-HOJiH9flp HasbiBaeTCH ejioofcuMUM e dannoe 3-MHOzoo6pa3ue (nanpn- 
Mep, B M'^), ecjiH cymecTByiOT Taxne cxeMbi P, Af 2-HOJiH3flpa h 3-MHoroo6pa3Ha, hto 
cxena P H30Mop4)Ha HO^cxeMe cxeMbi M . (3to onpe^ejieHne KycoHHO-AuueuHou bjiojkh- 
MOCTH, fljiH 3-MHoroo6pa3Hii paBHOCHjibHoe monoAozunecKou bjiojkhmocth |Bi83j . KOTopyio 
Mbi 3flecb He OHpe^ejiaeM) . 

Xopomo HSBecTHa cjie^yiomaH Tpy^naa npo6jieMa: naumu onucanue 2-noAU9dpoe, 
ejiocHCUMUx e . (Kohghho, hto 3HaHHT 'naiiTH', 4)opMajibHO ne OHpe^ejieno. Iloflpa- 
syMeBaeTCfl, hto Tpe6yeTca naiiTH onncaHne b jierxo npoBepaeMbix TepMHnax. Kax h c 
npo6jieMOH OHHcanna rpa4)0B, bjiojkhmmx b njiocKOCTb, bo3mo}kho najiH^ne pasHbix onn- 
caHHii.) IlpHBefleM HpocTeflniHe npHMepbi no 3toh npoBjieMe. 

1. Cjie^yiomHe 2-HOJiH3flpbi bjiojkhmm b 'M?: 

(a) Jlio6oe opneHTHpyeMoe (hjih neopneHTHpyeMoe c nenycTbiM xpaeM) 2- 
MHoroo6pa3He. 

(b) T X I/{a,Q) ~ (/i(a),l), r;ie h — aBToroMeoMopcJjHSM Tpno^a T, OTBe^aiomHii 
□;HKjiHHecKoii HepecTanoBKe ero pe6ep (cp. c pnc. [26l) . 

(c) G X S*^ fljifl jiio6oro njianapnoro rpacjaa G. 

(d) LtHJiHHflp G X I (hjih flajKe /-paccjioeHHe) na^ jiio6biM (^ajKe HenjianapHbiM) 
rpa4)0M G. 

JlerKO HOCTpOHTb 2-nOJIH3flP, He BJIOJKHMblH B . HaHpHMep, MOJKHO BSSTb KOHyC Hafl 

HBHjiaHapHbiM rpa4)0M (xasajiocb 6bi, mojkho bshtb HpoH3BefleHHe neHjianapHoro rpacjja 
Ha 0Tpe30K, oflHaKO oho bjiojkhmo b M'^!). 
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2. Cjie^yromHe 2-nojiH3flpbi ne bjiojkhmm b R"^: 

(a) ConKs. (b)rxr. (c)* K5 x S\ 

(d) JIhct Me6Hyca c npHKjieeHHMM no cpeflneii jihhhh kojibijom 3a Offay h3 KOMnoneHT 
Kpaa KOJibiia co CTenenbio 1, T.e. T x //(a,0) ~ (ft.(i2)(a), 1), r^e /i(i2) ^ aBToroMeoMop- 
(J)H3M TpHO^a T, OTBe^aiomHH nepecTanoBKe ^Byx ero pe6ep. 

(e) IIpoeKTHBHaH njiocKOCTb RP^, 6yTbiJiKa KjiaiiHa K h BOo6iri,e, saMKHyToe Heopn- 
eHTHpyeMoe 2-MHoroo6pa3He (yKa3aHHe: Hcnojib3yHTe Teopeny ^Kopflana ^Jia 3aMKHyTbix 
HecaMonepeceKaiomHxca 2-MHoroo6pa3HH b IR'^). 

3. (a) RP^ a K {n BOo6iri,e jiio6oh 2-nojiH3^p) bjiojkhmm b M.^ (i.e. hx mojkho h3o6- 
pa3HTb TaM 6e3 caMonepece^enHii). 

(b) MP^ H K BjiojKHMbi H B M^. yKa3aHHe: RP^ roMeoMop4)Ha jincTy Me6Hyca c 
npHKjieeHHbiM no rpann^Hon OKpyjKHOCTH ^hckom. 

4. * (a) I^HJinn^p P x I na^ 2-nojiH3flpoM P bjiojkhm b R'^ Tor^a n tojibko Tor^a, 
Kor^a P ne co^epjKHT 30HTHKa (pnc. I74p n jincTa Me6Hyca (hto paBHOcnjibno TOMy, hto 
P BjiojKHM B c(i)epy c neKOTopbiM KOJiHHecTBOM pyHex). yKa3aHHe: Hcnojib3yHTe n^eio 
flOKasaTejibCTBa TeopeMbi Xajinna-KDnra |Sk05) . 

(b) Cym,ecTByeT jin ajiropnTM pacnosnaBannH bjiojkhmocth 2-nojiH3flpa b neKOTopyio 
roMOJiorHHecKyio ccjaepy (ne (jDHKcnpoBannyio 3apaHee)? 

rnnoTeaa. Cyinecmeyem aAzopumM pacnoanaeaHusi eAOOKUMOcmu 2-noAU9dpa e R"^ . 
VTOJimaeMOCTb 2-nojiH3flpoB fifi 3-MHoroo6pa3iiH. 

5. (a) ripocTpancTBa h3 2abd ne BJiojKHMbi ^ajKe nn b Kaxoe opnenTHpyeMoe 3- 
MHoroo6pa3He. 

(b) XlpocTpancTBO Tc, x l/{a,0) ~ {ha-{a),l), r^e a = (12)(345), ne bjiojkhmo hh b 
KaKoe 3-MHoroo6pa3He (flaace neopnenTHpyeMoe) . 

(c) ^Jia KaKHX nepecTanoBOK a G Sn (opnenTHpyeMo) yT0Jini,aeM 2-nojiH3^p 
T„ X l/(a,0) ^ (/i(j(a),l), r^e — aBToroMeoMopcjansM n-o^a, OTBeHaroninii nepecTa- 
HOBKe a ero pe6ep? 

2-nojiH9flp Ha3biBaeTCfl (opueHmupyeMo) ymoAinaeMUM, ecjin on bjiojkhm b hskoto- 
poe, ne (jjHKcnpoBaHHoe sapanee, (opnenTHpyeMoe) 3-MHoroo6pa3He. 

IIpHMepoM MOJKeT cjiyjKHTb BJiojKeHHe 6yTbiJiKH Kjienna b neKOTopoe opuenmupyeMoe 
3-MHoroo6pa3He. /JeiicTBHTejibHO, nycTb 5^ = {z G C | 

\z\ = 1}. Tor^a 3-MHoroo6pa3He x [—1,1] x [0, l]/(z, t, 0) ^ (z, — t, 1) opnenTHpy- 
eMO H co^epjKHT 6yTbiJiKy Kjienna 5^ x x [0, l]/(2;, 0, 0) ^ (z, 0,1). ^pyroii npnMep 
opnenTHpyeMoro 3-yT0Jiin;eHHH neopnenTHpyeMoro 2-MHoroo6pa3Hfl — sto peryjiapnaa 
OKpecTHOCTb npoeKTHBHOH njiocKOCTH MP^, CTanflapTHO Bjio^Kennoii b MP^. 

6. (a) JlK)6oe 2-MHoroo6pa3He N opnenTHpyeMO 3-yTOJini,aeMO. 

(b)* Bojiee Toro, 2-yT0Jini,eHHe ^ Kpaa dN (hjih /-paccjioenne ^ na^ xpaeM dN) 
npoflOJiJKaeTca flo 3-yT0Jiin;eHHH 2-MHoroo6pa3HH N (hjih npoflOJixaeTca na N) Tor^a h 
TOJibKO Tor/ia, Kor^ia Swidi) = G H'^{N,dN). (^Jia pemenHH sa^a^n ne o6a3aTejibHO 
snaTb onpeflejienHH 06'beKTOB n H^{N, dN), nx mojkho ecTecTBenno npn^ynaTb b 

npoijecce pemenna.) 

JIoxcHbie nOBepXHOCTH. 

2-nojiH3flp Q Ha3biBaeTCH jiootcHou noeepxHocmbw, ecjin KajK^aa ero TO^xa nneeT 
OKpecTHOCTb, roMeoMop4)Hyio OflHoii ns cjie^yroninx: ^ncKy , KnnjKKe c TpeMH CTpann- 
n,aMH T X I HJIH Konycy na^ nojinbiM rpacjjOM c HeTbipbMH BepninnaMH (i.e. na^ 1-octobom 
3-CHMnjieKca) , cm. pnc. 1421 Taxne to^kh mm 6yfleM Ha3biBaTb TO^xaMn Tnna 1, 2 n 3 co- 

OTBeTCTBGHHO. 
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MblJIbHbie njieHKH B R'^ HMeHDT CHHryjiapHOCTH B TOHHOCTH THDOB 2 H 3. IIOHHTHe 

MbiJibHbix njienoK H3 ^H4)(J)epeHLi,HajibHoii reoMeTpHH HBJiaeTca TaKJKe BajKHbiM cpe^- 
CTBOM H oGieKTOM HCCJieflOBaHHH B ajire6paH^ecK0H h reoMeTpHHecKoii TonojiornH. Ha- 
npHMep: 

Am6oe mpexMepHoe MHOsoodpaaue MOAJiemcji ymojivneHueM neKomopou aookhou no- 
eepxHocmu (h /lajKe cnev,uajihHozo 2-noAU9dpa) [HMSMl I, Theorem S.l.b]. 

Sam Am6o80 2-noAU9dpa P cymecmeyem cwpneKmuenoe omo6pacnceHue ('peaoAbeen- 
ma') f : Q ^ P aookhou noeepxHocmu Q, npoo6pa3u moHen npu KomopoM sieAsimmcM, 
luapaMU pasMepHocmu 1, 2 uau 3 (u, e uacmHocmu, cmnzueaeMu) [RSOOj. 

IlpHMepaMH JIOJKHblX nOBepXHOCTGH flBJIHIOTCfl oGie^HHeHHe TOpa C ^ByMH ^HCKaMH, 

npHKjieeHHbiMH k napajiJiejin h MepH^Hany Topa, a TaKJKB doM Buma c deyMJi KOMHama- 

MU. 

IlycTb Q' o6o3HaHaeT HacmoMUi,uu 1-ocmoe jiojkhoh noBepxHOCTH Q, t. e. MHOJKecTBO 
TO^eK THna 2 hjih 3. 5Icho, hto Q' HBJiaeTca rpacjjOM, BepniHHbi KOToporo HMeroT CTenenn 
1, 2 HJIH 4. 06o3Ha^HM Hepea Q" mhojkbctbo to^bk hb Q rana 3. 

KpHTepHH yTOJimaeMOCTH jio:acHBix noBepxHOCTeft. 

TeopeMa opneHTHpyeMoii yTOJimacMOCTH. OpuenmupyeMaM ymoAvu^aeMOcmh 
AootcHou noeepxHocmu Q paenocuAbHa naotcdoMy U3 CAedywinux deyx ycAoeuu. 

(1) Q He codepotcum N — Aucma Me6uyca c npuKAeeunuM no cpedneu auhuu KOAbii,OM 
(aa odny U3 KOMnoHCHm npasi KOAbi^a co cmeneubm 1) JBP97^ . jBRS99i- 

(2) npBHHTCTBHB MaTBBBBa m{Q) e H^{Q') uyAeeoe JbWSMI, JLaOO^ . 

Fpynna H^{Q') onpe^ejieHa b naparpacjse 'opneHTHpyeMOCTb h KJiaccHC^DHKaiiHa yTOJi- 
mBHHii' (hjih bctbctbbhho HOHBjiHBTca HpH HCCJiBflOBaHHH opHBHTHpyBMoii yTOJiniaBMO- 
cth). 

JJoKaaameAbcmeo Kpumepusi (1). Bobbmbm ho to^kb na KajK^oii komhohbhtb cbhxho- 
CTH rpa4)a Q' , aBJifljomeiicfl OKpyjKHOCTbio. IlycTb V — o6'beflHHeHHe HOJiyHenHbix to^bk c 
Q" . Tax KaK jihhk KajK^oii tohkh hb y — HjianapHbiii rpatj), to cyniBCTByBT S-yTOJiniBHHB 

Mq OKpBCTHOCTH MHOJKBCTBa V , flBJIHIOniBBCfl HBCBHBHblM o6'bBflHHBHHBM TpBXMBpHblX Hia- 
POB. 

B Ka^^ecTBe yTOJiiH,eHHfl OKpecTHOCTH KajK^oii ^yrn h3 Q' — Mq BOSbMBM Tpy6Ky, b ko- 
Topyio 3Ta OKpecTHOCTb BJiojKBHa CTan^apTHbiM o6pa30M. Tor^a OKpecTHOCTb pe6pa bm- 
CBKaBT Ha Topijax Tpy6KH Tpnofl. IIphkjibhm STy Tpy6Ky ho Topii;aM k cooTBBTCTByioniHM 

HiapaM H3 Mq Tax, HT06bI TpHOflbl Ha TOpH,aX Tpy6KH COBMBCTHJIHCb C COOTBeTCTByiOIH,HMH 

TpHOflaMH Ha mapax h3 Mq. IIojiyHHM 3-yTOJHH,eHHe Mi okpbcthocth (b Q) rpacjaa Q' . 

^OKajKBM, HTO BCJIH Q HB COflBpjKHT N, TO 3-yTOJHH,BHHB Ml OpHBHTHpyBMO. IlyCTb T 
— TpHOfl. 5ICH0, HTO flJIfl JIIO6OH BBpHIHHbl A Cz Q" H flJIH JII06bIX BBpHIHH B, C G IkA CTB- 

HBHH 6ojibmB 2 cyniBCTByiOT Tpn nyTH, coB^HHHioniHx B c C n HBpBCBKaioniHxca tojibko 

B B,C. IIoSTOMy flJia JIIo6oH OKpyjKHOCTH J d Q' CyiH,BCTByBT TaKOH HOflHOJIHSflP J G Q, 
HTO J = r 7n~^ 7) h — aBTOrOMBOMOp4)H3M TpnOfla T, OTBBHaK)IH,HH HBKOTO- 

(a,0) - {h{a), 1) 
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poH nepecTanoBKe ero pe6ep h * — ijeHTp Tpno/ia (cp. c pHC.[26j J naabiBaeTca paccAoe- 
HUCM CO cjioeM T u 6a30u J [Wr77| l. IlpH stom roMeoMop(i)H3Me J o6a3aHO nepexoflHTb 

B -. — * ^ . — -v. CymecTByeT Tpn rana npocTpancTB J. Ohh nojiyHaiOTCH, Kor^a nepe- 
(*, u) ~ (*, 1) 

CTaHOBKa pe6ep Tpnofla aBjiaeTca TOJKflecTBeHHoii, iihkjiom fljiHHbi 3 h iihkjiom fljiHHbi 2 
(TpaHcnoBHiiHeii) , coTTBeTCTBenHO. Ecjih Q ne co^epjKHT TV, to ^jia jiio6oii J npocTpan- 
CTBO J nepBoro hjih BToporo THnoB. Tor^a 3-yT0Jiiri;eHHe Mi opneHTHpyeMO. 

IlycTb X — saMbiKaHHe b Q npoHSBOJibHoii KOMnoneHTbi cbsshocth MHOJKecTBa 
Q — Ml . Tor^a X ecTb 2-MHoroo6pa3He c Kpaen dX = X n dMi , aBjiaioinHMCfl hgcbhs- 
HbiM o6'beflHHeHHeM OKpyjKHOCTefi. Tax xax Mi opneHTHpyeMO, to dMi opneHTHpyeMO. 
XlosTOMy Majiaa OKpecTHOCTb b dMi KajK^oii TaKoii OKpyjKHOCTH aBjiaeTca kojibiiom (a 
He jiHCTOM Me6Hyca). IlosTOMy S-yTOJimeHHe Mi mojkho npo^ojiJKHTb ^o S-yTOJimeHHH 
nojiHS^pa Q npHKJieiiKoii "npo6oK"X x J no roMeoMop(J)H3MaM MejK^y dX x / h MajibiMH 
OKpecTHOCTaMH B dMi o6'beflHHeHHfl dX OKpyjKHOCTeii. □ 

7. (a) OnpeflejiHTe rpynny H^{Q'), npensTCTBHe m{Q) a floxajKHTe KpHTepnii (2). 
yKaaaHHe: mojkho ^eiicTBOBaTb aHajiormHO HHJKecjieflyiomHM onpe^ejieHHio npenaTCTBHH 
5m{Q) H ^OKaaaTejibCTBy TeopeMbi yTOJimaeMOCTH. 

(b) JIhct Me6Hyca c npHKJieeHHbiM no cpe^neii jihhhh ^hckom (no roMeoMop(|)H3My 
rpaHHiibi flHCKa na cpeflnioKi jihhhio jincTa Me6Hyca) ne yTOJim,aeM. 

(c) JIhct Me6Hyca c npHRjieennbiM no cpeflneii jihhhh TopoM c flbipKoii (no roMeo- 
Mop4)H3My rpannnbi Topa c ^bipKoii na cpe^Hioio jihhhio jincTa Me6Hyca) ne yTOJinjaeM. 

(d) JIhct MeGnyca c HpHKjieeHHbiM no cpeflnen jihhhh jihctom MeGnyca (ho roMCO- 
Mop4)H3My rpaHHiibi BToporo jincTa Me6Hyca na cpeflHioio jihhhio nepBoro) ne yTOJimacM. 

(e) CymecTByeT neyTOJiniaeMaa jiojKHaa noBepxnocTb, ne co^epjKaniaa HHKaKoro o6t.- 
e^HHenna jiHCTa Me6Hyca h 2-noBepxHOCTH c poBHO o^Hoii rpaHH^iHOH OKpyjKHOCTbio, 
OTOJK^ecTBJieHHOH CO cpe^HeH jiHHHeii jiHCTa Me6Hyca [BRS99j. 

TeopeMa yTOJimaeMOCTH. JIookhom noeepxHocmb Q ymojivnaeMa mozda u moAbKO 
mozda, Kozda npenaTCTBHe MaTBecBa 5m{Q) G H'^{Q,Q') uyAeeoe |Ma73) . 

Onpedejieuue zpynnu H^{Q,Q'), npenjimcmeuji 5m{Q) u doKaaamejihcmeo meope- 
MU ymoAinaeMOcmu. "JHRCHpyeM TpnanryjiaiiHio 2-nojiH3^pa Q. Tax xaK jihhk KajK^oii 
BepniHHbi TpHaHryjifln,HH — HJianapHbiii rpacj), to cymecTByeT yTOJinienne Mq OKpecTHO- 
CTH 0-ocTOBa 3T0H TpnanryjiaiiHH. Oho aBjiaeTca necBasHbiM o6'beflHHeHHeM TpexMepHbix 
mapoB. Ilepece^eHHe Q n OMq aBjiacTca HecBa3HbiM oGie^HHenneM (ho bcgm BepmnnaM 
TpHaHryjifliinn) rpacjjOB, KajK^biii h3 KOTopbix ecTb jih6o if 4 (rpacj) c HeTbipbMa Bepmn- 
naMH, jiio6bie ^Be h3 kotopmx coeflnneHbi pe6poM), jih6o K3 2 (rpacj) 6yKBbi jih6o 

(oKpyjKHOCTb) . IlocKOJibKy cymecTByeT poBno o^no (c TO^nocTbio ^o roMeoMop4)H3Ma 
c(J)epbi S*^) BJiojKeHHe KajK^oro h3 sthx Tpex rpacjsoB b 15*2, to yTOJinienne Mq e^HHCTBenno 
c TO^HOCTbio flf) roMeoMop4)H3Ma, nenoflBnjKHoro na Q H Mq. 

IlocTpoHM yTOJinieHHe OKpecTHOCTH 1-ocTOBa T^^^ sacjanKCHpoBaHHoii Tpnanryjiaiinn 
cjie/iyioniHM o6pa30M. /^Jia KajK^oro pe6pa h3 T^^^ — Mq B03bMeM ero OKpecTHOCTb b 
Q — Mq, roMeoMop4)Hyio khhjkkb c o^hoh, ^ByMa hjih TpeMa CTpanniiaMH (caMO pe6po 
cooTBeTCTByeT KopeniKy khhjkkh). Bo3bMeM Tpy6Ky x /, b KOTopyro STa OKpecTHOCTb 
BjiojKena CTan^apTHbiM o6pa30M. yKa3aHHafl oxpecTHOCTb BbiceKaeT na Topiiax Tpy6KH 
jih6o Tpnofl, jih6o 0Tpe30K. IIpHKJieHM KajKflyio TaKyio Tpy6Ky no ee TopiiaM k cootbbt- 
CTByioniHM mapaM h3 Mq Tax, HTo6bi rpacjjbi na Topn,ax Tpy6KH coBMecTnjincb c coot- 
BeTCTByioniHMH noflrpa4)aMH na mapax. Ilojiy^HM yTOJinieHHe Mi OKpecTHOCTH 1-ocTOBa 
T^^\ EcjiH pe6po H3 T^^-* — Mq jibjkht b Q', to na Topn,ax Tpy6KH BbiceKaiOTCfl Tpno^bi. 
SnaHHT, 3Ta Tpy6Ka HpHKJienBaeTca k Mq o^H03Ha^HO. IIosTOMy yTOJinienne OKpecTnocTn 
rpacj^a Q' eflnncTBeHHO. 

HTo6bi BbiHCHHTb, HpoflOJiJKaeTca jiH yTOJimeHHe Ml flf) yTOJinieHHfl Bcero 2-nojiH9flpa, 
onpe^ejiHM npenaTCTByioniyio paccTanoBKy. "tHKcnpyeM Ha6op opneHTaiinii na mapax 
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flaHHoro yTOJimeHHfl Mq. Ha KajK^OM pe6pe nocTasHM 0, ecjin npHKJieHBaiomHe oto6- 
pajKeHHfl TopijOB cooTBeTCTBytOTneii tpvGkh b ccj)epbi 0-ocTOBa onpe7i,ejTaiOT opHeiiTanHio 
Ha Tpy6Ke, h 1 b hpothbhom cjiynae. 3Ty paccTanoBKy nasoBeM pasAunawmeu h o6o3Ha- 
HHM u){Mi). Ha Ka>K^OH rpaHH Bbi6paHHofl TpHaHryjiHijHH nocTasHM cyMMy no MO^yjiro 2 
HHcejT iia orpaiiHHHBaiomHx ee pe6pax. HojiyHeHHyio paccTaiioBKv iiasoBeM npennmcmey- 
mineit H o6o3HaHHM Soj{Mi). 5Icho, hto S(jj{Mi) ne saBHCHT ot Ha6opa opneHTaiiHii na 
mapax yTOJimeHHa Mq (xoth u){Mi) sasncvn). 

EcjiH cymecTByeT npo^ojiJKeHHe yTOJimeHHH Adi yTOJimeHHa Bcero 2-nojiH3flpa, to 
Majiaa OKpecTHOCTb jiio6oh rpann Bbi6paHHoii TpHaHryjiHijHH nepeceKaeTca c Mi no kojib- 
n;y (a ne no jincTy Me6Hyca). Tor^a 5u)[Mi) paBna nyjiio na SToii rpann. CjieflOBaTejibHO, 
ecjiH i5a;(Mi) =^ 0, to Mi ne npo^oji>KaeTCH flo yTOJiniennfl Bcero 2-nojiH3;ipa. 

OflnaKO, ecjiH Slu{Mi) ^0, to ein;e ne Bce noTepano: mo>kho nonbiTaTbca HSMennTb 
Ml Tax, HTo6bi npenaTCTBviOTnaa paccTanoBKa Slo(Mi) CTajia nyjieBon. BbiaciiHM, xaKne 
6biBaiOT pa3JiHHaioni,He paccTanoBKH a; (Mi) ajih pasjinnnbix Mi. YTOJinienne rpa(J)a Q' 
e^HHCTBeHHO. SnaHHT, paccTanoBKa a;(Mi) na pe6pax U3 Q' ne saBHCHT ot Mi. Tpy6- 
KH, cooTBeTCTByTOTUHe pe6paM ewe Q' MorvT Gbitb npHKjreeiibi k A^o AcyMa cnocoGaMH: 
npHRjieHBaionine OTo6pa}KeHHfl MoryT xax onpe^ejiHTb opHcnTan,Hio na Tpy6Ke, Tax n ne 
onpe^ejiflTb. TaKHM o6pa30M, mm moxsm Tax noflo6paTb yTOJinienne Mi OKpecTHOCTH 
1-ocTOBa Bbi6paHH0H TpnaHryjumnn, hto paccTanoBKa a;(Mi) na peSpax Bne Q' Sy^eT 
jiio6oii nanepe^i aa^iannon. 

HcHO, HTO HSMeHenne yTOJinienna Mi na o^hom pe6pe e h3 T^^\ ne jie>Kani,eM b Q, ^aeT 
HBMeneHHe paccTanoBKn 6lo{Mi) na (flByx hjih oflHofl) rpanax BbiSpaHHofl TpnaiiryjrjmHn, 
npHMbiKaiomnx k e. Hhmmh cjiOBaMH, k Slo{Mi) npH6aBjiHeTC}j paccTanoBKa 6e {KozpaHuv,a 
pe6pa e), KOTopaa no onpeflejiennro paBna e^HHHn,e na rpanax, npHMbiKaroninx k e, n nyjiio 
na ocTajibHbix rpanax. 

HasoBeM zpynnou deyMepnux kozomojiozuu noAuadpa Q no ModyAW nodnoAuadpa Q' 
rpynny H^{Q,Q') paccTaiiOBOK nyjiefl h e.TOinni na rpaiiax TpnaiiryjianHH T c tohiio- 
CTbK) ^o cyMM Korpannn, pe6ep. (Mojkho ^oxasaTb, hto STa rpynna ne 3aHCHT ot Bbi6opa 
TpnanryjiHiinn T.) HaaoBeM npennmcmeueM Mameeeea 

Sm{Q) := [6u;{Mi)]gH\Q,Q'). 

Hs flByx npeflbiflymnx a63aLi;eB BbiTexaeT cjieflyioin;ee. 

(1) EcjiH 5m{Q) ^ 0, TO yTO^inicnnfl 2-nojiH3flpa Q ne cyni,ecTByeT. 

(2) EcjiH >Ke 5m{Q) = 0, to cyni,ecTByeT TaKoe yTOJinienne Mi, hto 5uj{Mi) = 0. 9to 
yTOJinienne Mi mo>kho npoflOJixHTb ^o yTOJini,eHHH 2-nojiH3flpa Q. □ 

8. (Pemenne 3toh 3aflaHH aBTopy nenaBecTHO.) 06o3HaHHM nepes Rq{Q') peryjiap- 
nyio OKpecTHOCTb rpacjsa Q' b jiojkhoh noBepxnocTn Q. BosbMeM KOMnonenTy CBfl3H0CTH 
X npocTpancTBa Q — Rq{Q'). Onpe^ejinTe 'oTo6pajKeHHe npHRjieiiKn' gx '■ dX ^ Q' n 
'nnflyiinpoBaHHoe T-paccjioenne' na^ dX. HasoBeM rpannHHyio OKpyxnocTb b dX onac- 
Hott, ecjiH HH^yn,HpoBaHHoe T-paccjioenne na^ neii 3a^aeTCfl aBToroMeoMop(J)H3MOM Tpn- 
Ofla, nepecTaBJiHK)ni,HM ^Ba ero pe6pa. Bepno jin, hto jioxnaa noBepxnocTb Q yTOJini,aeMa 
Tor^a H TOJibKO Torfla, Kor^a Kamjiovi KOMnoiieiiTbi X hhcjto onaciibix OKpyjKnocTeH 
B dX neTHO? yKaaanne-npe^ocTepeiKeHHe: ns npHBe^jennoro ycjiOBna BbiTexaeT, hto na 
onacHoii KOMnonenTe npHKJieHBaioni,ee OTo6pa>KeHHe ne nponycKaeTca nepea ^ByKpaTnyro 
HJIH TpexKpaTHyio naMOTKy. 

KjiaccHtJjHKBDiHa S-yTOJimeHHH jioxcHBix noBepxHOCTeii. 

^jiH rpa(J)a G paccMOTpnM o6T>eflHHeHHe TpexMepnbix mapoB, hhcjio KOTopbix paBHO 

V . Ha Ka>K,T;oM TaxoM mape BBe7i;eM opHenTanHTO (hjth, hto to >Ke caMoe, bjiojkhm sth ma- 
pbi B npocTpancTBO c (|)HKCHpoBaHHOH opneHTaiinen) . Tor^a rpannHiibie ccjsepbi ^hckob 
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TOJKe 6yflyT opneHTHpoBaHbi. Ha KajK^oii TaKoii rpaHH^Hoii ccjsepe OTMeTHM nenepece- 
KaiomHecfl flsyMepHbie ahckh, OTBeHaiomHe BbixoflaiiiHM h3 cooTBeTCTByiomeH BepniHHbi 
pe6paM. /Jjia KajK^oro pe6pa rpa^a G coe^HHHM (ne o6fl3aTejibHO b TpexMepnoM npo- 
CTpaHCTBe) cooTBeTCTByromne eMy ^Ba ^HCKa Tpy6K0H. 9Ta Tpy6Ka HasbiBaeTca nepcKpy- 
HCHHOU, ecjiH opneHTaiiHH na ^Byx ee npoTHBonojioJKHbix ocHOBanHflx, jiejKamnx b mapax, 
coBna^aiOT. Tpy6Ka nasbiBaeTca uenepeKpyneHHOu, ecim sth opneHTaiiHH npoTHBonojioJK- 
Hbi. IlycTb M — o6T3e^HHeHHe nocTpoeHHbix mapoB h Tpy6oK. Ilapa {M,G), cocTOflmaa 
H3 M H rpa4)a G, ecTecTBenno BjiojKenHoro b M, naabiBaeTCH mpexMepnuM ymojiineHueM 
(S-yTOJimeHHeM) rpacj^a G. 

JIfia 3-yT0Jiiri,eHHfl rpa(|)a G aKeueaAemnHU, ecjiH mojkho HSMeHHTb opneHTaiiHH na 
Hx flHCKax Tax, HTo6bi Tpy6KH B flByx yTOJimeHHHx, cooTBeTCTByiomHe OflHOMy h TOMy >Ke 
pe6py rpa^Ja G, 6biJiH 6bi o^HOBpeMeHHO nepeKpy^enbi hjih hbt. 

TeopeMa KJiaccHcJjHKauiHH S-yTOJimeHHH rpatjia. MHOCHcecmeo S-ymoAineHuu 
zpa(^ G c moHHOcmbw do 9KeueajieHmHocmu Haxodumcn eo eaauMHO oduosHaHHOM co- 
omeemcmeuu c H^{G) = Z^""^^*^ (cm. onpeflejienne b nynxTe 'opneHTHpyeMOCTb yTOJi- 
meHHii'). 

9. ^OKajKHTe TeopeMy. yKasaHne: onpe^ejiHTe nepBbifi KJiacc IIlTHcjjejiH-yHTHH 3- 
yTOJimeHHa. 

S-yTOJimeHHa (M, P) 2-nojiH3flpa P onpe^ejiaiOTCfl anajiornHHO 3-yT0Jiiri;eHHflM rpa- 
4)a, TOJibKO M HBJifleTCfl o6T3e^HHeHHeM mapoB (oTBeHaromnx BepniHHaM neKOTopoii 
cxeMbi 2-nojiH3flpa P), Tpy6oK x / (oTBeHaromnx pe6paM Toii jKe cxeMbi 2-nojiH3flpa 
P) H npo6oK X (oTBGHaioinHx rpanaM Toii jkg cxeMbi 2-nojiH9flpa P). Kor^a nojiHSflp 

P (|)HKCHpOBaH, Mbl flJIH KpaTKOCTH 6y^eM nHCaTb M BMeCTO {M,P). 

{9to onpe^ejieHHe paBHOCHjibHO o6bmHOMy: napa (M, P) HasbiBaeTca n-ymojiineHueM 
nojiHSflpa P, ecjiH n-MHoroo6pa3He M aBjiHCTCfl pezyjiapnou OKpecmHocmbw |iRS72j no- 
jiHS^pa P C Int M. IIoHHTHe yTOJimeHHH anajiorH^HO h TecHO CBH3aHO c noHATHeM pac- 
cjioeHHH [LS69| . [RS681 §4].) 

flfia yTOJimeHHH (Mi , P) h (M2 , P) o^Horo h Toro jKe nojiHS^pa P nasbiBaiOTca 9Keu- 
eajieHirmuMU, ecjiH cymecTByeT KycoT^HO-jiHHeiiHbiH roMeoMopcJjHSM h : Mi M2, tojk- 
flecTBeHHbiii na P. 06o3Ha^^HM ^epe3 T^{P) MHOJKecTBO Bcex 3-yT0Jiiii;eHiiii nojinaflpa P c 
TOHHOCTbK) fl,o SKBHBajieHTHOCTH. 06o3HaT^HM Hepes ST^ (P) MHOJKecTBO Bcex opHeHTHpy- 

eMblX 3-yT0Jini,eHHii nOJIHS^pa P C TOHHOCTblO SKBHBajieHTHOCTH. PaBeHCTBO MHOJKeCTB 

6yfleT o6o3Ha^aTb najiH^ne 1-1 (B3aHMHO-OflH03Ha^Horo) cooTBeTCTBHii MCiK^y hhmh. 

10. (a) KjiacciKjjHiiHpyHTe 3-yT0Jiiri;eHH}i 11 opiieHTiipyeMbie 3-yT0Jiiri;eHiifl rpa(|)a. 

(b) To }Ke caMoe ^jih n-yTOJini,eHHH. 

(c) KjiaccHcjjHxiHpyiiTe 3-yTOjiiri;eHH5i flaHHoro 2-MHoroo6pa3Hfl. 

(d) npoflOJiJKeHHH /-paccjioeHHH fj, c rpaHHUbi dN 2-MHoroo6pa3HH N Haxo^jiTCfl b 

1-1-COOTBeTCTBHH C TaKHMH SJieMCHTaMH U G H^{N), HTO Z/|ajv — Wli^J■)■ 

(e) * ^OKajKHTe cjie^yiomyio TeopeMy. Onpe;i,ejieHHe rpynn H^{Q), H^{Q, Q') h oto6- 
pajKeHHH cyjKeHHH r : H^{Q) H^{Q') ecTecTBeHHO noHBjifliOTCH npn HCCJieflOBaHHH 3- 
yTOJimaeMOCTH. Heo6xoflHMbie H^en ^aHbi 3flecb, cm. TaKJKe [HMS93( I, Theorem 3.1.b]. 

TeopeMa KJiaccHtJjHKai^HH yTOJimeHHH. |BRS99j 

(a) JIooKHaji noeepxHocmb UMeem ne 6ojiee odnoeo opueHmupyeMozo 3-ymojiineHUJi. 

(b) /l^AM 3-ymojimfl,eMOU aookhou noeepxHocmu Q UMeemcM 6ueKV,UM wi |q : T^{Q) r^^{m{Q)), 
ede r : H^{Q) H^{Q') — omo6paaiceHue cyotceHux. Ecjiu Q' ceMsno, mo T^{Q) = H^{Q, Q'). 

IlyHKT (a) o6o6iri;aeT 3HaMeHHTyio TeopeMy Kacjiepa o e^HHCTBeHHOCTH [HMS93j . 

JleMMa. Kaotcdozo S-ymoAmenuM M aookhou noeepxHocmu Q umccm 

m{Q)^wi{M)\Q.. 
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/l^oKaaamejibcmeo. BosbMeM paccTanoBKH fi a uj nyjieii h e/iHHHu, na pe6pax rpacjja Q', 
npeflCTaBjiaiomHe Kjiaccbi m{Q) h wi(M)|q/. IlycTb npocTaa saMKHyTaa KpHBaa b Q' co- 

n n 

CTOHT H3 pe6ep c?i, . . . , (i„. Tor^a ^ /^(rf^) = ^ uj{di)^ nocKOJibKy o6a BbipajKeHHa paBHbi 

eflHHHLi,e B TOHHOCTH TOF^a, KOFfla npoxojK^eHHe BflOJib Bbi6paHHoii KpHBOH o6pairi,aeT opH- 
eHTaiiHio Ha M . BBH^y npoHSBOJibHOCTH Bbi6opa KpHBoii nojiyHaen m{Q) = wi (M) |q/ . □ 

S-yTOJimeHHH npOH3BOJIBHBIX 2-nOJIH3flpOB. 

XIpHBe^eM pesyjibTaTbi o cymecTBOBaHHH h KJiaccHcjjHKaiiHH 3-yT0Jiiri,eHHii npoHSBOJib- 
Hbix 2-nojiH3^poB. ^OKaaaTejibCTBa ocTaBJiaeM ^HTaTejiro b Ka^ecTBe sa^a^. 

TeopeMa 06 ajiropHTMHHecKoii pacnosnaBaeMOCTH yTOJimacMOCTH. Cyme- 
cmeymm UAZopumMU npoeepnu ymoAiu,aeMocmu u opuenmupyeMou ymoMnaeMocmu npo- 
uaeojihHux kohchhux 2-nojiu9dpoe ((|)OJibKJiop, cm. ^ok-bo b [Sk94j). 

^jia HeKOTopbix ^acTHbix cjiy^aeB cymecTByiOT npocTbie xpHTepHH 3- 
yTOJimaeMOCTH [OS 74) . ^Jia o6iri,ero cjiy^aa ne cymecTByeT 6ojiee npocToro KpHTepna 
yTOJimaeMOCTH, hsm cjie^yromHii. 

06ii];aa TeopeMa yTOJimaeMocTH. 2-noAU9dp P S-ymojivnaeM (opueumupyeMO 3- 
ymoMnaeM.) mozda u moMKO mozda, Kozda cymecmeyem muKoe nodHuueuHoe ejiootcenue 
e e E{P), Hmo (5m(e) = (m{e) = 0) |BRS99j . cp. [SEl], \OS74\ Theorem 3.2], [LaOO] . 

^a^HM Heo6xoflHMbie onpe^ejieHHa. 

HacmoMinuu 1-ocmoe P' nojiHS^pa P — rpacj) (TOi^Hee, l-nojiHS^p) b P, cocToamnii 
H3 TO^GK, He HMeiomHx OKpecTHOCTH, roMeoMop4)Hoii saMKnyTOMy 2-flHCKy. Hacmosiui,uu 
0-ocmoe P" nojiHS^pa P — Kone^Hoe MHOJKecTBO TO^ex b P, ne HMeromnx OKpecTHO- 

CTH, rOMeOMOp4)HOii KHHJKKe C HeKOTOpbIM ^HCJIOM CTpaHHU,. SaMeTHM, HTO P" SBJiaeTCa 

HacTOfliiiHM 0-ocTOBOM rpa4)a P' {i.e. Kone^HbiM MHOJKecTBOM TOHex b P' , ne HMeiomHx 
OKpecTHOCTH, roMeoMopcjjHOH 0Tpe3Ky). ^Jia KajK^oii KOMnoneHTbi rpa4)a P' , ne co^ep- 
jKameii TOHex h3 P" (i.e. HBJiaiomeiica OKpyjKHOCTbro hjih OTpesKOM), BOSbMeM npoHS- 
BOJibHyio TO^Ky Ha neii. 06o3HaHHM ^epe3 P" oGte^HHeHne P" c sthmh TO^KaMH. 

IlpeflnojioJKHM, HTO U^gp//lkA bjiojkhmo b S^. PaccMOTpHM Ha6op BjiojKeHHii 
{gA : Ik A ^ S'^l^gp//. Bo3bMeM 'neBHca^ee pe6po' d C P' (i.e. 3aMbiKaHHe KOMnoneHTbi 
CBa3HOCTH MHOJKecTBa P' — P" , aBJiflioiri,eiicfl otkpmtoh b P'). 06o3HaHHM ^epes 
A, B ^ P" ero kohiim (bo3mojkho, A = B). Pe6po d nepecexaeT lkv4 U Ik _B b ^Byx TOHKax 
(pa3JiH^Hbix flajKe npn A = B). Majibie OKpecTHOCTH sthx tohbk b Ik A h b Ik aBjiaiOTca 
n-o^aMH, KOTopbie mojkho OTOJK^ecTBHTb APyr c ^pyroM 'b^ojib pe6pa d\ Ecjih fljisi 
KajKfloro TaKoro d OTo6pajKeHHfl gA h gs flaiOT o^HnaKOBbie hjih HpoTHBonojioJKHbie 
iIHKjiHHecKHe HopflflKH jiyHeH n-o^a, to Ha6op {gA} Ha3biBaeTCfl noduuHeHHUM. (9to 
OHpe^ejieHHe OTJinnaeTca ot CTaH^apTHoro — to, ^to o6biHHO Ha3biBaiOT nodnuHeHHUM, 
Mbi Ha3biBaeM opuewmupoeaHHO nodnuHeHHUM.) 

Ha6opbi BjiojKeHHH {JatQa : IkA^ S'^^a^P" Ha3biBaiOTca usonosui^uoHHUMU, ecjia 
cymecTByeT TaKoe ceMeiicTBO roMeoMop(i)H3MOB {Ha ■ S^}AeP"j ^to hA o /a — gA 

^Jlfl JIK)6oH A G P" . 

5ICH0, ^TO H30n03HLI,HOHHbie Ha6opbI O^HOBpeMeHHO HBJiaHDTCfl nO^HHHeHHblMH HJIH 
HeT. 0603HaTIHM Hepe3 E{P) MHOJKeCTBO HOfl^HHeHHblX Ha6opOB C TOHHOCTbK) fl,0 H30H0- 

3hli;hh. 

MHOJKecTBO BjiojKeHHH flaHHoro rpa(i)a b hjiockoctb c to^hoctbio flo h30H03hd;hh 6bi- 
jio OHHcano Yhthh ^jia flBycBa3Hbix rpacjjOB, h cymecTByeT npocToe o6o6iLi,eHHe SToro 
OHHcanna na cjiy^aii npoH3BOJibHbix rpacjjOB {djiOJibKJiop, [Sk05| l. 

UpenMmcmeue Mameeeea m : E{P) H^{P') CTpoHTca cj[eflyioiLi,HM o6pa30M. ^Jia 
flaHHoro e £ E{P) paccMOTpHM ero npeflCTaBHTejib {gA ■ IkA S^}a£P"- Ji^^i KajK^o- 
ro 'neBHcaHero pe6pa' d nojinaflpa P B03bMeM iiHKjiH^ecKHe nopa^KH (oflHHaKOBbie hjih 
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npoTHBonojiojKHbie) H3 onpe^ejieHHfl nofl^HHeHHOCTH. IIocTaBHM hjih 1 Ha d, ecjiH spa- 
meHHa npoTHBonojioJKHbie hjih o^HHaKOBbie, cooTBeTCTBeHHO. Tor^a m[e) G H^{P') — 
KoroMOJiorHHecKHH Kjiacc SToii paccTanoBKH /z. 

Kjiacc m(e) KoppeKTHO onpe^ejieH. ^eiiTCBHTejibHO, nycTb ^Ba Ha6opa BJiojKeHHii h30- 
HOSHiiHOHHbi HocpeflCTBOM ceMeHCTBa roMeoMop4)H3MOB {Ha '■ S'^ — > S'^j^ep"- Tor^a pac- 
CTanoBKH n OTjiH^aiOTca na KorpanHiiy paccTanoBKH >f, paBHoii 1 hjih na Bepmnne A, 
ecjiH Ha o6paiH,aeT hjih coxpaHaeT opneHTaiiHio c(J)epbi S'^, cooTBeTCTBenHO. 

/loKasaTejibCTBO o6me& TeopeMbi yTOJiniaeMOCTH coflepjKHTca b |Sk94) , |BRS99) h ana- 
jiorHHHO HpHBe^eHHOMy floxasaTejibCTBy TeopeMbi yTOJimaeMOCTH. 

11. TeopeMa KjiaccncjsHKaiiHH yTOJimenHii Bepna fljia jiio6oro TaKoro 2-nojiH3flpa P, 
HTO fljifl KajK^OH A G P" rpacj) YkA 3-CBH3eH |BRS99) . FpacJ) nasbiBaeTCH S-cexsHUM, 
ecjiH HHKaKHe ^bb ero to^kh ne pa36HBaiOT ero na ^Ba rpacjja c 6ojiee, hbm o^hhm pe6- 
poM B KajKflOM [PrQ4) . HanpHMep, rpacj) BbmyKjioro MHororpanHHKa b ABjiaeTCH 3- 
CBflSHbiM |Pr04| . 

06ii];aH TeopeMa KJiaccHcJjHKaD,HH yTOJimeHHH. |BRS99j Maji 
S-ymoAiufieMOZo 2-noAU9dpa P 

T^{P) = {{e,uj)eE{P) X H^{P) \m{e)^uj\p>} = m"i(imr) x kerr. 

S^ecb Hepe3 r : H^{P) H^{P') o6o3HaHeHO OTo6pa}KeHHe cyjKenHa. YKa- 
3aHHoe B TeopeMe B3aHMHO 0flH03HaHH0e cooTBeTCTBne 3aflaeTCH OTo6pa>KeHHeM 
exwi\p:T^{P)->E{P) x H^{P). 

JXjir 3-yT0JiiLi;eHHH M 2-HOJiH9flpa P onpeflejiHM 

e(M) := [{\kpA ^ Ik^A - S^}AeP"] e E{P). 

Tax KaK OKpecTHOCTb KajKfloro pe6pa rpa(J)a P' BJiojKena b M, to yKa3aHHbiH Ha6op bjio- 
jKeHHH fleiicTBHTejibHO flBjiJieTca HOfl^HHennbiM. 9KBHBajieHTHoe yTOJimenne ^aeT hbooo- 
3Hii,H0HHbie Ha6opbi BJiojKeHHH, oosTOMy e(M) KoppeKTHO OHpe^ejieno. 

PaBencTBO m(e(M)) — 'Wi{M)\pi ^0Ka3biBaeTCfl anajiorn^HO JleMMe, tojibko BMecTO 
m{Q) Ha^o paccMOTpeTb m(e(M)). 

SaMBTHM, HTO cymecTByeT mhofo o6n],ero MajK^y KJiaccH4)HKaii,HeH 3-yTOJimeHHH 2- 
HOJiHS^pa H KJiaccH4)HKaiiHeH rpa(|)-MHoroo6pa3HH |Wa67j h HHTerpnpyeMbix raMHJibTO- 
HOBbix CHCTeM p3FM9Qj . 

npo6jieMbi cymecTBOBaHHfl, e^HHCTBeHHOCTH H KJiaccH(|)HKaii;HH n-yTOJimeHHH 3aflaH- 
Horo HOJiHSflpa H3yHajiHCb TaxiKe b |LS69j . |RS68j . |Wa67j . |Wr77| . |GT87t TeopeMbi 3.2.3 
H 3.2.2]. 
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rJlABA 3. BEKTOPHblE HOJlil H HX CHCTEMbl. 



'You mean...' he would say, and then he would rephrase 
what I had said in some completely simple and concrete 
way, which sometimes illuminated it enormously, 
and sometimes made nonsense of it completely. 

I. Murdoch, Under the Net. E 

BEKTOPHblE nOJIil 
Onpe^ejieHHa, npHMepBi h ocHOBHBie pesyjiBTaTBi. 

Hccjie^OBaHHe seKTopHbix nojieii 6biJio naHaTO Anpn IlyaHKape b Kai^ecTBeHHOH Teo- 
pHH flHcjjcjjepeHiiHajibHbix ypaBHeHHii, BOBHHKineii npn nsy^envm He6ecHoii MexaHHKH. C 
Tex nop BeKTopHbie nojia hbjihiotch o^hhm h3 BajKHeiiinHx oG-bexTOB TonojiornH h ee npn- 

JIOJKeHHH. nOflpo6Hbie MOTHBHpOBKH CM. B 'nOXBajIbHOM CJIOBB BeKTOpHbIM nOJIilM' |An03j . 

npo6jieMa cymecTBOBaHHH BexTopHbix nojieii h hx cncTeM onpe^ejifleT jihijo TeopnH 
npenHTCTBHii. 

HanoMHUM nonamue nacamejibHozo ecKmopnozo nojia. PaccMOTpHM CTanflapT- 
Hyio c4)epy b TpexMepnoM npocTpancTBe, T.e. no^MHOJKecTBO to^gk {x,y,z), 
jifUR KOTopbix + j/^ + = 1 (hjih, hto TO }Ke caMoe, TO^eK (x,y,z) BH^a 
(cos(/3CosV',siniy9COS'(/',sin'0)). B jiio6oh ee TO^xe mojkho npoBecTH k nen xaca- 
TejibHyio njiocKOCTb. KacamejihHUM eenmopuuM nojicM na (cTaHflapTHoii) c(i)epe 
HasbiBaeTCfl ceMeiicTBO KacaTejibHbix k neii BexTopoB v{x) b ee TOHxax x, nenpepbiBHO 

SaBHCfllUHX OT TO^KH X. 

/locjiOBHO anajiorH^HO BBOflHTca noHHTHe KacaTejibHoro BeKTopnoro nojia na CTan- 
^apTHOM Tope B TpexMepHOM npocTpancTBe, T.e. na (janrype, o6pa30BaHHOH BpamenneM 
OKpyjKHOCTH (x — 2)^ + j/^ = 1 BOKpyr ocH Oy. 

PaccMOTpHM c4)epy c py^xaMH, BJiojKeHHyio b TpexMepnoe npocTpancTBO ZAadKO, T.e. 
Tax, HTO B KajK^oii TO^Ke MOJKHO npoBecTH KacaTejibHyro flByMepnyro njiocKOCTb (no- 
BepxHOCTb MHororpaHHHKa ne ABjiaeTca rjiaflKofi). B stom naparpacjje no^ (^ByMepHbiM) 
MHoroo6pa3HeM mojkho noHHMaTb o6pa3 Taxoro BJiojKeHHH, T.e. KOHxpeTHoe no^MHOsce- 
CTBO TpexMepHoro npocTpancTBa. KacamcAbHUM ecKmopnuM noACM na rjia^KO BJiojKen- 
Hoii c4)epe c py^xaMH nasbiBaeTca ceMeiicTBG KacaTejibHbix k neii BexTopoB v(x) b ee 
TOHKax X, nenpepbiBHO 3aBHcam,nx ot tohkh x. 

IIpnMepbi KacaTejibnbix BeKTopnbix nojieii na Tope (napajijiejibnbix Mepn^nany h na- 
pajijiejin) n3o6pa}KeHbi na pnc. 1431 




Phc. 43: KacaTejibHbie BeKTopnbie nojia na Tope 



KacaTejibHbie BeKTopnbie nojia na 2-Mnoroo6pa3nax MOJKno onpe^ejinTb n ^epe3 hx 
BjiojKenHfl B eBKjiHflOBO npocTpancTBO paaMepnocTH Bbime Tpex. (Ecjin c4)epa c py^xaMH 

^ 'Bu xomume CKaaamb... ' — HanunaA oh u nepecnaaueaA mou CAoea KOHKpemno u 
npocmo, nocjie hczo mou MUCAb au6o onaaueaAacb mhozo noHsimnee u 8Ay6cHce, au6o 
o6opaHueaAacb noAueuuieu nenyxou. A. MepdoK, ITod cembw, nep. M. Jlopue. 
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A'^ HJiH npoH3BOJibHoe 2-MHoroo6pa3He sa^anbi a6cTpaKTHO, a ne xax rjia^Koe no^MHO- 
jKecTBO eBKjiHflOBa npocTpancTBa, to BMecTO ceMeiicTBa KacaTejiBHbix BexTopoB mojkho 
6paTb ceMeiicTBO TO^ex y{x), x G N, naxo^flinHxcH na 'najiOM' paccToaHHH ot to^kh a;.) 

KacaTejibHoe BeKTopnoe nojie nasbiBaeTca nenyjieeuM, ecim Bce ero BeKTopbi Henyjie- 
Bbie (hjih, hto to jkg canoe, y{x) ^ x ^jih jiio6oro x G N). 

1. (a) XIpH^yMaiiTe npHMep HenyjieBoro KacaTejibHoro BeKTopnoro nojiH na . 

(b) To JKe Ha jiio6om cbhshom 2-MHoroo6pa3HH (ne o6H3aTejibHO opneHTHpyeMOM) c 
HenycTbiM KpaeM. 

(c) KacaTejibHoe BeKTopnoe nojie nasbiBaeTca eduHunuuM, ecjiH Bce ero BeKTopbi eflH- 
HH^Hbie. EcjiH Ha 2-MHoroo6pa3HH cymecTByeT nenyjieBoe KacaTejibHoe BeKTopnoe nojie, 
TO cymecTByeT h e^HHHHHoe. 

TeopeMa SiiJiepa-IIyaHKape. Cpedu c(^ep c pynnaMU moMKO mop donycKuem 
Heuyjieeoe KacameAbHoe eeKmopnoe noAe. 

3Ta TeopeMa ^OKasana b cjie^yiomeM nyHKTe. Tan, cjie^yH H^eflM TeopHH npenaT- 
CTBHii, Mbi nocTpoHM npensjTCTBHe k cymecTBOBaHHio e^HHHHHoro KacaTejibHoro BexTop- 
Horo nojia na flannoM 2-MHoroo6pa3HH. 

Mbi npHBOflHM ffBa SKBHBajieHTHbix HesaBHCHMbix onpeflejieHHa npenaTCTBHH. IlepBoe 
6ojiee npocToe, ho HcnojibsyeT o6iri;ee nojio^Kenne {le, kto ne Bjia^eiOT TexHHKoii o6iri;e- 
ro nojiojKeHHa, MoryT CTHTaTb sto onpe^ejieHHe necjsopMajibHbiM onncaHHeM). BTopoe 
sjieMeHTapHO, ho 6ojiee rpoMOS^KO (nocKOJibxy (J)aKTHHecKH noBTopaeT TexHH^ecKHe flo- 
KasaTejibCTBa cbohctb o6iri;ero nojioJKeHHa) . 

2. UoAeM HanpaeAeHuu na 2-MHoroo6pa3HH, BJiojKeHHOM b TpexMepnoe npocTpancTBO, 
HasbiBaeTCH ceMeiicTBO KacaTejibHbix k neny npsMbix l{x) b TOHxax x, nenpepbiBHO saBH- 
CfliiiHx OT TOHKH X. IlojiH HanpaBjieHHH TecHO CBflsaHbi c jiopenv^eeuMU MempuKUMU na 

MHOrOo6pa3HHX, B03HHKaiOiri,HMH B (J)H3HKe |Ko01) . 

(a) EcjiH Ha MHoroo6pa3HH cymecTByeT nenyjieBoe xacaTejibHoe BeKTopnoe nojie, to 
cymecTByeT h nojie nanpaBJieHHii. 

(b) * 06paTHoe tojkc Bepno. 

Bojibinaa HacTb SToro naparpa(|)a HHTepecna flajKe fljia 2-MHoroo6pa3HH. Ho npHBO- 
flHTCfl TaKJKe pesyjibTaTbi ^jia BbicniHx pasMepnocTeii. BeKTopHbie nojia h nojia nanpaB- 
JieHHii na MHoroo6pa3HHx paaMepnocTH 3 h 6ojiee onpeflejiaiOTca anajiorHnHO cjiy^aio 2- 
MHoroo6pa3HH ^epe3 Bjio^Kenne MHoroo6pa3HH b MHoroMepnoe eBKjiHflOBO npocTpancTBO 
(hjih ^epes 6jiH3KHe tohkh na caMOM MHoroo6pa3Hii) . Te, kto ne snaKOMbi c MHoroo6pa3H- 
aMH pa3MepH0CTH 6ojibme 3, MoryT CHHTaTb, hto Bce paccMaTpHBaeMbie b stom naparpacjje 
MHoroo6pa3iiH ne 6ojiee hgm TpexMepHbi. 

3. Ha J11060M MHoroo6pa3HH c KpaeM cymecTByeT nenyjieBoe KacaTejibHoe BeKTopnoe 
nojie. 

TeopeMa Xon4)a. Ha aaMKuymoM MHOzoo6pa3uu N cyinecmeyem Henyjieeoe ku- 
cameMHoe eeKmopnoe noAe mosda u moAbKO mozda, Kosda aujiepoea xapaKmepucmma 
X{N) = 0. 

Cjie^cTBHe (^oKasaTejibCTBa) . Ha M060M HeuemnoMepHOM MHOzoo6pa3uu cyme- 
cmeyem nenyjieeoe nacamejibuoe eenmopnoe nojie. 

CjieflCTBHB. Ha c(pepe S" cymecmeyem Henyjieeoe KacamejihHoe eenmopnoe noAe 
mozda u moMKO mozda, Kozda n nemno. 

9HjiepoBa xapaKTepncTHKa x(-/V) MHoroo6pa3Ha N paBHa snaKonepeMeHHoii cyMMe 
KOJiH^iecTB fc-MepHbix rpaHeii b pa36iieHHH SToro MHoroo6pa3Ha na MHororpaHHHKH. Mojk- 
HO npoBepHTb, HTO x{^) He 3aBHCHT OT Bbi6opa TpnanryjiaiiHH ^aHHoro MHoroo6pa3Hfl 
A'^. CymecTByiOT npocTbie cnoco6bi Bbi^HCJiaTb siijiepoBy xapaKTepncTHKy. 
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^OKasaTejibCTBO TeopeMM Xon(J)a HaMeneHO b KOHLi,e cjie;i,yiOLLi,ero nyHKTa b BH^e sa- 

B nocjie^HeM nyHKTe SToro naparpa(J)a b BH^e aa^an npe^jiaraeTca npo^ejiaTb ana- 
jiorHHHbie nocTpoeHHa fljia HopMttAbHux BeKTopHbix nojieii. 

HecJ)opMajTbiio, SAadnuM ejiootcemieM f : N W" MiiorooGpasHa N iiasbmaeTca h3o6- 
pajKenne MHoroo6pa3HH N b M™ 6e3 caMonepece^eHHii, fljisi KOToporo b jiK)6oii tohkb cy- 
mecTByeT KacaTejibHaa njiocKOCTb. Cm. (J)opMajibHoe onpeflejienne b nyHKTe 'HopMajibHbie 
KjraccM Yhthh'. HopjuajibHUM eeKmopnuM nojieM na / HaabiBaeTca ceMeiicTBO nopMajib- 
iibix K f{N) BeKTopoB v{x) B TOHKax X e f{N), nenpepbiBHO aaBHcainHx ot tohkh x G N. 

SaMBTHM, HTO HajIHHHe HeHyjieBOFO HOpMajIbHOrO nOJIH, B006LLI,e rOBOpa, SaBHCHT OT 

/ (a He TOJibKO OT A'^), cm. nocjieflnnii nynxT. 

4. (a) EcjiH m = n + 1 m N opHeHTHpyeMO, to cymecTBysT nenyjieBoe HopMajibHoe 
nojie (flOKaxHTe fljia n = 2) . 

(b) SaMKHyToe HeopneHTHpyeMoe n-MHoroo6pa3He ne ^onycKaeT rjia^Koro BJio>KeHHfl 
B M"+i. 

yKasaHHe. IlycTb ^onycKaeT. AHajiornHHO TeopeMe ^opflaHa flOKaabiBaeTca, hto oho 
flejiHT M""*"^ Ha nacTH. Tor^a ^jih / cymecTByeT HenyjieBoe nopMajibHoe nojie, HanpaBJien- 
Hoe BO BHeniHioio nacTb. HojiyHHTe h3 3Toro npoTHBopenHe c neopHeHTHpyeMOCTbio. 

(c) IlpHBeflHTe npHMep rjia^KHx BjioxenHii Topa h SyTbijiKH Kjiflftna b h nenyjie- 
Boro HopMajibHoro nojiH ria hhx. 

TeopeMa yHTHH. jik)6ozo sjiadnogo ejiootcenuM, f : N W^^"^ aaMKuymozo opu- 
enmupyeMOZo n-MHOgoo6pa3UJi N cymecmeyem 

(1) Henyjieeoe HopMcuibHoe eeKmopnoe noAe; 

(2) napa jiuneuHO-HeaaeucuMUX HopMCUibHux eenmopHux noAeu; 

(3) OKpecmuocmb U MHODtcecmea f {N) , dju, Komopou napa {U,f{N)) du^eoMop^na 
nape {N x x 0). 

TeopeMa oGmero nojioxceHHH. /I,jiJi jiw6ogo gjiadnoso eAOOKCHUM n-MHOzoo6pa3usi 
e M^"+^ cymecmeyem HCHyAeeoe HopMaAbHoe eeKmopnoe noAe. 

TeopeMa /^ojibfla- yHTHH. J1,a}i ak6ozo eAadnoeo eAootceHun f : N ^M.^ aaMKuy- 
mozo opuenmupyeMOZo 3-MHOzoo6pa3Uji N cymecmeyem 

(1) HenyAeeoe HopMOJibHoe eeKmopnoe noAe; 

(2) mpouKa auhcuho neaaeucuMux HopMUAbHux eenmopnux noAeu; 

(3) OKpecmuocmb U MHOotcecmea f {N) , dAM, Komopou napa {U,f{N)) du(p^eoMop(^Ha 
nape {N xR^,N xO). 

^OKa3aTejibCTBa sthx pe3yjibTaTOB HaMeneHbi b nocjie^HeM nyHKTe SToro naparpa(J)a. 
KacaTejiBHtie BeKTopntie HOJia: o6n];ee HOJioxceHHe. 

Onpedejienue nucjia x{^) c ucnoAbaoeanueM o6w,ezo noAOOKCHUsi. PaccMOTpnM Ka- 
caTCJibHoe BCKTopnoe nojie o6in;ero nojioxenna na MnorooSpasnn N. BBn^y o6ni;HOCTH 
nojiojKenHH MHOJKecTBO ToneK MHoroo6pa3H5i N, b KOTopbix BeKTop SToro nojia hv^icboh, 
aB.TiacTca KoncHiibiM HHC.noM tohck. Y sthx tohck MOJKno onpc^cjiHTb TiiiaK (onpc^c.iH- 
Te anajiornHHO flajibneiinieMy!). Kojin^ecTBO sthx tohbk c yneTOM snaKa n Ha3biBaeTCfl 
X{N). 

5. Jlio6bie flBa KacaTejibnbix bcktophmx nojia roMOTonnbi. 

Ha6pocoK doKaaamcAbcmea KoppeKmnocmu npedudyui,ezo onpedeACHUH. BoBbMeM ro- 
MOTOnnio o6ni,ero nojiojKennH Me>Kfly ^ByMfl KacaTejibHbiMH BeKTopnbiMH nojiHMn v vi v' 
o6ni,ero nojioxennH na MHoroo6pa3HH N . Ee mojkho npe^CTaBJiflTb ce6e KaK KacaTejibnoe 
BeKTopnoe nojre o6Tn;ero nojio^Kenna na N x I. BBH,T;y o6Tn;iiocTH nojioJKenna MHoacecTBO 
TOHBK MHoroo6pa3Hfl N x I,b KOTopbix BeKTop SToro nojia nyjieBoii, aBjiaeTca HecBH3HbiM 
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o6'i>eflHHeHHeM OTpesKOB H OKpyjKHOCTeii. Ecjih o^hh h3 3THX OTpe3KOB coe^HHHeT pa3Hue 
ocHOBaHHfl TVxOhA^xI, TO cooTBeTCTByiomHe tohkh o6HyjieHHfl hcxoahmx nojieii v h 
v' HMeiOT oflHHaKOBbiii 3HaK, a ecjin odunaKoeue, to paanbiH. XlosTOMy KOJiH^ecTBa tohgk 
o6HyjieHHH c y^eTOM SHaxa ^jih v m v' o^HnaKOBbi. 

Ha6pocoK doKaaameAbcmea meopeMU dujiepa-IIyaHKape. Ha phc.[441hjih pHC.l45lBHii- 
HO, ^TO x(^) = 2 — 2g{N). IIosTOMy npn g{N) ^ 1 na C(i)epe c g pyHxaMH ne cymecTByeT 
HenyjieBoro KacaTenbHoro BeKTopnoro nojia. A Taxoe nojie na Tope nocTpoeno na pnc. 1431 
(TaKoe nojie na Tope mojkho nojiy^HT TaKJKe h3 xacaTejibHoro BeKTopnoro nojia o6iri;ero 

nOJIOJKeHHH 'cOKpameHHeM' TOHeX pa3HbIX 3HaKOB.) □ 



Phc. 44: BeKTopHoe nojie CKopocTeii bo^m, CTeKaromeii no c4)epe c py^KaMH (c^ejiaTb 

BepXHHe H HHJKHHe BeKTOpbl nOHTH rOpH30HTajIbHbIMH! ! !) . 



Phc. 45: IIocTpoeHHe BeKTopnoro nojia no pa36neHHio na MHoroyrojibHHKH 



KacaTejiBHBie BeKTopHBie nojia: TpHaHryjiai^HH. 

Hanajio doKaaamejibcmea meopeMU dujiepa-IIyaHKape. Cjiobo 'nojie' 6yfleT 03HaHaTb 
'nenyjieBoe xacaTejibnoe BexTopnoe nojie'. Ho Teopene KJiaccncjjHKaiiHH 3aMKHyTbix opn- 
eHTnpyeMbix 2-Mnoroo6pa3nH, ^ocTaTO^no flOKa3aTb, ^to najin^ne nojia paBHOcnjibno 
ycjiOBHio g{N) — 1. BosbMeM neKOTopyio cxeMy U 2-Mnoroo6pa3nH N h paccMOTpnM ^Boii- 
CTBeHHyro k neii cxeny U* (cm. onpe^ejienne b oynKTe '4)opMa nepeceHennii' rjiaBbi 2). 
Bbi6epeM U nacTOJibKO MejiKoii, HTo6bi jiK)6aa rpanb cxeMbi U* B3anMH0 oflH03naT^no npo- 
eiinpoBajiacb 6bi na ^acTb njiocKOCTH, KacaromeiicH neKOTopoii tohkh SToii rpann. JijLR 
cjiyHaa c(i)epbi TV ^anHbie paccyjKfleHHfl njijiiocTpHpyiOTCfl pnc. HH 
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Phc. 46: HaHajio nocTpoeHHH BeKTopnoro nojiH na C(|)epe c py^KaMH 



0'^eBHflHO, HTO MOJKHO nocTpoHTb nojie na Uq. 5Icho, hto sto nojie e^HHCTBeHHO (c 
TC^HOCTbio HenpepbiBHoii ^ecjjopMaiiHH b KJiacce nojieii na Uq). IIosTOMy cymecTBOBa- 
HHe nojiH Ha N paBHOCHJibHO npo^ojiJKaeMOCTH nocTpoeHHoro nojia c Uq na TV. 

TeopeMa npoflOJixcacMOCTH. Ha UAOCKOcmu npodojiotceHue HenyAeeozo eeKmopnoeo 
nojiM c zpuHuiifii ducKQ HQ ducK eo3MOOKHO uiosda u moAbKO mozda, Kozda hucjio o6opomoe 
eenmopa npu o6xode zpauuvfii ducna paeno nyjim. 

(3Ta TeopeMa paBHOCHJibna ochobhoh Teopene TonojiorHH, npHBe^eHHoii b rjiaBe 6 — 
flOKajKHTe!) 

Boo6iri;e, pojib tbophh npenaTCTBHii coctoht b ceedenuu Tonojiorn^ecKHx sa^a^ na 
npouseoAbHOM MHoroo6pa3HH k noxojKHM sa^a^aM jijir npocmeuiuux, ModeAbHux mho- 
roo6pa3Hii. BajKHO, ^to fljia npHMeneHHa TeopHH npenaTCTBHii mojkho BOcnojibsOBaTb- 
Cfl peayjibmamoM pemeHHH sthx npocTeiiniHx sa^a^, ne BHHKaa b ero ^OKasaTejibCTBO. 
yKaaaHHbie npocTeiiniHe sa^aHH MoryT pemaTbca xax cneiiHcjsH^ecKHMH MeTO^aMH, Tax 
H cpeflCTBaMH TeopHH npenaTCTBHH. B stoh rjiaBe mm hphbo^hm pemenHfl npocTefirnHx 
aaflan 6e3 ^OKasaTejibCTBa. 

UocmpoeHue npenxmcmeywineu paccmoHoeKU. BBH^y nejiKOCTH cxeMbi U ^ocTaTOHHO 
Majiaa OKpecTHOCTb KajK^oro pe6pa cxeMbi U* OflHOSHaHHO npoeiinpyeTca na KacaTejibnyio 
HJiocKOCTb (k HeKOTopoii TOHKe SToro pe6pa) . Xlpn noMoniH SToii npoeKiiHH OTOJK^ecTBHM 

3Ty OKpeCTHOCTb C ^aCTbK) HJIOCKGCTH. EcjIH Ha HJIOCKOCTH JiejKHT OTpeSOK, H B erO KOHLI,aX 

saflanbi nenyjieBbie BexTopa (jiejKamne b hjiockocth) , to sto nojie h3 flByx BeKTopoB mojk- 
HO HpoflOJiJKHTb ^o Hojifl HeHyjieBbix BeKTopoB Ha BceM OTpesKe. IIosTOMy HOCTpoennoe na 
Uq nojie MOJKHO npo^ojiJKHTb Ha J7j*. SaneTHM, ^to Taxoe npoflOJiJKeHHe neo^Hoana'^HO. 
06o3HaHHM nojiy^eHHoe na C/j* nojie nepes v. IlpHMep TaKoro nojia ^jia c(i)epbi npHBeflen 
na pHC. l46l 

nonpo6yeM Tenepb npoflOJiJKHTb nojie v c Ui na Bce N. <l>HKCHpyeM opneHTaiiHio 
2-MHoroo6pa3HH N. BBH^y MejiKOCTH cxeMbi U saMbiKaHne A jiio6oh rpann cxeMbi U* 
OflHOSHa^HO npoeiiHpyeTCfl na KacaTCJibHyio njiocKOCTb (k HeKOTopoH tohkc 3toh rpaHn). 
IIpH noMomH 3TOH npoeKLi,HH OTOJKflecTBHM A c flHCKOM, jie}Kairi,HM Ha njiocKOCTH (corjia- 

COBaHHO C OpHeHTailHHMH) . 

OpHeHTaiiHH flHCKa A nopojK^aeT nanpaBjieHHe na ero rpaHHHHOH OKpyjKHOCTH. IlpH 
o6xofle SToii OKpyjKHOCTH b^ojib SToro HanpaBJieHHH bbktop Hamero nojia noBepHeTca 
Ha HeKOTopoe ijejioe hhcjio o6opoTOB. IIocTaBHM nojiyHennoe hhcjio o6opoTOB b BepniHHy 
HCxoflHoii cxcMbi, jiejKamyio b flHCKC A. /^ji-h cjiy^aa c4)epbi (pnc. [iG]) b o6ohx BepniHHax 
6yAyT CTOHTb eflHHHLi,bi. HojiyHeHHaH paccTanoBKa ijejibix ^Hceji b BepniHHax nasbiBaeTCfl 
npennmcmeymmeu h o6o3HaHaeTCH e{v). Tor;i,a 

npodoAoiceHue noAJi cUl na N eosMoaicHO mozda u moAbKO mozda, Kozda e{v) ~ 0. 

OnpedeACHue paaAunawmeu paccmauoeKU. Ecjih ^ 0, to HOJie v ne npo^ojiJKa- 
CTca na N, ho eme ne Bce noTcpano: mojkho nonbiTaTbca Tax H3MeHHTb nojie v na U^, 
HTo6bi npenaTCTByiomaH paccTanoBKa CTajia paBHofi nyjiio. /Jjia SToro BbiacHHM, xax e{v) 
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SaBHCHT OT V. 

PasjiHHHe MejK^y nojisMH v n u U* , coBnaflaioinHM na C/g, mojkho HSMepaTb (h 
sa^asaTb) Tax. 'JHKCHpyeM opneHTaiiHK) KajK^oro pe6pa cxeMbi U. OpnenTHpyeM KajK^oe 
pe6po a* cxeMbi U* Tax, ^To6bi CTpejiKH na a h na a* (b stom nopa^Ke) o6pa30BajiH 
nojioJKHTejibHbiii 6a3HC na N . HanoMHHM, ^to Majiaa OKpecTHOCTb npoHSBOJibHoro pe6pa 
a* cxeMbi U* OTOJK^ecTBJiena c HacTbro njiocKOCTH (bMecTe c nojien na neii h corjiacoBanHO 
c opneHTaiiHflMH) . IlycTb TOHxa x flBHJKeTca no pe6py a* b^ojib HanpaBJienHa, a noTOM 
o6paTHO. IlpH flBHJKeHHH 'lyfla' 6yfleM OTKjia^biBaTb ot tohkh x bsktop u{x), a npn 
flBHJKeHHH 'o6paTHo' — BeKTop v{x). IlocTaBHM Ha opneHTHpoBaHHOM pe6pe a cxeMBi U 
^HCJio o6opoTOB BeKTopa npn stom ^BHJKenHH. (HanpHMep, ^jia nojia u na phc.[47|h nojia 
V, HanpaBjieHHoro BepTHKajibHO BBepx, na pe6pe ctoht —1). Ilojiy^eHHyio paccTanoBKy 
E;ejibix HHceji na opHenTHpoBaHHbix pe6pax cxeMbi HasoBCM paaAunamineu h o6o3HaHHM 
d{v, u). 




Phc. 47: IloflKpyHHBaHHe BCKTopHoro nojia na o^hh o6opi 



HaMCHeHue npenjimcmeymineu paccmaHOOKU u onpedeAenue zpauuvfii pe6pa. IIpH h3- 
MeHeHHH nojia na pe6pe a* 'na +1 o6opoT' k e{v) npnGaBjiaeTca paccTanoBKa +1 b na^ajie 
pe6pa a H — 1 B ero KOHiie (h na Bcex ocTajibHbix BepniHHax). 3Ta paccTanoBKa nasbi- 
BaeTCH zpaHuv,eu pe6pa a h o6o3HaHaeTca da. Ecjih 

d{v, v') = nifli + . . . + UsUs, TO e{v) — e(w') = nidai + . . . + nsdag. 

Saeepmenue doKaaameAbcmea. Hs nocjie^Heii 4)opMyjibi BbiTexaeT, hto cyMMU ^hccji 
npenflTCTByiomeH paccTanoBKH ne saBHCHT ot v. A h3 phc. I44I hjih pnc. I45I bhjiho. hto STa 
cyMMa paBHa x(^) = 2 — 2g{N). IIosTOMy npn g{N) ^ 1 na ccjjepe c g pyHxaMH N nojia 
He cymecTBycT. A nojie na Tope nocTpoeHO na pnc. HH □ 

IlpiiBefleM flpyroe saBepmeHne ^OKasaTCJibCTBa. Oho fljinnnee npeflbiflymero, ho aBjia- 
BTCfl HJiJHOCTpaiiHeH o6iri,ero no^xo^a TeopHH npensTCTBHii. B nacTHOCTH, oho HHTepecHO 
TBM, ^TO flaeT aBHbiii o6iri,Hii cnoco6 nocmpoeHUM nojia ^jia cjiy^aa, Kor^a npenaTCTBHe 
paBHO HyjiK). XlosTOMy ero, b otjih^hc ot npHBeflCHHoro Bbime KopoTKoro paccyjK^eHHa, 
MOJKHO npHMCHHTb K flOKasaTCJibCTBy o6o6iri;eHHH TeopcMbi Bfljiepa-IlyaHKape (cm. ^ajiee). 

Onpedejienue spynnu Hq{N]X), KJiacca e{N) u dpysoe aaeepmeuue doKaaamejibcmea. 
HasoBBM gpaHui^eu cyMMy riidai + . . . + Usdag rpanHu, necKOJibKHx pe6ep c ijejibiMH koscJ)- 
(i)HiineHTaMH. HasoBCM paccTanoBKH ei h £2 zomoaozuuhumu, ccjih ei — 62 cctb rpanHiia. 
5IcH0, ^To 

(i) IIpH HSMeHeHHH nojifl v na J7j* npenaTCTByromaa paccTanoBKa e{v) saMenaeTca na 
roMOJiorHHHyio paccTanoBKy. 

(ii) Ecjih e(v) sBjiaeTca rpaHHiieii, to mojkho Tax HSMGHHTb v na w' (na J7j*, ne Menaa 
Ha Uq), HToSbi nojiy^HJiocb e{v') = 0. 

(iii) FoMOJiorH^HOCTb aBjiaeTca OTHomeHneM SKBHBajieHTHOCTH na MHOJKecTBe paccTa- 

HOBOK. 

(^Jia ^OKaaaTejibCTBa yTBepjKflenHa (ii) saMCTHM, hto ecjin e{v) = 

= nidai + ... + Ugdag, to bosbmcm nojie v' na Ui, fljia KOToporo 
d{v, v') = niai + . . . + risa^, Tor^a nojiy^HM e{v') = 0.) 
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HyjibMepnou zpynnou zomoaozuu Ho{U;Z) cxcmu U (c Koa^cfiwuueHinaMU e "L) 
HasMBaeTca rpynna paccTaHOBOK c tohhoctbio flo roMOJiorHHHOCTH. OKaabieaeTCfl, 
iJo(t/;Z) ^Z. 

Kauccom 9uAepa cxeMM U HasbisaeTCH Kjiacc roMOJiorHHHOCTH npenHTCTByiomero 
ijHKJia: 

e{U) = [e{v)]eH,,{U;Z). 

3to onpeflejieHHe KoppeKTiio bbh7;v vTBepjK^eHHH (i). OKasBiBaeTca, e(C/) = 
= X{N) = 2-2g{N). 

Sna^HT, rpynna Hq{U]'L) h Kjiacc e{U) ne saBncaT ot Bbi6opa cxeMbi U 7;aniioro 2- 
MHoroo6pa3HH A'^. Tenepb Teopena Biijiepa-HyaHKape BbiTexaeT h3 yTBepjK^eHnfi (i) h 
(ii). □ 

6. Bo3bMeM npoH3BOJibHyio cxeMy U 3aMKHj'Toro CBa3Horo 2-MHoroo6pa3Ha N . 

(a) /laiiTe onpeflejieHne rpynnbi Hq{U ; Z) (He3aBHCHMoe ot paccy^Kfleimii, b KOTopbix 
ona noHBHJiacb). 

(b) 06ocHyHTe npHBefleHHwe BbrancjienHJi rpynnbi Hq{U;'Zi) h Kjracca e{U). 

7. Ha KaKHx saMKnyTbix neopnenTHpyeMbix 2-MHoroo6pa3Hflx cymecTByeT nenyjieBoe 
KacaTejibHoe BeKTopnoe nojie? 

HepeiifleM k cjiynaio MnoroMepnbix MHoroo6pa3HH. 

8. (a) xiS^") = 2. 

(b) * x(^) = [diag] n [diag] — onpe^ejiHTe roMOJiornnecKnii KJiacc flnaronajin 
[diag] S Hn{N x 7V;Z) n (JjopMy nepecenenHii 
Hn{N xN;Z)x Hn{N x N;Z) ^ Z! 

(c) BbiBe^HTe TeopeMy Xoncjja fljia 3-MHoroo6pa3HH h3 cjieflyiomnx flByx cJjaKTOB (no- 
Haflo6HTCfl TaKxe onpeflejienne ^BOHCTBennoH cxeMbi h3 naparpa(J)a 'cncTeMbi BeKTopnbix 
nojieii'). 

^ByMepnaa leopeMa npoflOJixcaeMOCTH flJia OKpyxcHOCTH. 

B mpexMepHOM npocmpaHcmee HenyAeeoe eeKmopnoe noAe (eeKmopoe mpexMep- 
Hoso npocmpaHcmea) , aadamoe na 2paHuv,e deyMepnozo ducKa, npodoADtcaemcR do 
HenyAeeozo eeKmopnozo noju, na ducKe. 

(3Ta TeopeMa paBnocHjibna TeopeMe o6 OTo6pa>KeHHHx — > rjiabbi 6.) 

^ByMepnaa TeopeMa npoflOJiJKaeMOCTH flJia ccjjepbi. B mpexMepnoM npocmpaH- 
cmee HcuyAeeoe eeKmopnoe noAe (eeKmopoe mpexMepnoeo npocmpancmea) , aadauHoe na 
gpanuv^e mpexMepnoso mapa, npodoAomaemcji do nenyAeeozo eeKmopnozo noju, na mape 
mozda u mojihKO mozda, nozda aAze6pauHecKoe hucao ecKmopoe na zpanuv^e, CMompjivnux 
e dauHoe nanpaeAeuue odinezo noAootceuusi, paeno uyAW. 

(3to — cjiBflCTBHB MHoroMepnofl ochobhoh TeopsMbi Tonojiornn h3 rjiabbi 6.) 

9. ^OKaxHTe cjie^CTBHe ^OKasaTejibCTBa TeopeMbi Xon(J)a. 

HopMajiBHBie BeKTOpHBie nojia. 

10. (a) BbiBBflHTe (3) h3 (2) b TeopsMe Yhthh. 
(b) BbiBeflHTe (2) h3 (1) b TeopeMe Yhthh. 

Onpedejienue HopMUAbHozo nucjia diLnepa e(/) c ucnoAbaoeanueM o6w,ezo noAODtce- 
HUH. PaccMOTpnM HopMajibHoe BeKTopnoe nojie o6LLi,ero nojioxenna na f{N). BBH^y o6th- 
HOCTH nojioJKennfl mho^kgctbo tohgr MHoroo6pa3Ha A^, b KOTopbix BexTop 3Toro nojra 
nyjieBoii, HBJifleTca KonennbiM hhcjiom ToneK. Y sthx Tonex mojkho onpe^jejiHTb 3HaK 
(onpe^ejiHTe!). KojinnecTBO sthx ToneK c yneTOM 3HaKa h Ha3biBaeTCfl e(/). KoppeKT- 
HOCTb SToro onpeflejienna flOKa3biBaeTCfl anajiornnno cjiynaio KacaTBJibHbix bsktophmx 
nojieii. 
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Jl^ajiee b stom nyHKTe 6y^eM HasbisaTb HenyjieBoe HopMajibHoe BeKTopnoe nojie npocTO 

HOpMttAbHUM UOACM. 

1 1 . Ha jiK)6oM 7i-MHoroo6pa3HH c c nenycTbiM KpaeM b K^" HMeeTca HopMajibHoe nojie 
(flOKajKHTe xoTa 6bi jiJisi n = 2). 

12. IlycTb f : N ^M.* — rjia^Koe BjiojKeHne c(i)epbi c py^xaMH N. 

(a) IIocTpoiiTe npensTCTBHe e(/) G Z k cymecTBOBanHK) HopMajibHoro nojia. 
yKasaHHe. J1h6o npHBe^HTe fleiajiH ^jih ^anHoro Bbime onpe^ejiennfl, jih6o cnaHa- 

jia nocTpoHTe nojie na BepniHHax, saieM npo^ojiJKHTe na pe6pa h noTOM nonbiTaiiTecb 
npoflOJiJKHTb Ha rpaHH. 

(b) IlycTb /' : — > R** — BJiojKeHne, Haxo^Hmeecfl b o6iri,eM nojiojKeHHH c /. Tor^a 
fN n f'N ecTb KOHe^^Hoe hhcjio To^^eK co SHaxaMH, cyMMa kotopmx paBHa e(/). (Onpe^e- 
jieHHe nepece^eHHfl flano b nyHKTe 'opneHTHpyeMOCTb'; Heo6xoflHMbiH anajior ^jia n;ejibix 
HHceji ^HTaTejib jierKO c(J)opMyjiHpyeT can.) 

(c) HopMajibHoe hhcjio Biijiepa paBHO nyjiio. yKasanne: ecjiH ne nojiynaeTca, to cm. 
flOKasaTejibCTBO BTopoii ^acTH TeopeMbi Yhthh o npenaTCTBHH h3 nynxTa 'nopMajibHbie 
KJiaccbi Yhthh'. 

(d) /JoKajKHTe (1) B Teopene Yhthh ^jih n — 2. 

(e) ^OKajKHTe TeopeMy Yhthh ^jih npoHSBOJibHoro n. 

13. IlycTb f : N — rjia^Koe BJiojKeHne saMKnyToro HeopuenmupyeMOSo 
2-MHoroo6pa3Hfl N. 

(a) Hh OflHO H3 yCJIOBHH (2) HJIH (3) He BblHOJIHenO. 

(b) IIocTpoHTe HpeHflTCTBHe e(/) G Z (HopMaAbHoe hucao duAepa; HMenHO H,ejioe hhc- 
jio, a He BbneT mod 2) k cymecTBOBanHio HopMajibHoro hojih. 

(c) e{N) xieTHO. YKasanne: e(/) mod 2 = /iV n f'N = 0. 

(d) * e{N)=2x{N) mod 4. 

14. (a) IlocTpoHTe rjia^Koe BjiojKeHHe / : MP^ M^. 

(b) Haii/iHTe e(/) fl,jisi HOCTpoeHHoro BJiojKenHfl / : MP^ — > R"*. 

(c) * HnKaKoe BJioiKenne RP^ R^ ne HMeeT HopMajibHoro hojih. 

(d) CymecTByeT BjioiKenne 6yTbijiKH Kjianna b R^ c nenyjieBbiM HopMajibHbiM ^^hcjiom 
9HJiepa (h, CTajio 6biTb, ne HMeroniee HopMajibHoro hojia). 

(e) ^Ji-H JHo6oro i c ycjiOBHSMH — 2/i ^ i ^ 2/i, j = 2/z mod 4, cymecTByeT Taxoe bjio- 
jKenne fi : N^^ R^ ccjaepbi c /i HjieHxaMH Me6Hyca iV^, hto e(/i) = i. 

{{)* ^Ji-H APyrHx i TaKoro BJiojKeHHH ne cymecTByeT |Ma69j . 

15. (a) /JoKajKHTe Teopeny o6mero HOJioJKenHfl ^jih n = 2. 
(b) To JKe fljifl HpoH3BOJibHoro n. 

16. * (a) CymecTByeT rjia^Koe BJiojKeHne f : N ^ M.^ opneHTHpyeMoro 3- 
MHoroo6pa3Ha N c KpaeM, fljia KOToporo hh o^ho h3 ycjiOBHii (1), (2), (3) Hpeflbiflymeii 
3aflaHH He BbinojiHeno. 

(b) ^Ji-H JiK)6oro rjia^Koro BJiojKeHHa / : — > R^ opnenTHpyeMoro 3-MHoroo6pa3Ha 
N c KpaeM HOCTpoHTe HpenaTCTBHe e(/) G Hi{N,dN) {nopMaAbHuu kaocc dilAepa) k 
cymecTBOBaHHK) HopMajibHoro hojih. 

(c) B ycjiOBHax Hpe^bi^ymero nyHKTa e(/) ^leTHO, T.e. e(/) = 2x ^jia neKOToporo 
xeHi{N, dN). 

17. (a) BbiBeflHTe (3) h3 (2) b TeopeMe /Jojibfla- Yhthh. 

(b) ^OKajKHTe (1) B TeopeMe ^ojib^a- Yhthh. 

(c) BbiBe^HTe (2) h3 (1) b TeopeMe /^ojibfla- Yhthh fljia N — S^. 

(d) * BbiBe^HTe (2) h3 (1) b TeopeMe /Jojibfla- Yhthh. YKa3aHHe: HCH0Jib3yHTe napa- 

rpa(|) 'opTOHOpMHpOBaHHbie CHCTeMbI BeKTOpHblX HOJieii', CM. |DW59) . 

18. IlycTb f : N ^ R™ — rjia^Koe bjio^kchhc 3aMKHyToro opncHTHpyeMoro 
n-MHoroo6pa3Hfl N. 
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(a) IIocTpoiiTe npensTCTBHe e(/) G H2n-m{N;Z) {nopMOJibHoe hucjio dujiepa) k cy- 
mecTBOBaHHK) HopMajibHoro nojia. 

(b) e(/)=0. 

(c) Anajior ^acTH (1) TeopeMbi ynTHH Bepen ^jih m — 2n. 

(d) Anajior HacTH (2) TeopeMbi ynTHH neBepen ^jia m ^ 2n. YKasaHHe: BOSbMHTe 
n = A n N = CP^; Tor^a W2{,f) = W2('CP'^) ^ 0, cm. naparpacj) 'BJiojKHMOCTb h norpyjKa- 
eMOCTb MHoroo6pa3Hii'. 

(e) * Anajior ^acTH (1) TeopeMbi ynTHH neBepen fljia npoHSBOjibHbix m,n. yKasaHne: 
BOSbMHTe TO = 3, n = 4HA^ = CP^. 

19. * (a) ^Jia jiio6oro rjiaflKoro BJiojKeHHa 5" b cymecTByeT TpoiiKa jiHHeiiHO 
HesaBHCHMbix HopMajibHbix BeKTopHbix nojieii |Ma59| . 

(b) IIpH TO ^ 3n/2 + 1 ^jifl jiio6oro rjiaflKoro BJiojKeHHH S*" b R™ cymecTByeT Ha6op 
H3 TO — n jiHHeiiHG HesaBHCHMbix HopMajibHbix BeKTopHbix nojieii [Ke59) . 

(c) CymecTByeT rjia^Koe BjiojKeHHe S"^ b M^^, ^jih KOToporo hct Ha6opa HCTbipex 

JiHHeiiHG HeSaBHCHMblX HOpMajIbHblX BeKTOpHblX HOJieH |Ha67) . 

20. * (IIojiHoe pemeHHe SToii sa^a^n aBTopy HensBecTHo) Xlpn xaKHx (m, n) 

(a) fljiH jiio6oro rjiaflKoro BJiojKeHHfl jiio6oro n-MHoroo6pa3Ha b cymecTByeT neny- 

JICBOe HOpMajIbHOe BCKTOpHblX HOJie? 

(b) ^jifl jiio6oro rjia^Koro BJiojKeHHH n-MHoroo6pa3HH b M™ cymecTByeT Ha6op h3 

m — n JIHHeHHO neSaBHCHMblX HOpMajIbHblX BCKTOpHblX HOJieii? 

(c) fljifl jiio6oro rjia^Koro BjiojKeHHH S*" R™ cymecTBycT nenyjieBoe nopMajibHoe 
BBKTopHbix nojie? 

(d) fljifl jiio6oro rjiaflKoro BjiojKeHHa S*" — > R™ cymecTBycT Ha6op h3 to — ti jinneiiHO 
HesaBHCHMbix HopMajibHbix BeKTopHbix nojieii? 

yKasaHHii K HeKOTopMM sa^anaM. 

6. (b) ^jiH nojiH V, H3o6pajKeHHoro na pnc. HHl e{v) = 1 + 1 = 2; pa36epHTecb, 
noHCMy He 1 — 1 = 0; cm. TaKJKe pnc. I45|) . 

7. Otbct: TOJibKO Ha 6yTbijiKe KjieiiHa. YKasaHHe: onpeflejiHTC Kjiacc 3Hjiepa 
e(A'^) KaK npenHTCTBHe k nocTpoeHHio TaKoro nojia, a hotom flOKajKHTe ero nojiHOTy 
H BbiHHCJiHTe ero. 

9. HpenHTCTBHe e{—v) k npoflOJiJKenHK) hojih —v npoTHBonojioJKHO no snaKy 
npenHTCTBHK) e(f), ho c flpyrof! CTopoHti e{—v) = e{v). 

12. (b) HocTpoHTe npenHTCTBne ei(/) k cymecTBOBannio OTo6pajKeHHH 
/' : ^ M^, 6jiH3Koro k /, o6pa3 KOToporo ne nepeceKacT f{N). SaTCM 
flOKaacHTe, hto fN n f'N = ei(/) = e(/). 

14. (a) {x :y : z) 1-^ {x'^,xy, yz, zx). 

(d) BosBMHTe CBHSHyro cyMMy flByx BjiojKeHHii MP^ M"^ c paBHbiMH nopMajiB- 
HbiMH HHCjiaMH 3Hjiepa. 

15. (a) CnaHajia nocTpoHTe HopMajibHoe nojie na Bepmnnax, saTCM npofloji- 
jKHTe ero na pe6pa h hotom npoflOJiJKHTe ero na rpann. 

17. (b) AnajiornHHO Teopene Yhthh. 

(c) HocTpoHTe npenHTCTBHe k cymecTBOBannio e^HnnHHoro BCKTopnoro nojia, 
HopMajibHoro K MHoroo6pa3HK) H K yjKC nocTpoennoMy nojiio. ^OKajKHTC, hto oho 
nyjiCBoe. 

19. (a) AnajiorHHHO saflane 17c. 

KJIACCH0HKALI;H51 BEKTOPHBIX nOJIEH H CE^EHHH 
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KjiaccHcJjHKauiHa seKTopHBix nojien. 

B 3T0M nyHKTe 6yfleM nasbiBaTb e^HHHHHoe KacaTejibHoe BeKTopnoe nojie npocTO no- 

B HeKOTopbix npHjiojKeHHflx BCTpe^aeTCfl cjie^yromHii Bonpoc: onucamb MHOCHcecmeo 
V{N) nojieu c moHHOcmbw do eoMomonHocmu ua MHOzoo6pa3uu N . BcTpeHaiOTCfl TaK- 
jKe noxojKHe 6ojiee cjiojkho (jaopMyjinpyeMbie Bonpocbi, ^jih OTBeia na KOTopbie nojiesHO 
cnaHajia pa3o6paTbca co ccjjopMyjinpoBaHHbiM. 

HanoMHUM noHsimue zoMomonuu noAeu. 5Icho, ^to cymecTByeT HenpepbiBHaa ^e- 
(JjopMaiiHH 'napajiJiejibHoro' nojia na Tope b 'MepHflHonajibHoe' nojie (pncHH]). JisSi nojia 
HasbiBaroTCfl zoMomonnuMU, ecjiH o^ho mojkho nojiy^HTb h3 ^pyroro HenpepbiBHoii ^e- 
4)opMaLi,HeH, B npoiiecce KOTopoii BeKTopnoe nojie ocTaeTca KacaTejibHbiM h HenyjieBbiM. 
OopMajibHO, TaKoii flecjaopMaiiHefi HasbiBaeTca ceMeiicTBO Vt nojieii, nenpepbiBHO saBHca- 
mee OT napaMBTpa i, ^jia KOToporo vq ecTb nepBoe nojie h vi ecTb BTopoe nojie. 

1. (a) FoMOTonHO jih napajiJiejibHoe nojie v{x) nojiro —v{x)l 
(b) IlpHBeflHTe npHMep neroMOTonHbix nojieii na Tope. 

IIpHBefleM anajior npe^bi^ymnx nocTpoeHHH ^jia KAaccu^uKav,uu e^HHHHHbix xaca- 
TejibHbix BeKTopHbix nojieii. By^eM HcnojibsoBaTb 6e3 ^OKasaTejibCTBa cjie^yioinHH (J)aKT. 

TeopeMa roMOTonnocTH. Ha njiocKocmu Aw6ue dea eenmopHux noAJi na deyMep- 
HOM ducKe, coenadawinue na eeo zpanuHHOu OKpyatcHocmu, zoMomonnu nenodeuaicHO na 
zpanwue. 

2. (a) BbiBeflHTe Teopeny roMOTonnocTH h3 3afla^^H 06 OTo6pajKeHHHx S"^ — *■ rjiaBbi 

6. 

(b) IlocTaBHM B cooTBeTCTBHe nojiK) v na Tope nucjio ri {v) o6opomoe eenmopa amoso 
nojiM, npu o6xode no napajuiejiu mopa h hucjio r2{v) o6opomoe eeKuiopa amozo nojiM, npu 
o6xode no Mepuduauy mopa. IIocKOJibKy KOJiH^ecTBa o6opoTOB onpe^ejieHbi TOJibKO ^jia 
saMKHyToii KpHBoii na njiocKOCTH (a ne b npocTpancTBe) , to yKaaanHbie KapTHHKH mojkho 
onpe^ejiHTb TOJibKO H3 npe^CTaBJieHHH Topa (BMecTe c nojieM na Hen) b BH^e CKJieiiKH 
npHMOyrojibHHKa. AnajiorHHHbie HHBapnaHTbi mojkho nojiyHHTb, paccMaTpHBaa ^pyrne 
3aMKHyTbie KpHBbie Ha Tope. 

^OKajKHTe meopcMy KAaccucfiuKav^uu eeKmopnux nojieu ua mope: OTo6pa}KeHHe 
ri © r2 : V(T'^) -^'L®'L sBjiaeTca B3aHMH0 0flH03Ha^HbiM cooTBeTCTBHeM. 

(c) KjiaccH(J)HLi,HpyiiTe nojia HanpaBJieHHH na Tope. 

3. (a) EcjiH Ha ccjaepe c pyHxaMH h odnou flbipKofi 3aflaHbi ^Ba hojih, to na rpanniie 
SToii flbipKH OHH roMOTonHbi (yKa3aHHe: ecjiH ne nojiyHaeTca, to cm. ^ajiee). 

(b) BepHO JIH 9T0 fljia HeopneHTHpyeMbix 2-MHoroo6pa3HH? 

(c) KjiaccHcjDHiiHpyHTe nojia HanpaBJienHii na 2-MHoroo6pa3Hax c nenycTbiM xpaeM. 

(d) KjiaccHcjjHiiHpyiiTe BexTopHbie nojia na 6yTbijiKe KjieiiHa. 

(e) KjiaccH(J)HLi,HpyiiTe nojia nanpaBJieHHii na 6yTbiJiKe Kjienna. 

TeopeMa KJiaccHtJjHKai^HH seKTopHbix nojien. Ecau dASi aaMKuymozo opuenmu- 
pyeMozo n-MHOzoo6pa3UM N eunoAueno V{N) 7^ (m.e. ecAU x(-/V) =0^, mo cymecmey- 
em cwpnenv^ux V{N) Hi{N;Z) na rpynny o^HOMepHbix roMOJiorHH MHoroo6pa3Ha N 
(c ijejibiMH KoacjjcjjHiiHeHTaMH) . 

EoAee mozo, cymecmeyem manoe omoSpaofcenue D : V{N) x V{N) Hi{N; Z), nmo 
D{-,v) cwpnenmueHO u D{u,v) + D(v,w) = D{u,w) Saji Am6ux u,v,w £V{N). 

IIpu n — 2 omodpaotcenue D{-, v) sioAAemcM, eaauMHO odHoanaHHUM coomeemcmeueM. 

ITpu n — 3 HUCAO npoo6pa3oe KAacca x G Hi{N,7j) npu omodpaotcenuu D{-,v) paeuo 
2x n H2 {N; Z) ( zpynna H2 {N; Z) u yMHOotcenue fl : Hi {N; Z) x H2 {N; Z) ^ Z onpedeAenu 
e ZAaee 4)- 

Hpu n ^ 4 npu omo6paoKeHuu D{-, v) y naotcdozo KAacca poeno dea npoo6pa3a. 
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^jiH n — 2 3Ta Teopena HBJiHeTCfl (Jjojibrjiophmm pesyjibTaTOM na^ajia 20-ro se- 
Ka. JliLR n = 3 OHa ABjiaeTca cjieflCTBHeM TeopeMM IIlTHcjaejia o napajiJiejiHsyeMOCTH 3- 
MHoroo6pa3HH (cm. na^ajio cjie^yiomero naparpacjja) h TeopeMbi IloHTpHrHHa h3 rjiaebi 
6 [C RS] . JXjih n = 4 STa Teopena, bh^hmo, HBJiaeTCfl (J)OJibKJiopHbiM peayjibTaTOM cepe^H- 
Hbi 20-ro BGKa |Ko81l Theorem 18.2], nojiyHeHHbiM c noMonibio TeopHH, ocHOBbi KOTopoii 
3flecb HBjiaraiOTCfl. 

B ocTaBmencH ^acTH SToro naparpacjja mm onpe^ejiHeM rpynny Hi (N, Z) h floxa- 
3biBaeM TeopeMy KJiaccH4)HKari,HH BexTopHbix nojieii jijir 2-MHoroo6pa3HH TeM cnoco6oM, 
KOTopbiH noBBOJiaeT onpe^ejiHTb HHBapnaHT D fljia o6LLi;ero cjiyHaa. /Jjia n — 2 stot cno- 
co6 6ojiee cjioJKeH, hcm HaMeHenHbiii b 3afla^e 2b, ho hobmh cnoco6 npoxo^HT ^jia oGniero 
cjiy^aa. KpoMe Toro, HOBbiii cnoco6 no3BOJiHeT KJiaccH4)HLi,HpoBaTb BeKTopHbie nojia na 
Tope, HGCTaHflapTHO bjio^kghhom b MP (BnpoTreM, sto mojkho c^ejiaTb Hcnojib3yH 3afla^y 
2b H HHBapnaHTHOCTb MHOJKecTBa V{N) npn flH4)(J)eoMop4)H3Me) . 

OnpedcACHue KAacca D{u,v), ucnojibsyminee o6vnee nojioofcenue. PaccMOTpHM npoHS- 
BOJibHyro roMOTonHK) ut o6rLi,ero nojiojKeHHa MejKfly u = uq h f = ui . MHOJKecTBO tohbr 
MHoroo6pa3HH, b KOTopbix Ut = fljia neKOToporo i, flBjiaeTca HecBHBHbiM oSte/jMHeHH- 
eM OKpyjKHOCTeii. HcnojibsyH namy roMOTOnnio, na sthx OKpyjKHOCTflx mojkho BBecTH 

OpHeHTari,HK). 3tO o6'beflHHeHHe OpHeHTHpOBaHHblX OKpyjKHOCTeH C TOHHOCTbK) flP ZOMO- 

jiozuuHocmu (onpe^ejieHHoii flajiee hjih b rjiaBe 4) h nasbiBaeTCH KjiaccoM D{u,v). 

Onpedejienue paajiunamvuezo v,UKjia. Kax h b flOKaaaTejibCTBe TeopeMbi Biijiepa- 
IlyaHKape, B03bMeM cxeMy U MHoroo6pa3HH N h flBOHCTBeHHyio k neii cxeMy U* , a TaKJKe 
4)HKCHpyeM opneHTaiiHH. 

PaccMOTpHM flBa nojia u h w na MHoroo6pa3HH N. Ilojie u roMOTonno TaxoMy, ko- 
Topoe coBna^aeT c v na Uq. XlosTOMy 6yfleM CHHTaTb, ^tto u — v Uq (saMeTHM, hto 
HaniH nocTpoeHHH MoryT saBHceTb ot Bbi6opa coBMenieHHa nojieii na Uq). Tor^a mojk- 
Ho onpe^ejiHTb pa3JiH^aiOLLi;yio paccTanoBKy d{u,v), k&k h b flOKa3aTejibCTBe TeopeMbi 
Biijiepa-IlyaHKape. 5Icho, hto d{u,u) = h ^to d{u,v) + d{v,w) — d{u,'w). IlocKOJibKy 
nojie u npoflOJiJKaeTca na rpann cxeMbi U*, to BbinojineHO cjieflyromee npaeuAO Kupxzo- 

dAJi AK160U eepmuHU A cxeMU U cyMMa Huceji paccmaHoenu d{u, v) na exodamux e 
A pe6pax poena cyMMe nuceji paccmanoeKU d{u, v) na euxodauiflix U3 A pe6pax. 
TaKHe paccTanoBKH Ha3biBai0TC5i "nuKAaMu. 

HsMeneHue paaAUHawui^ezo v,UKAa. 06paTHoe HeBepno, xax noxasbiBaeT npHMep cjie- 
ffytOTneH roMOTonHH. ^ji-h BepniHHbi /* HSMeHHM nojie u Tax, ^To6bi BexTop b /* c^e- 
jiaji oflHH o6opoT npoTHB HacoBoii CTpejiKH, BexTopa b MajieebKoii OKpecTHOCTH BepniHHbi 
/* 'noTHHyjiHCb' 3a BeKTopoM B /*, a BHe SToii MajieHbKoii OKpecTHOCTH nojie ocTajiocb 
npejKHHM. B pesyjibTaTe nojiyHHM nojie u'. XIohhtho, hto d{u',u) ecTb paccTanoBKa ±1 
(b saBHCHMOCTH OT opHeHTan;HH) na pe6pax, orpanHHHBaioniHx rpanb /, h nyjieii na Bcex 
ocTajibHbix pe6pax. 9Ta paccTanoBKa HasbiBaeTca spaHuv^eu zpanu f h o6o3HaHaeTca df. 

B OKpecTHOCTax BepniHH fi , ■ ■ ■ , fs c^ejiaeM onncaHHyio Bbime roMOTOnnio nojia v, 
noBopaHHBaa BexTopa b sthx rpanax na ni, . . . , o6opoTOB, cooTBeTCTBenno. 06o3HaHHM 
nojiyHeHHoe nojie ^epes u{ni, . . . , Ug). Tor^a d{u{ni, . . . , n^), m) — nidfi + . . . + ngdfs- 

Tenepb paccMOTpHM roMOTonnio Ut MejK^y nojiaMH uq h wi, coBna^aiomHMH na Uq 
(npaBfla, STa roMOTOnna mojkbt MenaTb nojie ^ajKe na C/q). ^Jia KajK^OH rpann fi 060- 
3Ha^HM Hepe3 rii ^hcjio o6opoTOB npn HSMeneHHH t ot ^o 1 BexTopa ut{f*). Jlerxo 

npOBepHTb, HTO 

d{uo,v) - d{ui,v) = ni9/i + . . . + 11^8 fs- 

OnpedeACHue zpynnu Hi {N; Z) u aaeepuienue doKaaameAbcmea. HasoBeM spaHuv^eu 
cyMMy nidfi + . . . + Usdfs rpaHHn; necKOJibKHx rpaneii c iiejibiMH KoacjDcJjHiiHeHTaMH. Ha- 
30BeM iiHKjibi 71 H 72 eoMOAOzuHHUMU, ecjiH 71 — 72 ecTb rpaHHn;a. 
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OdnoMepHou epynnou zomojiozuu Hi{U,'L) cxcmu U (c K09(p(fiu'nueHmaMU eZ) nasbi- 
BaeTCH rpynna iihkjiob c tohhoctbio flo roMOJiorHi^HOCTH. 06o3HaHHM Kjiacc roMOJiorHH- 
HOCTH paBJiHHaiomero iiHKjia ^epea 

D{u,v) := [d{u,v)] eHi{U,Z). 

5IcH0, HTO OTo6pajKeHHe D : V{N) x V{N) Hi{U, Z) yjKe ne saeHCHT ot Bbi6opa coBMe- 
meHHH nojieii na Uq h nosTOMy KoppeKTHO onpe^ejieno. 9th rpynna h KJiacc o^nnaKOBbi 
fljia roMeoMop4)Hbix cxeM. IlosTOMy 6yfleM oGosna^raTb nepByio ^repes Hi[N,'L). 

TaK KaK d{u, v) + d{v, w) = d{u, w), to D{u, v) + D{v, w) = D{u, w). HTo6bi flOKasaTb 
cropieKTHBHOCTb OTo6pa>KeHHfl -D(-, v), B03bMeM npoHSBOJibHbiH n,HKJi 7. BosbMBM nojie u 
paBHbiM V na Uq. Ha pe6pe a* BOSbMeM 7(a)-KpaTHyK) oo^KpyTKy oojih v (cm. onpe^ejienne 
noflKpyTKH Bbime). JIilr nocTpoennoro nojia u HMeeM d(u,v) —j, nosTOMy D{u,v) = [7]. 

□ 

JJ,OKa3amejihcmeo umeKmueHocmu omo6paotceHUii D{-,v) Oaji n = 2. H3 TeopeMbi 
npoflOJiJKaeMOCTH (cm. nyHKT 'cymecTBOBanne BCKTopHbix nojieii na 2-MHoroo6pa3Hax') 
BbiTexaeT cjieflyroniee yTBepx^enne. 

Henyjieeux KacameMHUx k ruiocKocmu eenmopHux uoam, aadauHux na ompeane 
(jieoKameM e UAOCKOcmu) u coenadamvuue na ezo Kownax, soMomonnu mozda u moAbKO 
mosda, Kozda KOAUHecmeo noeopomoe eenmopa nepeoso noAx npu deuotcenuu om HanaAa 
ompesKa k ezo Kowny paeno anaAozuHHOMy KOAunecmey dAM emopozo uoam. 

4. ^OKajKHTe 3T0. 

HoaTOMy n no TeopcMC roMOTonnocTn ecjin u = v na Uq h d{u, v) = 0, to nojia u vi v 
roMOTOOHbi nenoflBHJKHO na Uq . 

EcjiH D(uo,v) = D{ui,v) fljia neKOTopbix nojieii uq h ui, coBoa^aroninx na Uq, to 
d{uQ,v) — d{ui,v) = nidfi + . . . + nsdfs flJia neKOTopbix ijejibix T^nceji ni, . . . , n^. Tor^a 
Wo ~ Mo(ni, . . . ~ wi. □ 

5. BosbMBM npoH3BOJibHyio cxeMy U saMKHyToro CBH3Horo 2-MHoroo6pa3HH N. ^atoe 
onpe^ejieHHe rpynobi Hi{U;1) (He3aBHCHMoe ot paccy^Kflennn, b KOTopbix ona noaBH- 
jiacb). ^OKajKHTe, hto Hi{U) = ^jia cxeMbi U ccjjepbi c g pyHxaMn. 

6. (a) yKa3aHHoe OToGpajKenne D{-,v) ne aBjiaeTca B3aHMH0 0flH03Ha^HbiM cootbct- 

CTBHCM flJIH N = S^. 

(b) IIocTpoHTe OTo6pa}KeHHe D{-,v) n ^OKajKHTe ero ciop-beKTHBHOCTb jijir 
3-MHoroo6pa3Hii. 

7. * KjiaccH4)Hn,HpyHTe nojia HanpaBJiennii na opnenTHpyeMbix 3-MHoroo6pa3Hax. Ho 
noBOfly n-Mepnoro cjiy^aa n cbhsh c jiopeHn,eBbiMH MeTpnKaMH cm. [KoOlj . 

8. KjiaccH(i)HD;HpyHTe HopMajibHbie BCKTopHbie nojia na 2-MHoroo6pa3Hflx b W^. 
KjiaccH(J)HKai];HH ce^eHHH h 3eH(J)epTOBbix ce^enmm. 

06o3Ha'rHM Hepe3 ttx ■ X x Y ^ X npoeKiiHio na nepBbiii coMHOJKHTejib. OTo6pa>Ke- 
nne s : X ^ X X Y Ha3biBaeTCfl ceneHueM, ecjin ttx o s = idx ■ Ce^enHH nasbiBaiOTCfl no- 
CAOUHO zoMomonnuMU, ecjin onn roMOTonnbi b KJiacce ceHennii. 06o3HaHHM ^epes S'(7rx) 
MHOJKecTBO KjiaccoB nocjiOHHoii roMOTonnocTn ceHennii. PaBCHCTBO MejK^y MnojKecTBaMH 
03HaHaeT najiHHHe BsaHMno-o^nosHaHHoro cooTBeTCTBHH MejK^y hhmh. 

9. (a) S'(7rsi :S'i xI^S^) = {Q]. 

(b) ^(Trsi :S'i X S^-^S^)^!.. 

(c) S{'Kn : N X ^ N) = Hi{N; Z) f^jia 3aMKHyToro 2-MHoroo6pa3Ha N. 

(d) S{ttx) naxoflHTca bo B3aHMHO-o^H03Ha^HOM cooTBeTCTBnn c mhojkbctbom 
OToGpajKCHHii X ^Y c tohhoctbio flo roMOTonnocTH (onpe^ejieHHe nanoMneHO b na^ajie 
rjiaBbi 6). 
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IIoHHTHH BeKTopHoro nojiH H ceHeHHs (npHMoro npoHSBe^eHHa) HBJiHroTCH BajKHeii- 
niHMH HacTHbiMH CJIy^^a5^MH noHJiTHa ceueHusi paccAoenuji, cm. nyHKT 'BeKTopHbie paccjio- 

eHHH'. 

PaccMOTpHM 2-MHoroo6pa3He P* c nenycTbiM KpaeM h HHBOJHOiiHeii t na P* , HMeiomeii 
jiHinb KOHe^Hoe ^^HCJIO Heno^BHJKHbix TO^^eK. 

10. CymecTByiOT TaxHe HeroMeoMop(i)Hbie 2-MHoroo6pa3Ha P* h P* c nenycTbiMH 

KpaHMH H HHBOJiroilHflMH t H tl, HMeiOiri,HMH JIHinb KOHeHHOe ^^HCJIO HenOflBHJKHblX TO^eK, 
^Jlfl KOTOpblX P* /t = Pi /tl. 

Ce^enne s : P* ^ P* x nasbiBaeTca cuMMempuHHUM, ecjiH p^i o s = pgi o s o t. 

MHOJKeCTBO CHMMeTpHHHblX CeT^eHHH C TOHHOCTbK) fl,0 TOMOTOnHH B KJiaCCe CHMMeTpHHHblX 

ceHeHHii o6o3Ha^aeTCfl xpaTKO S{P*,t). IIojiojkhm P = P* /t. 

11. S{P*,t) = Hl{P*,dP*:Z) = Hi{P,dP;Z) = ecjiH HHBOJIro^HH t vimeeT 
jiHinb KOHe^^Hoe ^^HCJIO Heno^BHJKHbix to^gk. /^ji-h npocTpancTBa c HHBOJiiOE;Heii chmmbt- 
pHHHbie roMOJiorn^ecKHe rpynnbi o6o3HaHaiOTca flo6aBjieHHeM Bepxnero HH^eKca t k o6bi^- 
HOMy o6o3HaHeHHio. Hx onpe^ejieHne ecTecTBenHO noflBJiaeTca npn HsyHeHHH MHOJKecTBa 
S{P*,t). HHTaTejib MOJKeT npHflynaTb ero can hjih no^CMOTpeTb b nynxTe 'sKBHBapnaHT- 
Hbie OTo6pajKeHHH' rjiabbi 6. 

B npHjiojKeHHHx (cm. cjie/iyioinHii nyHKT) noflBjiaiOTCfl anajiorn ce^CHHii ^jih pac- 
cjiocHHii c oco6eHHOCTaMH. XlpHBe^eM onpeflCJieHHe h pe3yjibTaT ^jia nacTHoro cjiy^aa 
(MOTHBHpOBaHHOrO npHJiojKeHHaMn) . 

IlojioJKHM Q = Q{P*) := P* X //{(a,0) ^ {t{a),l)}. (BbipajKaacb nay^HO, sto pac- 
cjiocHHe Hafl co cjiocm P* h cniHBaiomHM OTo6pa»;eHHeM t [ EFMOO^ onpe^ejieHHe 2.2].) 

12. Q{P*) 3aBHCHT TOJibKO OT P, a He ot P* . 

06o3HaHHM T^epes p : P* ^ P npoeKiinro. Onpe^ejiHM OTo6pa}KeHHe n : Q P c^op- 
Myjioii 7r[(a,f)] =p{a). (9to paccjiocHHe SeiicjDepTa, HMeiomee CHHryjiapHbie cjioh TOJibKO 
Hafl 3Be3flOHKaMH h tojibko Tnna (2, 1).) 

BjiojKeHHe f '■ P* —>Q HasbiBaeTca aeu^epmoeuM ceuenueM, ecjiH tt o f = p. (B rjiaflKoii 
KaTeropHH HyjKHO ^onojiHHTejibHO npe^nojiaraTb, hto / TpancBepcajibHO cjiohm OTo6pa- 
jKBHHfl TT. B [BF94j cenenHH 3eH(i)epTa Ha3biBajiHCb TpancBepcajibKbiMH njiomaflKaMH.) 

TeopeMa KJiaccHtJjHKai^HH seiitJjepTOBbix ceneHHii. |RS99"j Upu (puKcupoean- 
Hux P* u t MHOOKecmeo X aeucfjepmoeux ceueHuu c moHHOcmbw do uaomonuu Had it 
HaxodumcM eo esauMHO-odHoanaHHOM coomeemcmeuu c Hi{P,dP;'Z) '^T?-^^(^\ 

fl,OKa3amejibcmeo. Onpe^iejiHM OTo6pa>KeHHe 



a - p* y- P* >^ ^ . P* X I ^ ^ 

^ - {(a,0)~(a,l)} {(a,0)~(t(a),l)} 



(JjopMyjioii 



q[{a,u)] = 



[(a, 2m)] 0^m«C^ 
[itia),2u-l)] 



IIocKOJibKy t HHBOJiioiiHa, Q KoppeKTHO onpe^ejieHO h nenpepbiBHO. 

IlycTb f '■ P* ^ Q — ce^enne SeiicJaepTa. ^ji-h KajK^oii to^kh x & P* , ne HBJiaiomeiicH 
HenoflBH>KHoii TO^^KOH hhbojiioiihh t, cymecTBycT eduucmeeHHasi Taxaa TOHKa 

f{x)eP*xS\ HTO qf'{x)^f{x). 

JliLn KajKfloii HenoflBHJKHofi tohkh x hhbojiioiihh t cymecTByiOT dee TaKne tohkh 
u,v€S^, ^TO q{x,u) — q{x,v) — f{x). 
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Phc. 48: KjiaccHcjjHKaiiHfl aeiicjDepTOBbix ce^enHH 

HocKOJibKy MajieHbKaa npoKOJiOTaa ^ncKOBaa OKpecTHOCTb b P* nenoflBHJKHoii to^kh x 
CBasHa, MM MOJKeM BSflTb B Ka^ecTBe f'{x) jih6o {x^u), jih6o (cc, d), Tax ^TO OTo6pa>Ke- 
HHe f':P*—fP* X 6yfleT nenpepbiBHbiM. IIocTpoeHHoe OTo6pa}KeHHe /' — (o6bnHoe) 
ce^^eHHe TpHBHajibHoro paccjioenHH P* x S*^ — > P* . 

IIoCKOJIbKy / — BJIOJKeHHe, P51 f'{x) ^ —pglf'{t{x)) HH ^Jlfl KaKOH TO^KH X 6 P* . 

IlosTOMy /' nocjiOHHO roMOTonno CHMMeTpHHHOMy ceHeHHio /". 

06paTHO, jxjiR jiio6oro CHMMeTpn^Horo cenemiR F : P* ^ P* x , OTo6pa}KeHHe q o F 
HBJiaeTCfl ceHeHHeM SeiicjaepTa h (q o F)" = F. 

OHeBHflHO, ceHeHHa SeiicjaepTa / h 5 HSOTonnbi nafl tt Tor^a h TOJibKO Tor^a, Kor^a 
cooTBeTCTByromne CHMMeTpHHecKne ceHenna /" h g" CHMMeTpnHHO roMOTonnbi (hjih, sk- 
BHBajieHTHO, HSOTonHbi). Tor^a X = S{P*,t) = i?i(P, SP; Z) ^ Z^-x^^). □ 

IIpHJioxceHHe: npHMeneHHe k raMHJibTOHOBbiM CHCTeMaM. 

B 1994 BojiCHHOB H <l>OMeHKO |BF94j ^OKasajin TeopeMy o TonojiorHHecKoii TpaexTop- 

HOii KJiaCCHCjjHKailHH HeBbipO>KfleHHbIX HHTerpnpyeMblX raMHJIbTOHOBblX CHCTeM C flByMfl 

CTeneHHMH CBo6oflbi na TpexMepHbix MHoroo6pa3Hax nocToaHHoii sneprHH. Mothbhpobkh 
H KpaTKHH 0630P CM. B |BFM90[ §1], |BF94[ §1]. Ohh /lOKasajin, ^to ^Be Taxne CHCTeMbi sk- 
BHBajieHTHbi, ecjiH HeKOTopbie Hx HHBapnaHTbi coBna^aiOT. HnBapnaHTOM sBJiaeTca rpacj) 
c HeKOTopbiMH flonojiHHTejibHbiMH MGTKaMH Ha Gro BepniHHax H pe6pax. O^hhm h3 Heo6- 
xoflHMbix orpaHHHeHHii 6biJio TO, ^TO paccMaTpHBaeMaa raMHJibTOHOBa CHCTeMa ne HMeeT 
HeycTOHHHBbix nepHOflH^ecKHx op6HT c ueopueHmupyeMOU cenapaTpncoii. 9to CBasano c 
TGM, HTO B flOKaaaTejibCTBe HcnojibsOBajincb cenenuji AOKaAbHO-mpueuaAbHux paccjioe- 
HHii. IIocKOJibKy nepHOflH^ecKHe op6HTbi c neopHeHTHpyeMoii cenapaTpncoii BCTpeHaroTca 
B npHMepax (nanpHMep, b bojihrb KoBajieBCKoii) , 6biJio HHTepecHO OT6pocHTb sto orpa- 
HH^enne. 9to OKasajiocb bosmojkhmm 6jiaroflapa HcnojibsOBanHio 3eu(pepmoeux cenenuu 
3eu(pepmoeux paccjioeHuu. 
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TeopeMa. Uycmb X — MHOCHcecmeo neeupootcdeHHUx unmespupyeMUX zaMUAbmo- 
Hoeux cucmeM c deyMJi cmeneHUMU ceo6odu ua opueumupyeMux mpexMepuux mhozoo6- 
paausix nocmosiHHOu anepzuu, c moHHOcmbw do Henpepuenou mpaeKmopHou SKeueaAenm- 
Hocmu, coxpaHMWineu opueHmav^um. Tozda cyinecmeyem unneKv^uji U3 X e MHoatcecmeo 
t-ocHameuHux zpa^oe c moHHOcnibw do t-9KeueaAeHmHocmu. |RS99) . |CRSOO| . cp. |BF94[ 
TeopeMa 4.1]. 

Onpe^ejieHHfl t-ocHairi,eHHbix rpacjjOB h i-SKBHsajieHTHOCTH Taxoe jkb, xaK b |BF94j . 
CM. TaK>Ke |BFM90| . |CRSOO| . SaMeraM, hto b |BF94| §12.3 h §13.5] onHcan o6pa3 HHt- 
eKiiHH H3 TeopeMbi H saBHCHMOCTb i-MeTOK OT opneHTaiiHH 3-MHoroo6pa3Hfl nocTOHHHoii 
SHeprHH. KpoMe Toro, b [BF94[ §13] 6bijio nocTpoeno b neKOTopoM CMbicjie 6ojiee npocToe 
ocHameHHe na W , nasBaHHoe i-MOJieKyjioii. Bojiee o6iri,aH CHTyaiiHH ne Tpe6yeT ^o6aB- 
jieHHH H HBMeHeHHii no cpaBneHHio c [BF94) . tojibko P-MeTKH MoryT 6biTb aTOMaMH co 
3Be3flo^KaMH. 

^OKasaTejibCTBO TeopeMbi ocHOBano na cjie^yromeM o6iri,eM Ha6jiK)fleHHH, KOTopoe mo- 
>KeT 6biTb npHMeneno h k flpyrHM npo6jieMaM. BH(]DypKaLi;HH TopoB JlHyBHjijia b 6ottoboh 
HHTerpHpyeMoii raMHJibTonoBoii CHCTeMe MOJKeT 6biTb onncana OKpecTHOCTbio MHOJKecTBa 
F~^(c)^ r^e F — flonojiHHTejibHbiii HHTerpaji h c — ero KpHTHnecKoe 3Ha^eHHe. Ecjih 
KpHTH^ecKoe noflMHoroo6pa3He flonojiHHTejibHoro HHTerpajia F , cooTBeTCTByiomee c, — 
OKpyjKHOCTb, TO 3Ta OKpecTHOCTb HBJiHeTca paccjioeHHeM 3eii(]3epTa Q na^ (He3aMKHyTOH) 
2-noBepxHOCTbio P |BFM90) . 

HTo6bi HCCJieflOBaTb 6H(]3ypKaLi;Hio TopoB JlnyBHjijiH, nocTpoHM ceneHne IlyaHKape no- 
TOKa Ha Q |BF94) . Ecjih KpHTH^ecKaa OKpyjKHOCTb iiMeeT opueHmupyeMym cenapaTpnc- 
Hyio ^HarpaMMy (hjih, SKBHBajieHTHO, P ne HMeeT 3Be3flo^eK), to Q = P x a ceneHHii 
IlyaHKape MoryT 6biTb Bbi6paHbi cpe^H ce^^eHHi^ TpHBnajibHoro paccjioenHH. Tor^a cene- 
HHfl IlyaHKape KJiaccH(]3Hii,HpyiOTca MeTO^aMH KJiaccHnecKoii Teopnn npenaTCTBHii. Ecjih 
KpHTH^ecKaa OKpyjKHOCTb HMeeT HeopuenmupyeMyw cenapaTpncHyio ^narpaMMy (hjih, 
SKBHBajieHTHO, P He HMeeT 3Be3flOHeK), to paccjioenne SeficJjepTa ne sBjiaeTca jioKajibHO- 
TpHBHajibHbiM paccjioeHHeM. HecMOTpa na sto, cenenna IlyaHKape aBJiaiOTca seiicJaepTO- 
BbiMH anajioraMH ceneHHii jiOKajibHO-TpHBnajibHoro paccjioenna. ^OKasaTejibCTBO Bbime- 
npHBefleHHoii TeopeMbi c HCH0Jib30BaHHeM TeopeMbi KjiaccncJjHKaiiHH 3eH4)epTOBbix cene- 
HHH anajiorHT^HO |BF94) . cm. ^eTajiH b [CRSOOj . 

CHCTEMbI BEKTOPHblX HOJIEH 

BaefleHHe. 

yneHHK Xon(|)a 9flyapfl IHTHcJjejib paccMOTpeji Hpo6jieMy cymecTBOBanHa napu, 
mpouKU, etc. auhcuho neaaeucuMux KacaTejibHbix BeKTopnbix nojieii na flannoM mhofo- 
o6pa3HH. (BbHfly KaHOHH^^HOCTH npoii;ecca FpaMa-IIlMH^Ta opToroHajiH3aii,HH jtHHeiiHyio 
He3aBHCHM0CTb MOJKHO 3aMeHHTb Ha opTOHopMHpoBaHHOCTb.) Pa3BHBaa H^en XOH(J)a, 
OKOJio 1934 OH HpHmeji k onpeflejieHHio xapaKTepncTHHecKHx KjiaccoB (oKonnaTejibHaa 
4)opMajiH3aii,Ha 6biJia saBepmena HopManoM Cthhpo^om b 1940e rr.). Jlio6oHbiTHO, 
HTO niTHcJaejib Hanaji c nacTHoro cjiy^aa opnenTHpyeMbix 3-MHoroo6pa3HH h HbiTajica 
HOCTpoHTb HpHMep TaKOFO MHoroo6pa3Ha, na KOTopoM ne cymecTByeT tpohkh jinneiiHO 
HesaBHCHMbix KacaTejibHbix BeKTopHbix HOJieii. 3aTeM, HCHOJibsya cboio Teopnio, oh 
flOKa3aji cjie/iyiomHe cJjaKTbi. 

TeopeMa IIlTH(J)ejia o napajiJiejiHsyeMOCTH 3-MHoroo6pa3HH. Ha aw6om opu- 
enmupyeMOM 3-MH020o6pa3uu cymecmeyem mpouKa AuneuHO neaaeucuMux KacamcAb- 
Hux eenmopHux noAeu. 

TeopeMa IIlTHtJiejia o seKTopHbix nojiax. Ecau n + 1 = 2''m, zde m HenemHO, 
mo Ha MP" He cymecmeyem cucmeMU U3 2^ AuneuHO neaaeucuMux nacameAbHux een- 
mopHux noAeu. 
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TeopeMa IIlTHcJiejia 06 ajire6pax c j^ejienmeM. Ecjiu na E" UMeemcn cmpyKinypa 
ajize6pu c dejienueM (m.e. 6uAUHeuHaji onepav,uji yMHOotcenusi 6e3 dejiumejieu uyAJi), mo 
n ecmb cmeneub deouKU. 

Bojiee TOHHO, ajize6pu c dejienucM na M" UMewmcM moAbKO npu n= 1,2,4,8. 9Ta 
snaMeHHTaa Teopena BoTTa-MnjiHopa-KepBepa-AflaMca (cm. ccmjikh b |MS74l §4]) ^o- 
KasbieaeTca TaKJKe c HcnojibsOBaHneM TonojiorHH (ho ropas^o 6ojiee npo^BHHyToii) . 

/Ipyrne HCTopH^^ecKH nepBbie scjscjseKTHbie npHMeneHHa xapaKTepncTHHecKHx KjiaccoB 

— TeOpeMbI yHTHH O HeBJIOJKHMOCTH H IlOHTpflrHHa-TOMa O (He)K060pflaHTH0CTH MHOrO- 

o6pa3Hii — onHcaHbi b rjiaBe 5 (cp. |MS74[ §4]). 

B 1942 JleB CeMeHOBH^ IIoHTpflrHH npn^yMaji HOBbie xapaKTepncTHHecKHe KJiaccbi. 
Bjia^HMHp A6paM0BHH Poxjihh noKasaji, hto sth Kjiaccbi ecTecTBenHO noaBjiaiOTca npn 
o6o6iri,eHHH sa^aHH IIlTHcjaejia: npn nocTpoeHHH CHCTeMbi KacaTejibHbix BeKTopnbix nojieii, 
HMeromeii b KajK^oii TO^xe panr, ne MeHbinnii ^aHHoro ^HCJia. Xlpn ^ajibHeiinieM o6o6iri,e- 
HHH noHBjiaiOTCfl flpyrne xapaKTepncTHHecKHe Kjiaccbi, ho ohh yjKe saBHCHMbi (mm ne 
yTOHHfleM, B KaKOM CMbicjie) MejK^y co6oh h c KJiaccaMH IIlTHcjjejia-yHTHH. IIosTOMy 
cpe^H Bcex 3THX KJiaccoB BbiflejieHbi KAaccu UoHmpMZUHa, o6pa3yioiri,He 'MaKCHMajibHyro 
HesaBHCHMyio CHCTeMy'. 3th Kjiaccbi HpHMenaiOTca ^jia HsyHenna gyjaf^Kwa; MHoroo6pa3HH 
H Hx OTJiH^Hii OT monojiozuHecKux MHoroo6pa3Hii |DNF84l §28]. 

B 3TOM naparpa(J)e mm npHBO^HM n^eio nocTpoenna TeopHH xapaKTepncTH^ecKHx 
KjiaccoB, Ha6pocoK KopoTKoro ^OKasaTejibCTBa TeopeMbi IIlTH(J)ejia o napajiJiejinsyeMOCTH 
3-MHoroo6pa3Hii (ocHOBaHHbm na neKOTopoM ynpomeHHH floxasaTejibCTBa h3 |Ki89[ §5]). 
Jlfl-R flOKasaTejibCTBa TeopeMM IIlTH(J)ejia o BeKTopHMx nojiax h 06 ajire6pax c ^ejienneM 
yjKe HyjKHa 66jibmaa ^acTb Maiepnajia rjiaB 4 h 5; caMH ^OKasaTejibCTBa naMe^eHM b 
BHfle sa^aH b rjiaBe 5. 

XapaKTepHCTHHecKHe KJiaccbi ^jih 3-MHoroo6pa3HH. 

1. EcjiH 3-MHoroo6pa3He opnenTHpyeMO, to jiio6yio napy jinneiiHO HeaaBHCHMbix xa- 
caxejibHMx BeKTopHMx nojieii na hgm mojkho flonojiHHTb flo mpouKU TaKHx nojieii. 

Cjie^yiomHii pesyjibTaT aBJiaeTca BajKHeiiniHM maroM b ^OKaaaTejibCTBe TeopeMM 
niTHcjsejia, a fljia HeopneHTHpyeMMx 3-MHoroo6pa3HH HHTepecen h caM no ce6e. 

TpexMepnaa TeopeMa IIlTHtJjejiH o npenaTCTBHH. Ha aaMKuymoM 3- 
MHOzoo6pa3uu N cyinecmeyem napa jiuneuHO neaaeucuMux KucameMHUx eenmopHux 
nojieu mozda u uiomko mosda, Kozda BTopoii KJiacc IIlTHcjjejia-yHTHH 'W2{N) G Hi{N) 
Hyjieeou. 

Onpedejienue KJiacca W2(N), ucnojibaywmee o6iu,ee nojiocHcenue. PaccMOTpHM napy 
KacaTejibHMx BeKTopnbix nojieii o6ni,ero nojiojKenna na 3-MHoroo6pa3HH N. BBH^y o6ni,- 
HOCTH nojioJKenna mho^kgctbo to^gk MHoroo6pa3Ha, b kotopmx BeKTopM SToii napM jin- 
nenno saBHCHMM, aBJiaeTca necBasHMM o6T)eflHHeHHeM OKpyjKHOCTeii (opHeHTan,Ha na nnx 
ne BajKHa). 3to oG-beflnnenne OKpyjKHOCTeii c TOHnocTbio flo zomoaozuhhocuiu (onpe^e- 
jiennoii ^ajiee hjih b rjiaBe 4) n Ha3biBaeTca KjiaccoM W2{N). 

Onpedejienue deoucmeenHou cxeMU Oam, cxeMU aaMKuymozo S-MUOzooSpaauM, 
(puc. \49^ - Bo3bMeM neKOTopyio cxeMy U 3-MHoroo6pa3Ha N . B xajK^OM TpexMepnoM 
MHororpanHHKe x cxeMM U Bbi6epeM no TOHKe x* . Jlim KajK^oii rpann / ncxo^noii 
cxeMM coeflHHHM pe6poM /* ^Be nocTpoennbie tohkh, jiejKanine b coce^nnx no SToii 
rpann TpexMepnbix MHororpannnKax cxeMM U (sto pe6po npoTMKacT rpanb / cxeMM U ; 
pnc. I49p . Jifl5i KajK^oro pe6pa a ncxo^Hoii cxeMM naTaneM ^ByMepHbiii MnoroyrojibnnK 
a* na Te nocTpoennbie pe6pa, KOTopbie OTBenaiOT rpanaM ncxo^noii cxeMM, co^epjKaniHM 
pe6po a (sTOT MnoroyrojibnnK npoTMKaeTca pe6poM a; pnc. I49p . 06'beflHHenne nojiy^en- 
HMx MHoroyrojibHHKOB pa36HBaeT 3-Mnoroo6pa3ne N na TpexMepnbie Mnororpannnxn, 
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Phc. 49: ^BoflcTBeHHbie cxeMM fljia cxeM saMKHyToro 3-MHoroo6pa3Hfl 



KajK^blii H3 KOTOpblX COr^Cp»;HT pOBHO O^Hy BepiUHHy HCXO^HOii cxeMbi. HojiyHeHHafl 

cxena U* nasbiBaeTCH deoucmeeuHou k U . 

Hancuio doKaaamejibcmea mpexMepHou meopeMU Illmu^ejisi o npensimcmeuu: onpe- 
dejienue npenRmcmeymtn^ezo ■u,UKJia. By^eM nasbiBaTb napy jiHHeiiHO nesaBHCHMbix Kaca- 
TejibHbix BeKTopHbix nojieft npocTO napofl nojiefl. 

Bo3bMeM HeKOTopyio MejiKyio cxeMy U 3-MHoroo6pa3Hfl N h flBoiicTBeHHyio k neii 
cxeMy U* . 

CnaHajia mm nocTpoHM napy nojieii b BepniHHax flBoiicTBeHHoii cxeMbi, aaieM 6yfleM 
nbiTaTbCH npo^ojixaTb STy napy na o6'be^HeHHe pe6ep ^BOHCTBenHon cxeMbi, 3aTeM na 
o6T3eflHHeHHe ee rpaneii n noTOM na o6T3eflHHeHHe ee TpexMepnbix MnororpannnKOB. 

nonpo6yeM npo^ojixHTb napy nojieii na pe6po ^BoiicTBeHHoii cxeMbi. Bbn^y Meji- 
KOCTH cxeMbi OKpecTHOCTb Ka>K;J^o^o TaKoro pe6pa 07i,ii03iiaHiio npoeiinpyeTca na Tpex- 
Mepnyio KacaTSJibHyio njiocKOCTb. Hpn stoh npoBKiinn nape bcktopob b tohkb x SToro 
pe6pa conocTaBJiJieTCJi napa BeKTopoB b M^, a nape nojiefl na BceM pe6pe — OTo6pa>KeHne 
ero B npocTpaiiCTBO jini-ieiiHO i-iesaBiiCHMbix nap BeKTopoB b M'"*. OneBH^^HO, ^to 3to npo- 
CTpancTBO CB5I3HO. HoaTOMy nocTpoeHHaa b Bepmnnax ^BoiicTBeHHOH cxsmm napa nojieii 
npoflOJixaeTCJi na o6T3eflHHeHHe pe6ep flBoflcTBenHoii cxeMbi. 
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Phc. 50: npoflOJixenne napbi nojieii na rpanb flBoiicTBeHHOfl cxcmm 
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nonpo6yeM npo^ojiJKHTb napy nojieii na rpanb a* ^BoiicTBeHHOH cxeMbi (pnc. I50p . 
Bbh^Y MejiKOCTH cxeMbi OKpecTHOCTb rpaHH a* o^HOSHa^HO npoeiinpyeTca na TpexMep- 
Hyio KacaTejibHyio njiocKOCTb. Xlpn SToii npoeKiiHH nape BeKTopoB b to^kg x stoH rpaHH 
conocTaBJiaeTCfl napa BexTopoB b MP. Sna^HT, nape nojieii na rpann^Hon OKpyjKnocTn 
SToii rpann — OTo6pa>KeHHe ee b npocTpancTBO nap BexTopoB b R"^. Ecjih sto OTo6pa>Ke- 
nne hb npo^ojiJKaeTCH na rpanb a*, to noKpacHM pe6po a ncxoflnon cxeMbi (npoTbiKaio- 
in,ee rpanb a*), b Kpacnbiii Li,BeT. TaKHM o6pa30M, sa^annro napbi w opTonopMnpoBannbix 
BGKTopnbix nojieii na oGie^nnennn pe6ep ^BoiicTBennoH cxeMbi cooTBCTCTByeT Kpacnbiii 
noflrpacj) e{w) ncxoflnoii cxcmm, KOTopbiii nasbiBacTCfl npenjimcmeywijuuM 'hukaom. 

Hucjio KpacHux pe6ep, euxodsiinux U3 naotcdou eepmuHU, uemHO. 

HanoMnnM, hto noflrpacj^bi c TaxnM ycjiOBHCM nasbiBaiOTCH (zoMOAOzunecKUMu) u^uk- 

AUMU. 

2. (a) /JoKajKnTC ccJjopMyjiHpoBannoe yTBepjKflenne. 

(b) Bne Kpacnoro rpacjaa napa nojieii cymecTByeT. 

(c) HapncyiiTe KaK0H-nH6yflb npenjiTCTByioinHH iinKji fljia RP^ n fljia MP^ x (n 
flJiH flpyrnx nsBecTnbix BaM npnMcpoB 3-Mnoroo6pa3HH) . Xlpn stom paayMno bsatb CTan- 
flapTnbie cxeMbi: ^jih M.P^ h3 HeTbipex KJieTOK no o^noii b KajK^oii pa3MepnocTn, a ^jin 
MP^ X S"^ — nponsBCflenne cxcmm ^jm MP^ h3 Tpex kjictok no o^noii b KajKflon pasMcp- 
nocTn n cxcmm fljia na flnyx kjictok no Oflnoii b KajK^oii pasMcpnocTn. 

(d) * ^Jifl JiK)6oH Tpnanryjifliinn npoH3BOJibnoro TpexMcpnoro Mnoroo6pa3Hfl N 061- 
c^nncnnc pc6cp cc 6apnLi;cnTpnnccKoro noflpaaflCJicnna HBjiacTCfl npcnjiTCTByioinHM E;nK- 
jiOM e(w) fljifl ncKOTopoii napM nojicn w. 

Onpedejienue gpynnu Hi{N), KJiacca W2{N) u Ha6pocoK saeepmeHUM doKaaamejibcmea 
mpexMepHou meopcMU IIImu(fieM o npennmcmeuu. Tonne TaK jkc, KaK b naparpa(|)e 
'opnenTHpycMOCTb', onpe^ejiaiOTCn rpanHLi,bi, roMOJiornnnocTb li,hkjiob h rpynna Hi{N) 
(nccMOTpji na to, nTO onn BOsnnKjin npn pcmcnnn dpyzou sa^ann!). 

BmopuM KJiaccoM IHmucpejin- YumHU 3-Mnoroo6pa3Hfl N nasbinaeTCH 

Anajiornnno npcflM^ymcMy npoBcpnCTCn, hto 9to onpc^CJicnnc KoppCKTno n hto 
W2{N) — Tor^a n tojibko Tor^a, Kor^a napy nojieii w MOJKno npoflOJiJKnTb na 
06'beflnnenHe MnoroyrojibnnKOB ^BOncTBennoii cxcmm. 

Ilapy nojicii w na U2 06'bCflnncnHH MnoroyrojibnnKon flBoncTBcnnoii cxcmm nccr^a 
MOJKno npoflOJiJKnTb na Bce 3-Mnoroo6pa3ne N. 3to ^OKasMBaeTCH anajiornnno npe^M- 
flymfiMy c ncnojibSOBanneM cjie^yionieH TeopcMM npoflOJiJKenna: 

AH)6oe omo6pacHceHue zpaHunuou c(pepu mpexMepnoso uiapa e SO3 mookho npodoji- 
CHCumb na eecb map. 

3tot (|)aKT MM ne flOKasbinaeM (fljisi cnen,HajiHCTOB OTMCTnM, nTO on cjie^ycT ns pa- 
BcncTB 772 (SOs) = 7r2(]K.P^) = 7r2(S''^) = 0). XlosTOMy npcnaTCTBnc W2{N) HBjincTcn noji- 
nbiM. □ 

3. BocnojinHTC flCTajin npnnc^cnnoro na6pocKa. Ilpn stom ncnojibsynTC 6c3 ^OKaaa- 
TCJibCTBa cjie^yHDmnii (jjaKT (nnponcM, ero tojkc MOJKCTe nonbiTaTbca ^OKasaTb). 

CymccTBycT poBno flna roMOTonnnccKnx Kjiacca OTo6pajKcnnH OKpyjKnocTn b npo- 
CTpancTBO jinnciino ncaanncnMbix nap bcktopob b R^. 

yKasannn. Cnanajia ^OKajKnTC, nTO sto npocTpancTBO fle4)opMan,nonno pcTparnpy- 
CTCH na npocTpancTBO SO3 opTonopMnponannMx nap bcktopob b M.^ (sto to jkc, hto 
npocTpancTBO nojioJKnTCJibnbix opTonopMnponannbix pcncpoB b R^). IIotom flOKajKHTC, 
nTO 5*03 TonojiornnecKn SKBnnajienTno 

npocTpancTBy ^BnjKcnnn npocTpancTna IR'^, ocTaBjimomnx nanajio KOop^nnaT ncno- 
flBnjKnbiM; 
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npocTpancTBy BpameHHii npocTpancTBa M.^ OTHOCHTejibHO npsMbix, npoxoflHiri,Hx ^e- 
pes Ha^ajio KOopflnnaT; 

npocTpancTBy npHMbix b R"*, npoxoflain,Hx ^epes cJjHKCHpoBaHHyio TO^Ky; 
saMKHyTOMy TpexMepnoMy inapy, na rpanniie KOToporo CKJieenbi ^HaMeTpajibHO npo- 

THBOnOJIOJKHbie TOHKH. 

HcnojibsyiiTe nocjie^Hioio h3 nepeHHCJiennbix 'MO^ejieii' npocTpancTBa SO3. HeTpn- 
BHajibHbiii sjieMBHT rpynnbi 7ri(S'03) npe^CTaBJiaeTca ^HaMeTpoM TpexMepnoro mapa, h3 
KOToporo 5*03 nojiyHaeTca CKjieiiKoii. 

Ha6pocoK npocToro ^OKasaTejiBCTBa TeopeMBi IIlTHcJiejia. 

/locTaTOHHO paccMOTpeTb cjiyHaii saMKHyToro MHoroo6pa3Ha N. HcnojibsyeM o6o3Ha- 
HeHHH H3 flOKasaTejibCTBa TpexMepHoii TeopeMbi IIlTH(J)ejifl o npenaTCTBHH. IIpenflTCTBy- 
romHii ijHKJi B A'^ MOJKeT 6biTb npeo6pa30BaH MajibiM ineBejieHneM b OKpyjKHOCTb S (anajio- 
TH^HO TeopeMe 06 siijiepoBOM iiHKjie c nocjieflyiomHM coe^HHeHneM KOMnoneHT CBfl3H0CTH) 
(a). Bne Majioii OKpecTHOCTH OKpyjKHOCTH S cymecTByeT napa nojieii (b). HcnojibsyeM 
cjieflyromHii (jaaKT (bbiTeKaromHii h3 ^BoiicTBeHHOCTH IlyaHKape b rjiaBe 4). 

Ecjiu S He zoMOJiozunna nycmoMy zpa(py, mo cyinecmeyem ejioofceuHoe 2- 
MH030o6pa3ue M C N , nepecenawinee S poena e odnou mouKe p. 

CymecTByeT OKpecTHOCTb 2-MHoroo6pa3Hfl AI b N, TonojiorHHecKH SKBHBajieHTHaa 
TpexMepHOMy npocTpancTBy Mxl neKOToporo /-paccjioenHH na^ M (cm. onpe^ejieHHe b 
rjiaBe 5). Tax xax TV opneHTHpyeMO, to Mxl opneHTHpyeMO. 

He4)opMajibHO, noepyofceHueM 2-MHoroo6pa3HH b R"^ Ha3biBaeTCH ero H3o6pa}KeHHe b 

(bo3mojkho, c caMonepece^eHHflMH), ^jia KOToporo b jiio6oii to^kg cymecTByeT xaca- 
TejibHaa njiocKOCTb. HanoMHHM, ^to RP^ ^onycKaeT norpyjKeHne b R3 |FF89) . H3 9Toro 
cjie^yeT, ^to jiw6oe 2-MHoroo6pa3He M norpyjKaeMO b M.^ (c). 

HeKOTopaa Majiaa OKpecTHOCTb o6pa3a TaKoro norpyjKeHHH onpe^ejiaeT /-paccjioeHHe 
Hafl M . 5IcH0, HTO Ha TpexMepnoM npocTpancTBe SToro /-paccjioeHHSj cymecTByeT napa 
nojieii (d). 

IIocKOJibKy npocTpancTBO nocjie^Hero /-paccjioenHfl opneHTHpyeMO, no Teopene KJiac- 
CHcjjHKaiiHH /-paccjioennii sto paccjioenne SKBHBajienTno paccjioennio Mxl (e). XlosTOMy 
na Mx/ cyni,ecTByeT napa w' nojieii. 

06o3HanHM ^epe3 Op ^ncKOByro OKpecTHOCTb tohkh p b M. Kpaen 2-MHoroo6pa3Ha 
M — Int Op flBjiHGTCH rpannHnaa OKpyjKHOCTb dOp flncKa Op. OTcro^a anajiorn'^HO Teope- 
Me KjiaccHcjjHKaiiHH BeKTopHbix nojieii nojiy^aeM, ^^to napu w uw' jiuneuHO neaaeucuMux 
KacamejibHux k N eenmopHux nojieu zoMomonnu na dOp (f). 

Tax KaK w' npoflOJiJKaeTca na Mx/, to n w npo^ojiJKaeTCfl na Mx/ (g). Xlojiy^ennafl 
napa nojieii npoflOJiJKaeTca na ocTaBmniica ^hck no ^ByMepnoii Teopene npoflOJiJKaeMOCTH 
H3 naparpacjja 'cyniecTBOBanne BeKTopnbix nojieii'. □ 

4. BocnojiHHTe fleTajin — ohh OTMenenbi 6yKBaMH (a)-(g) b TexcTe naGpocxa. 

XapaKTepHCTHHecKHe KJiaccbi flJiH n-MHoroo6pa3HH (naGpocoK). 

5. IlycTb N — 3aMKHyToe CBfl3Hoe opnenTHpyenoe ^^eTbipexMepnoe MHoroo6pa3He. 

(a) OnpeflejiHTe H2 (N) h ^2 (iV) G H2 (N) kbk npenHTCTBne k nocTpoennio nemeepKU 
(hjih, SKBHBajieHTHO, TpoHKn) jiHHeHHO He3aBHCHMbix KacaTejibHbix BeKTopnbix nojieii. 

(b) * To }Ke KaK noAHoe npenflTCTBne k cyniecTBOBannio cnnnopHoii CTpyKTypbi na N 
(t. e. K B03M0JKH0CTH H3BjieHb KopeHb H3 jiio6oro TeH3opa na N). 

(c) Bne OKpecTHOCTH jiK)6oro nenycToro n,HKJia, npe^CTaBJiaroniero W2(TV), mojkho 
nOCTpOHTb TaKyio ^BTBepKy. 

(d) W2{P X Q) = fljifl c(i)ep c pynKann P n Q. 

(e) IlpenaTCTBHe 'W2{N) ne nojino. 
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6. (a)-(e) C(J)opM3'.TiHpyHTC h flOKajKHTe anajiorH npe^bi^ymeii sa^aHH ^iJiz opneHTH- 
pyeMbix 4-Miioroo6pa3HH c iienycTbiM Kpaen. 

(f) Ha CBasHOM opneHTHpyeMOM 4-MHoroo6pa3HH N c nenycTbiM Kpaen cymecTByeT 
HeTBepKa jiHHeflHO nesaBHCHMMx KacaTejibHMx BeKTopHMx nojiefl Tor^a h tojibko Tor^a, 
Kor^a W2{N) = 0. 

(a) '-(e)' C(i)opMyjiHpyHTe h ^OKajKHTe anajiorH npe^M^iymeii aa^ja^H ^jia HeopneHTH- 
pyeMbix 4-MHoroo6pa3HH. 

7. * IlycTb N — 3aMKiiyTOC CBasiioe opneHTHpyeMoe ^eTbipexMepnoe MHoroo6pa3He. 

(a) OnpeflejiHTe (jsopMy nepeceHeHHii fl : H2{N) x H2{N) — > Z2 anajiorHHHO nyHKTy 
'(JjopMa nepeceneHHii' rjiabbi 2 (hjih cm. naparpa(J) 'flBoftcTBeHHOCTb HyaHKape' rjiabbi 4). 
^OKajKHTe, ^TO a n o = W2{N) D a j^jir jiio6oro a G H2{N) (sto BbipajKCiiHC paBiio iiyjiio 
Torfla H TOJibKO Tor^a, Korfla b OKpecTHOCTH jiio6oro ijHKjia, npeflCTaBjiaiomero a, mojkho 
nocTpoHTb HBTBepKy jiHHeHHO-He3aBHCHMbix KacaTejibHbix BeKTopHbix nojiefl; cpaBHHTe c 
nyHKTOM '(J)opMa nepece^ennfl' naparpa(J)a 'opneHTHpyeMOCTb' rjiabbi 2). 

(b) W2iN) n W2{N) = x{N) mod 2. 

(c) Onpcri^raHTC HUCAO IIoHmpmuHa Pi(N) G Z Kax ncinoc npcnsTCTBHC k cymc- 
CTBOBaHHK) HcmeepKU KacamejibHux eenmopHux noAeu, UMewuneu pam ue Menee mpex e 
Kaotcdou moHKe. 

BoT iiafipocoK onpe^ejieHHa, Hcno.ibsyiomcro o6iri;cc nojiojKOiiHC. PaccMOTpHM HCTBep- 
Ky o6mero nojioJKeHHfl KacaTejibHbix BexTopHbix nojieii na N . BbH^y o6iri;HOCTH nojioJKe- 
HHH MHOxecTBO TOHeK MHoroo6pa3Hfl, B KOTopbix flaHHaa HeTBepKa BeKTopoB HMeeT panr 
Menee Tpex, HBJiaeTCH KoneHHbiM KOJiH^ecTBOM TOHex. y sthx TO^eK mo>kho onpe^ejiHTb 
3HaK. KojiH^ecTBO sthx tohck c y^eTOM snaKa h HasbiBaeiCH pi {N) . 

(d) IlycTb A'^ — nOflMHoroo6pa3He saMKHyToro opneHTHpyeMoro 6-MepHoro mhofo- 
o6pa3Hfl M. 06o3HaHHM [N] € -ff4(M;Z) roMOJiorHHecKHfl KJiacc noflMHoroo6pa3HH N, 
Pi G Z n e €: H2{N;7j) hhcjio HoHTpHrHHa (onpeflejiHTe!) h Kjiacc Bfljiepa HopMajibHoro 
paccjioeHHa b M. Tor,T,a [N]"^ = erie~pi 

(e) EcjiH A'' BJiTOKHMO B , TO pi{N) = 0. yKa3aHHe. CHanajia ^OKaxHTe, hto Pi = 
fljiH HopMajibHoro paccjioeHHH k Bjio>KeHHio aHajiorHHHO nyHKTy 'nopMajibHbie BeKTopHbie 
nojia'. 

Hhcjio HoHTparHHa paBHO yTpoenHoii cnrnaType ^{N) (jaopMbi nepeceneHHii mhofo- 
o6pa3Hfl N (^OKa3aTejibCTBO naMeneHO b nynKTe 'cHrnaTypa h HHCJia HoHTparHHa'). 

TeopeMa ^ojiB^a-yHTHH. Ha aaMKHymoM cejianoM opueHmupyeMOM 4- 
MH020o6pa3uu N cymecmeyem nemeepKa opmoHopMupoeaHHUx KacamejibHux eenmopHux 
noAeu mosda u moAbKO mosda, Kosda x(-/V) — o'(A^) = m W2{N) = 0. 

Hepes Z(j) o6o3HaHaeTC}j rpynna Z fljin HCTHoro i h Z2 flJia HeneTHoro i. 

TeopeMa IIlTHcJjejia o npenaTCTBHH (MHoroMepHaH). Ecau na aaMKHymoM 
opueHmupyeMOM n-MHOzoo6pa3uu N cyut,ecmeyem k AuneuHO neaaeucuMux naca- 
mejibHux eenmopHux noAeu (1 <k < n), mo [n — k + 1)-h KJiacc IIlTH(i)ejifl-yHTHH 

Wn-k+i{N) e i7fe_i(Af,Z(„_fe)) HyAeeou. 

Ha6pocoK onpedejieHUA KAacca Wn-k+i{N), ucnoAb3ymui,ezo o6u^ee noAootcenue. 
PaccMOTpHM HaSop oSmero nojioxeHna h3 k KacaTejibHbix bcktophmx nojiefl na 
n-MHoroo6pa3HH N . BBH^y o6ili;iiocth no.iojKCiiHa miiojkcctbo tohck Miioroo6pa3H5i, 

B KOTOpblX BeKTOpbl STOrO Ha6opa JIHHeilHO 3aBHCHMbI, HBJiaeTCfl 06'beflHHeHHeM 

{k — l)-MepHbix noflMHorooSpasHii. Ecjih n — k hctho, to na hhx mo>kho bbccth opHCH- 
TaiiHio. KjiaccoM W„_fe+i(Ar) Ha3biBaeTC5i KJiacc soMOAOzuHHOcmu SToro o6T3eflHHeHH}i 
no^MHoroo6pa3nfl (roMOJiornHHOCTb onpe^ejieHa b rjiaBe 4 anajioraHHO npeflbi^ymeMy) . 

Ha6pocoK onpedejieHusi gpynnu i?fc_i(A'', Z(-„_fc')), KAacca Wn-k+i{N) u doKaaamejib- 
cmea. HycTb Vn,k — MHoroo6pa3He niTHcJ)ejifl opTonopMHpoBaHHbix fc-penepoB b M". O60- 
SHaHHM ^epes iTiiVn^k) mho^kcctbo roMOTonnHecKHx KjiaccoB nenpepbiBHbix OTo6pajKeHHii 
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iS' Vn^k (cm. onpe/iejieHHe b na^ajie rjiasbi 6). Tor/ia |FF89j . |Pr06j 

7i'i(Ki,fe)=0 ^Jifl i<n~k H 7r„_fc(y„^fc) ^ Z(„_j,) ;ijih 1 < fc < n. 

AnajiorH^HO TpexMepnoMy cjiyHaio nepBoe h3 sthx paBencTB BJie^eT, ^to cncTeMa h3 
k jiHHeiiHO HesaBHCHMbix KacaTejiBHbix BeKTopHbix nojieii Bcer^a ctpohtca na {n — k)- 
ocTOBe. Bbh^y BToporo h3 3THX paBeHCTB npoflOJiJKeHHK) nojiyHeHHoii CHCTeMbi nojieii na 
{n — k + l)-ocTOB npenHTCTByeT HeKOTopaa paccTanoBKa ujn-k+i na (n — A: + l)-MepHbix 
CHMnjieKcax ijejibix ^Hceji npn t^gthom n — k, hjih nyjieii h eflHHHu; npn neHeTHOM n — k. 

AnajiorH^HO npeflbi^ymeMy cpe^H Bcex TaKHx paccTanoBOK Bbi^ejiaiOTCfl "hukau h 
zpaHwufii, a TaKJKe onpe^ejiaeTca zoMOAOzuHuocmb iihkjiob (cm. fleiajiH b na^ajie rjiaBbi 
4). Fpynna iihkjiob c TO^HO^^TbIO roMOJiorHHHOCTH naabiBaeTca rpynnoii roMOJiornii 
77fe_i(iV, Z(„_fc)). KjiaccoM IIlTHcjaejifl-yHTHH HaabiBaeTca Kjiacc roMOJiorn^HOCTH npe- 
nflTCTByiomeii paccTanoBKH 

Wn-k+i{N) = ei?fe_i(iV,Z(„_fc)). □ 

8. IIpHBe^HTe fleTajiH SToro onpe^ejienna h ^OKaaaTejibCTBa TeopeMbi. 

Saflana 5e noKasbiBaeT, hto o6paTHaa TeopeMa HeBepna, T.e. npensTCTBHe Wn-k+i{N) 
yjKe He o6fl3aTejibHO aBJiaeTCH nojiHbiM. 

AnajiorH^HO mojkho onpeflejiHTb Kjiaccbi Wi G Hn~i{N ,12) h Wn G Hq{N,Z), h sth 
onpeflejieHHa 6yflyT paBHOCHJibHbi flaHHbiM b naparpa4)ax 'opneHTHpyeMOCTb' h 'beKTop- 
Hbie nojifl'. 

Hepe3 Wi{N) G i/„_i(iV;Z2) o6o3HaHaeTCH npHBeflenne no MO^yjiio 2 npensTCTBHa 
Wi{N), KOTopoe Jier^e BbinncjiaeTca. 

9. (a) IlycTb iV — saMKnyToe opneHTHpyeMoe n-MHoroo6pa3He, ^jia KOToporo 
W2{N) = 0. HaiiAHTe W2{N x S^). 

(b)* ^Jifl JI1060H TpnaHryjiaiiHH npoH3BOJibHoro rt-Mepnoro MHOroo6pa3Ha N 06'beflH- 
HeHHe fc-MepHbix CHMnjieKCOB ee 6apHLi,eHTpHT^ecKoro noflpa3flejieHHa aBJiaeTca li,hkjiom no 
MOflyjiK) 2, npeflCTaBjiaiomHM Kjiacc Wn-k{N). 

10. * (a) ^Jifl saMKHyToro opHenTHpyeMoro n-MHoroo6pa3Ha N onpe^ejinTe j-u 
Kjiacc IToHmpjisuHa Pj{N) G Hn-4j{N;Z) k&k npenaTCTBne k nocTpoeHHio CHCTeMbi h3 
n — 2j + 2 BeKTopoB, HMeioineH panr ne Menee n — 2j + 1 b KajKfloii TO^Ke. 

Ha6pocoK onpedejieuuM, KJiacca pj(N) , ucnoAbaywineso oSvuee nojiocHceHue. PaccMOT- 
pHM Ha6op o6iri;ero nojiojKeHHa hb n — 2j + 2 KacaTejibHbix BeKTopnbix nojieii na N. Bbh- 
fly o6iri;HOCTH nojiojKeHHa MHOJKecTBO TO^ex MHoroo6pa3Ha, b KOTopbix ^annbin Ha6op 
n — 2j ' + 2 BeKTopoB HMeeT panr Menee n — 2j + 1, aBJiaeTca o6T3eflnneHHeM (n — 4j)- 
Mepnbix noflMHoroo6pa3HH. Ha nnx MOJKno bbgcth opHenTaiiHio. 06'beflHHenne STnx nofl- 
MHoroo6pa3HH c TO^HOCTbio flo zoMOAOzuuHocmu (onpeflejieHHoii b rjiaBe 4 anajiorn^HO 
npe^biflym,eMy) n Ha3biBaeTca KJiaccoM pj {N) . 

(b) IlycTb N — 3aMKHyToe opnemnpyeMoe CBH3noe 4-noflMnoroo6pa3He saMKnyToro 
opneHTnpyeMoro 6-Mepnoro Mnoroo6pa3na M. 06o3Ha^HM ^epe3 [N] G H^lM) roMOjio- 
rH^ecKHii KJiacc noflMnoroo6pa3nfl N h ^epe3 Pi £ Z ^hcjio IIonTparHHa HopMajibnoro 
paccjioeHHa N b M (onpe/iejiHTe!). Tor^a PDpi{M) n [N] —pi{N) 

(c) ^OKajKHTB aHajiorn Ba^an 7de n 10b ^Jia 4fc-no/];Mnoroo6pa3nH b 6fc- 
MHoroo6pa3Hax. 

yKaaaHHH k HeKOToptiM 3aflaHaM. 

VKaaaHue k 5e. ^OKajKHTe, hto ^jih KBa^paTa Kpenflejia x{^) = 0- (HpocTeH- 
niHH oflHOCBHSHbiH npHMcp — noBepxHOCTE. KyMMcpa.) 
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YKasaHue k 7d. IlycTB Ni,N2 C M — 6jiH3KHe k N noflMHoroo6pa3HH, naxo- 
flHmHecH B o6iii,eM nojiOiKeHHH OTHOCHTejibHO flpyr ^pyra h N. Tor^a 

[Ar]3 = [N^] n [N2] n [AT] = #(iVi nN2nN) = #[{Ni n N) n {N2 n N)] =ene = pi 

Sflecb ^ osHanaeT ajTre6paHHecKyTO cvmmv tohck nepecenenHH b M , a A'^i H N , 
N2r] N — opuenmupoeaHHue nepeceMeHHH b A^. /Jjih flOKasaTejibCTBa nocjie^Hero 
paBencTBa sosBMeM ^Ba ceHennH nopMajiBHoro paccjioenHH N b M, HaxoflHmHe- 
CH B o6in,eM nanojKeHHH. Tor^a e — roMOjiorHHecKHii Kjiacc Ha/^.jiejKan],HM o6pa- 
30M opneHTHpoBaHHoro HyjieBoro MHoro6pa3HH Kaac^oro cenenHH. Kjiacc Pi — ro- 
MOJiorHHecKHH Kjiacc opneHnpoBaHHoro HaflJieiKamHM o6pa30M noflMHoroo6pa3H5i, 
Ha KOTopoM panr napbi HopMajiBHbix BeKTopoB, o6pa30BaHHbix ffsyMsi ceneHHaMH, 
MeHBine 1, t. e. na KOTopoM 06a BCKTopa nyjieBBie. HosTOMy e He =pi. 

ynaaaHue k 9a. Kjiacc W2{N x 5"^) paBCH nyjiio, nocKOjiBKy nepexo^HT b Kjiacc 
W2{N) = npH MOHOMop4)H3Me Hi{N) H2{N y. S^), onpe^ejieHHOM (JjopMyjioii 
[s] — ^ [s] X 5'-'^. ^eftcTBHTejibHO, KJiacc W2 G Hi{N) npeflCTaBjiaeTca noflMHoroo6- 
pa3HeM BbipojK/i;eHHOCTH X nojiH o6LTi,ero nojrojKeHHsi h3 2k KacaTejTbHbix k bck- 

TOpOB. HpOflOJIJKHM 3T0 HOJIC OHeBHflHbIM o6pa30M flO HOJIH H3 2/c + 1 KaCaTejIBHblX 
K N X BeKTOpOB C MH0r006pa3HeM BbipOaCfleHHOCTH X X S^. 

YKasaHue k 10b. HMeeM PDpi{M) n [X] = pi{M)\x = Pi{X) +pi{vm{X)), 
r^e nocjieflHee paBencTBO cjie^yeT h3 tm\x — Tx © yui^)- 
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rJIABA 4. METO^bl BblHHCJlEHHH TOMOJlOrHH. 

'The wise men followed the star and found the house. 
But if I followed the star, should I find the house?' 
'It depends, perhaps, ' I said smiling, 'on whether you are a wise man'. 

G. K. Chesterton, Manalive. F°l 

nPOCTEHniHE METOat>I (HABPOCOK) 

Onpe^ejieHHa. 

B 3TOH rjiase CTHTaeTca HSBecTHMM noHHTne rpynnbi, roMO-, h30-, moho- h snHMop- 
4)H3Ma rpynn, a TaKJKe noHHTne roMOTonHH h3 rjiasbi 6. 

B HeKOTopbix MecTax SToii rjiaBbi mm yKaaueaeM KOScjjcjjHiiHeHTbi Z2 b o6o3Ha^eHH- 
flx. IIpH 3T0M nponycK KOScJj^JHiiHeHTOB no-npejKHeMy osnaHaeT, hto npe^nojiaraiOTCH 
KoacjjcjjHiiHeHTbi Z2. 

^a^HM onpedejienue zpynn zomojiozuu (c K09(f)^uv,ueHmaMU e 'Li), nesaBHCHMoe ot 
paccyjKfleHHH, b KOTopbix OHO noaBHJiocb. IlycTb N — 3-nojiH3flp (hjih 2-nOJIH3flp) c 
TpHaHryjiimneii T, HMeiomeii i CHMnjieKCOB pasMepnocTH i, i = 0, 1,2,3 (03 = ^Jia 2- 
nojiHSflpa). (Heo6xo^HMbie HSMeneHHH ^jia cxeMbi T ^HTaiejib jierKO c^ejiaeT caMOCToa- 

TejIbHO.) 

06o3HaHHM ^epes Ci — Ci{N), i — 0,1,2,3, rpynny paccTanoBOK nyjieii h eflHHHu; 
Ha z-MepHbix CHMnjieKcax TpHaHryjifliiHH T (oTHOCHTejibHO onepaiiHH noKOMnoHeHTHoro 

CJIOJKeHHH). SICHO, HTO Ci = Zj' . 

JXjih npoH3BOJibHoro pe6pa a o6o3HaHHM Hepea dga paccTanoBKy e^nHHii; b BepniHHax 
SToro pe6pa h Hyjiefi b ocTajibHbix BepniHHax. IlpoflOJiJKHM do flo jiHHeiiHoro OTo6pa}KeHH}i 
do : Ci Cq. 

/Ijih HpoHBBOjibHoii flByMepHoii rpann a o6o3HaHHM Hepea dia paccTanoBKy e^nHHij na 
pe6pax rpaHHiibi 3Toii rpann. IlpGflOjiJKHM di flo jiHHeiiHoro OTo6pa>KeHHH di : C2 ^ Ci. 

^jia npoHSBOJibHoii TpexMepHoii rpann a o6o3Ha^HM nepes dia paccTanoBKy eflHHHu, 
na flByMepHbix rpanax rpanHiibi rpann a. IlpGflOjiJKHM di flo jinneiiHorG OTo6pajKennfl 
di : C3 ^ Ci. 

0. dkdk+i = 0. 
nojiojKnM 

Ho{N) o/doCi, H,{N) := do\0)/d,Ci, Hi{N) d^\{))/diC^ 
H H^{N):^d:,\Q). 

Fpynnbi i9~L\(0) n diCi+i nasbiBaiOTCH rpynnaMn i-Li,HKJiOB h i-rpanHu,, cooTBeTCTBenno. 

HTo6bi onpe^ejiHTb roMOJiornH c KOScjjcjjHiiHenTaMn b Z, (J)nKCHpyeM ^onojinnTejibno 

opuenmai^uw (i.e. nopa^OK Bepmnn c TO^nocTbio ^eTHoii nepecTanoBKn) KajK^oro chm- 

njiGKca Tpnanryjiaiinn T (nnKaKoii corjiacoBannocTH opnenTaiiHH paanbix cnMujieKCOB ne 

npeflnojiaraeTca) . 06o3Ha^HM ^epes Cfe(Z) = Ck{N; Z), /c = 0, 1, 2, 3, rpynny paccTanoBOK 

□;ejibix nnceji na opneninpoBannbix z-Mepnbix CHMnjieKcax Tpnanryjiaiinn T (oTHOcnTejib- 

no onepaiiHH noKOMnoHenTHoro cjioJKenna). 5Icno, hto Cfe(Z) = 'Zf' . JIilr fc-CHMnjieKca a 

c BepmnnaMH oq • . . o6o3nannM ^epes en CHMnjieKC paaMepnocTH (fc — 1) c Bepmnna- 

MH ao, . . . , fli-i, fli+i, . . . , afe. IlojioJKnM ei — —1, ecjin opnenTaiina CHMnjieKca aaflaeTca 

fc 

nopa^KOM (flQ, . . . , a^-i, fli+i, . . . , flfe), nEi — l, nnane. IIojiojkhm dk-io. = '^{—lyeiCii. 

i=l 

Ilocjie SToro roMOJiornn c KOSi^KjaniinenTaMH Z onpe^ejiaiOTca anajiornnno. 

^° 'Mydpevfii cjiedoeaAU 3a aeeadou u naiujiu doM. Ho ecjiu 6u m nocAedoeaji aa aeeadou, 
nameji 6u si doM ? ' — 'Bosmookho, ' cnaaaA m, yAu6ajicb, 'amo aaeucum om mozo, Mydpev, 
Au mu. ' ^ecmepmoH, Xueoii, nep. aemopa. 
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AnajiornHHO onpeflejiaiOTCH z-MepHbie roMOJiorHH nojiHS^pa npoHSBOJiBHoii pasMepno- 
CTH, a TaKJKe roMOJiornH c KoacjacjjHiiHeHTaMH Zp h Q. 

Bee BeTpeHaiomHeeH npoeTpaneTBa npe^nojiaraiOTefl nojiHSflpaMH (^HTaTejib MOJKeT 
CHHTaTb, ^TO ^ajKB 2-nojiH3^paMH HJiH 3-nojiH3flpaMH) . Bee OTo6pa}KeHHH meyKflj nojiH- 
SflpaMH npeflnojiaraiOTefl KycoHHO-jiuHeuHUMU, T.e. yBajKaiomHMH neKOTopbie exeMbi sthx 
nojiHSflpoB. 

BbiHHCJieHHe no onpeflejieHHio. 

Mbi onyexaeM o6o3Ha^^eHH^^ KOScJxjjHiiHeHTOB h3 sannen rpynn roMOJiornii, eejiH 4)op- 
Myjia Bepna jiJisi npoHSBOJibHbix KOScjDcjjHiiHeHTOB (KOTopbie Mbi o6o3HaT^aeM G) . CoBeTyeM 
ena^ajia npopa6oTaTb MaTepnaji ^Jia KOSi^KjjHiiHeHTOB Z2, aaieM ^jih Z. Kjiaee roMOJiornii 
iIHKjia a o6o3Ha^aeTefl Hepe3 [a]. HanoMHHM, ^to — To^xa. 

1. (a) Ha{D°; G) ^ G n Hk{D°; G) = npn fc > 0. 

(b) Ho{X; G) = G'^^'^\ r^e c{X) — KOJiH^eeTBO KOMnoneHT eBHSHoeTH nojiHS^pa X. 
Cjie^yiomHM pesyjibTaTOM 6yfleM nojibaoBaTbea 6e3 ^OKasaTejibeTBa (KOTopoe mojkho 
HaiiTH B |Pr06) ). 

TeopeMa HHBapHaHTHOCTH roMOJiornS. Fomojiozuu gOMeoMop(pHux cxcm 

U30M0p(pHU. 

nojiOiKHM Hk{X) Hk{X) npH fc > H Ho{X) := e~i(0)/9oCi, r^e e : Co ^ G - 
eyMMa Hneeji, eToamHx b BepniHHax. 

2. (aj Hk{D'^) = Q. 

(b) HkiGonX) ~ 0, r^e Con — Konye. 
(e) ijfepO;G)-0. 

(d) /^Jia n > rpynna Hk{S^;Z) ecTb npn ^ 0, n h Z npn k = 0,n. 

(e) Hk{X) = Hk+i{YiX), r^e S — HafleTpoiiKa. yKaaaHHe. JI1060H /c-iihkji b EX ro- 
MOJiorH^en Ha^eTpoiiKe na^ neKOTopbiM li,hkjiom b X . 

(f) rpynna HkiS'^ V S"^ V ... V S*;"; Z) eeTb npn /c 7^ n n Z' npn fc = n. 

(g) 06o3Ha^HM i?" = S*" V 5*2 V . . . V S*" . ^Jia eHMnjiHn,HajibHoro OTo6pa>KeHHH 

g : — > o6o3HaHHM ^epes dpq{g) eienenb KOMnosHijHH i?" — > ^ 5"^. 

Tor^a (7* : Hn{B";Z) Hn{Bl^;Z) eeTb jinneiiHoe OTo6pa}KeHHe e MaTpnijeH dpq{g) (b 
eTan^apTHbix 6a3Heax). 

(h) Hkix yY) = Hk{x) ® i/fc(y) fljifl fc > 0. 

(i) HaflflHTe iffc(S'P X S"?). 

3. Cm. /leTajiH b |Pr06j . 

(a) XIpH^yMaiiTe, Kax no OToGpajKennio f : X noeipoHTb {uHdyv,upoeamh) oto6- 
paiKenne /, : Hk{X) Hk{Y). 

(b) OToGpajKenne /* HBjiaeTea roMOMop4)n3MOM. 

(e)* FoMOTonnbie OTo6pa}KeHHa HHflyn,HpyiOT o^nnaKOBbie H30Mop4)H3Mbi [PrUfpj. 

(d) /JoKajKHTe cjieflyiomnn pe3yjibTaT. 

TeopeMa roMOTonHHecKoii HHsapHaHTHOCTH roMOJiorHii. Ecjiu X zoMomonu- 
HecKU 9KeueaAeHmH0 Y , mo Hk{X) = Hk{Y). 

4. (a) JXjih CBfl3Horo X jiio6oh sjieMenT rpynnbi Hi{X; Z) npeflCTaBjiaeTCfl neKOTopbiM 
OTo6pa}KeHHeM f : ~* X . 

(b) OTo6pajKeHHe f : X npe^eTaBJiaeT nyjieBoii sjieneHT rpynnbi Hi{X; Z2) to- 

r^a H TOJibKO Torfla, Kor^a oho npo^ojiJKaeTCfl na neKOTopoe 2-MHoroo6pa3He N (ne o6fl- 
3aTejibH0 opneHTnpyeMoe) e xpaeM dN = . 

(e) 0To6pa}KeHHe f : ^ X npe^eTaBJiaeT nyjieBoii sjienenT rpynnbi Hi {X; Z) Tor^a 
H TOJibKO Tor^a, Kor^a oho npoflOJiJKaexcH na nexoTopoe opnenTHpyeMoe 2-MHoroo6pa3He 
N c KpaeM 97V = 5"^ 
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(d) TeopeMa IlyaHKape. cejianoso X eunoAHeno 

iJl (X ; Z) ^ TTi (X)/ [tTi (X) , TTi (X)] . 

3p,ecb TTi{X) — (pyHdaMeHmaAbHon gpynna npocTpancTBa X (cm. rjiasy 6). 

(e) EcTiH y (TpcxMcpiioro) ri^o^i^cKaari^pa cmchtb npoTHBono.TiojKiii.io rpann c noBopoTOM 
na 7r/5, to nojiyHHTca TpexMepnoe MHoroo6pa3He N, ^jia KOToporo ifi(iV;Z) = 0, no 

(f) * npH7i;yMaHTe n flOKaxHTe (hjih onpoBeprnHTe) MHoroMepHbie anajiorn npeflbi^y- 
mnx yTBepjKflenHH. 



FoMOJiorHH napbi. BbipesaHHe. 

IlycTb A n B — noflnojiHSflpbi nojinsflpa X b Oflnoii n Toii xe cxene. Tor^a 

Ck{A) C Ck{X) IIOJIOXHM 

Zk{X,A) := {a e Ck{X) \ dk-ia e Ck-i{A)} n 

Hpn A; = ycjiOBHC dk-ia G Ck-i{A) nycTO. (TaKne rpynnbi noHBJifljincb npn nocTpoennn 
npenHTCTBHii na MHoroo6pa3HHx c KpaeM.) 

5. (a) H(i{X,A;G) = C^-^^ r^e c{X) — KOJinnecTBO KOMnonenT CBflsnocTn nojinsflpa 
X, ne coflepjKaniHx noflnojinsflpa A. 
(h) Hk{X)^Hk{X,0). 

(c) CbH3B a6cOJIIOTHBIX H OTHOCHTejIBHBIX rOMOJIOrHH. Hk{X,A) = Hk{X/A). 

(d) H30Mop4>H3M BBipesaHHa. Hk{A U B,A) = Hk{B, B D A). 

Bojiee moHHO, omo6pacHceHue Hk{B, B Ci A) ^ H^^A L> B,A), undynupoeaHHoe eKJim- 
HeHueM {B, B n A) ^ (AU B, A), jieAJiemcji u30mop^u3mom. 

yKasanne: CBe^HTC k cjiyHaro, Kor^a A — B ecTb BnyTpennocTb Oflnofl kjistkh (chm- 
njieKca) CTapmeii pasMepnocTn. 

(e) EcjiH A ecTb fle4)opMan,HOHHbiH peTpaxT b X (i.e. ecjin cyni,ecTByeT roMOTonna 
ft ■ X ^ X, fljiH KOTopoH /o = idX, fi{X) c A n fi[a) = a ajih jiio6oro a G A), to 
Hk{X, A)=0 npn > 1. 



ToHHBie nocjieflOBaTejiBHOCTH. 

Ha6pocoK dpyzozo peiueuuM, aadanu 2d o6 i?/c(5"; Z). HnAyKn;Hfl no n ^ 0. ^oxajKeM 
mar HH;iyKn,HH. 3aMCTHM, hto Hk{S^) = Hk{D^, S^~^) (sa^ana 7a). Onpe^ejinM OTo6pa- 
xenne 9* : Hk{D^ ,S^~^) — > Hk-i{S^~^) 4)opMyjioii d^[a] — [da]. JlerKO npoBepnTb Kop- 
peKTHOCTb STOro onpeflejienHH (aa^ana 7b). /^ocTaTOHHO floxasaTb, hto OTo6pajKeHHe i9* 

flBJiaeTCH H30MOp(J)H3MOM. 

^jiH flOKasaTejibCTBa 3nHMop(J)HOCTH OTo6pa>KeHHfl 9* B03bMeM u;hkji a, 
[a] E Hk-i{S"'~^). HMeeM Hk-i{D") = (sajia^a 7c; yKasanne: dConx = x). Ilo- 
STOMy cymecTByeT Taxaa ii;enb b, hto a = db. ToTj\a b ecTb OTnocHTejibiibiii hhkjt napM 
{D",S'^~^) H [a] = MoHOMopcjjHOCTb OTo6pa}KeHHfl 9* npoBepaeTCH aHajiorn^no 

(saflaia 7d). □ 

FoMOAOzuHecKou nocjiedoeamejibHocmbK) napu {X, A) 

. . . ^ Hk{A) h Hk{X) h Hk{X, A) h Hk-M) ^ • • • 

HasbiBaeTCfl nocjieflOBaTejibHOCTb rpynn n roMOMop(J)H3MOB, onpeflejienHbix Tax. Fomo- 
Mop4)H3M HH^yiinpoBaH BKjiio^eHHeM. Xlpn ^ 1 OToSpaxenHfl 9* n onpeflejienbi 
(jjopMyjiaMH i9*[a] = [da] n j*[a] = [a], cooTBeTCTBenno. 
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8. (a) 0To6pa>KeHHe 9* KoppeKTHO onpe^ejieHO h HBJifleTca roMOMop(J)H3MOM. 

(b) EcjiH Hk{X) = Hk-i{X) = (nanpHMep, ecjiH X CTflrHsaeMo) , to 9, — naoMop- 

(i)H3M. 

(c) IlpH ^ 1 OToSpaxeHHe j* KoppeKTHO onpeflejieno (JjopMyjiofl j* [a] = [a] h abjih- 
eTCfl roMOMop(|)H3MOM. 

(d) EcjiH Hk{A) = Hk-i{A) =0 (nanpHMep, ecjiH A CTHrHsaeMo), to — nsoMop- 

(i)H3M. 

(e) EcjiH A ecTb peTpaxT npocTpancTBa X (i.e. ecjin cymecTeyeT OTo6pajKeHHe 
f : X ^ A, TOJKflecTBeHHoe na A), to — mohomop(|)h3m, j* — snHMopcjsHSM h 9* — 
HyjieBoii roMOMop(i)H3M. 

(f) EcjiH A CTflPHBaeMO no X b TOHKy (T.e. ecjin cymecTByeT OTo6pa>KeHHe con A — » X , 
cyxenne KOToporo na ocHOBaHne ecTb BKJiroHeHHe) , to z* = 0, j* — mohomop(J)H3m h 9, — 

3nHMOp4)H3M. 

(g) EcjiH cymecTByeT roMOTonna ft : X — > X, fljia KOTopoii /o = id h fi{X) C A, to 

i* — 3nHM0p(J)H3M, = H 9* — MOHOMOp(J)H3M. 

0Ka3biBaeTCfl, Bce (J)aKTbi, c4)opMyjiHpoBaHHbie b npe^bi^ymeii sa^ane, aBJisnoTca 
nacTHbiMH cjiynaflMH odnou TeopeMbi. HocjieflOBaTeJibHOCTb rpynn h roMOMop4)H3MOB na- 
3biBaeTCH moHHOu, ecjiH a^po KajK^oro ee roMOMop(J)H3Ma coBna^aeT c o6pa30M npefline- 
CTByiomero roMOMop(J)H3Ma. 

TeopeMa o tohhocth nocjieflOBaTejiBHOCTH napBi. FoMOAoeuHecKaji nocjiedoea- 
mejibHocmh napu {X, A) mouHa. 

9. (a) /loKaxHTe TeopeMy. 'yKa3aHHe: aHajiorHHHO npHBe^eHHOMy naSpocKy fl0Ka3a- 

TejibCTBa TeopeMbi o roMOjrorHax ccj)ep h npejibi^nyTneii 3a7;aHe. 

(b) BbiHHCJiHTe roMO.TiorHHCCKvio nocic^oBaTrabiiocTb nap {S",D") n {S" , S"~^). 

10. (a) IlocjieflOBaTejibHOCTb —> G ^ H Tonna Tor^a n TOJibKO Tor^a, Kor^a (p ecTb 
MOHOMop(J)H3M. HocjieflOBaTejibHOCTb G iJ — > Tonna Tor^a h TOJibKO Tor^a, Kor^a ip 
ecTb 9nHMop4)H3M. nocjTe7;oBaTejibHOCTb — > G — > Tonna Tor^a h TOJibKO Torfla, 

KOr^a If CCTb H30MOpcJ)H3M. 

(b) KoponiKaM moHHasi nocAedoeameAbHocnib O^G^H^K^O Tonna Tor^a h 
TOJibKO Tor^a, Korfla ip ecTb MOHOMop(i)H3M, K = H/ip[G) h ip ecTb ecTecTBeHHaa nposK- 

(c) S-ACMMtt. EcjiH B KOMMyTaTHBHoii flHarpaMMe 

Ai ^A2 ^As ^Ai ^A5 

Bi ^ B2 ^ -B3 Bi B5 

C TOHHblMH CTpOKaMH OTo6pa>KeHHfl <^1,<^2)¥'4 H (^5 HBJIfllOTCH H30MOp(|)H3MaMH, TO H (fis 
— H30M0p(i)H3M. 

(d) H3 BOCbMH npe7i;nojTO»;eiiHH S-jreMMbi {pi,'-P2^p4: h pr-, — MonoMopcJ)H3Mbi h 

<Pl!<^2)¥'4 H <P5 — 3nHMOp4)H3Mbl) flJlSl ^0Ka3aTejIbCTBa MOHOMOp(J)HOCTH OTo6pa}KeHHH 

ips TpeSyiOTCfl tojibko Tpn (KaKne?), a fljia flOKa3aTejibCTBa ero 3nHMop(i)HOCTH — flpyrne 
Tpn (KaKHe?). ^Ba ocTaBmnxca npeflnojioxennfl sBjiHiOTCfl, TaKHM o6pa30M, BOo6in;e 

JIHniHHMH. 

(e) EcjiH, coxpanHB bcb npeflnojioJKenHH 5-jieMMbi, ncKjiiOHHTb h3 ee flnarpaMMbi 
CTpejiKy (p3, 6yfleT jih Bepno, hto A3 = B3? 

11. (a) EcjiH AU B CTflrHBaeMO, to npn fc ^ 1 pa3H0CTb roMOMopcjansMOB BKjiiOHeHHii 
a = iA — is '■ Hk{A (1 B) ^ Hk{A) ® Hk{B) bctb H30Mop(i)H3M. 

yKasanne. 9nHMop4)HOCTb OTo6pa>KeHHa ia flOKa3biBaeTca Tax. IlycTb 7i;aH npoH3- 
BOJibHbiii ijHKji a 'R A. Tax Kax A\J B CTHrnBaeMO, to cymecTByeT ijenb c b ^ U -B, pjlr 
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KOTopoii dc = a. Tor^a c ecTb OTHOCHTejibHbiii li,hkji b {AU B,A). Xlpn H30Mop4)H3Me bm- 
pesaHHfl emy cooTBeTCTByeT OTHOCHTejibHbiii iihkji c' = cCi B b [B,Ar\B). Tor^a dc' ecTb 
ijHKji B An B, roMOJiorHHHbiii b A ijHKjiy a. 

(b) EcjiH A (1 B CTHPHBaeMO, to npn k 1 cyMMa roMOMop(J)H3MOB BKJiroHeHHii 
P = IaQ) Ib : Hk{A) © Hk{B) —>■ Hk{A U B) ecTb H30Mop(i)H3M. 

(c) KoMnoBHUHH 

HkiA UB)^HkiAU B, A) ^ Hk{B, AnB)h Hk-i {Ar\B) h 

Hk{A UB)h Hk{A UB,B)^ Hk{A, AnB)^ Hk-i{A n B) 

(b KOTopbix = ecTb H30Mop(i)H3M BbipeBaHHii) coBnaflaiOT c tohhoctbio flo 3HaKa. 

(d) EcjiH A VI B CTHrHBaeMbi, to npn fc ^ 1 KajK^biii roMOMop(i)H3M h3 (c) 
ecTb H30Mop4)H3M Hk{A U B) —>■ Hk-i{A n B). 'yKa3aHHe: paccMOTpHTe cjiynafl 
AUB = Dl Usn-i £>!!. 

(e) /]^OKa>KHTe cjie^yiomHii pe3yjibTaT ^jih cjiynafl, Kor^a A n B — MHoroo6pa3HH 
pa3MepHOCTH n c KpaeM, nepeceKaioin,HecH no {n — l)-MepHOMy noflMHoroo6pa3HK) Kpaa. 

TeopeMa o nocjieflOBaTejiBHOCTH Maiiepa-BHeTopHca. UocjiedoeameAbHocmb 

-^Hk{An B) '^^^ HkiA) © HkiB) '^^^ Hk{A U B) ^ H^-M nB)^ 

moHHa. 3decb eoMOMopcfjusMU ia — is, I A ® Ib u ^ onpedejieuu e npedudymeu aadane. 
SaneTHM, hto STa nocjie^OBaTejibHOCTb HBJifleTca anajioroM (J)opMyjibi BKjno^eHHii- 

HCKJIIOHeHHfl. 

12. BbiHHCJTHTe roMOJiorHH 

(a) ^onojineHHa k ysjiy b TpexMepnoM npocTpancTBe. 

(b) ^onojiHeHHH k BJioxenHoii c(J)epe c pyHKaMH N b neTbipexMepnoM npocTpaHCTBe. 
yKa3aHHe: naiifleTCfl OKpecTiiocTb c4)epbi c pvHKaMH, rpaHHija KOTopofl pji^^eoyio^^Yis. 
N X (cm. nyHKT 'HopMajibHbie BeKTopnbie nojia'). 

13. * IlycTb /a — jiHHeflHbifl aBTOMop(i)H3M Topa T^, 3aflaHHbiH MaTpHiiefl A. Bmhhc- 

jiHTe roMOjrorHH 

(a) IIpocTpaHCTBa N U/^ x S^, rfl,e N — ^anHoe 3-MHoroo6pa3He c xpaen 
ON D T^. 

(b) npocTpancTBa x //(.t,0) - (/,i(.t), 1). 

IlycTb flano npocTpancTBO (nanpHMep, rp&dp hjih 2-MHoroo6pa3He) X. Ecjih sa^an 
roMeoMop(i)H3M f : X ^ X na ceGsi, to npocmpaHcmeoM X -paccjioewun Had OKpyoKHO- 
cnibw Ha3biBaoTrfl npocTpancTBO, nojiy^eHHoe h3 X x / OTOJK^ecTBJiciiHCM to^bk (x, 0) h 
(/(a;), 1). 9KBHBajienTiiocTb X-paccjioenHii onpeflejiaeTCH anajiornHHO nynxTy 'npocTeii- 
LUHe paccjioeHHfl' b rjiaBe 5. 

14. * (a) IlycTb N n X — saMKnyTbie opnenTHpyeMbie 2-Miioroo6pa3Hfl. Ecjih hcko- 
Topoe 3-MHoroo6pa3He M svajinQTca o^HOBpeMeHHO S^-paccjioeHHeM na^ iV, ne skbh- 

BajIBHTHblM npOBKIIHH N X ^ N , M X-paCCJTOeHHBM Hafl OKpyXHOCTblO, HB SKBHBa- 

jiBHTHbiM npoBKHHH N X ^ N , TO N = X = T"^ . yKa3aHHB: bm^hcjihtb roMOJiorHH 
3-MHoroo6pa3HH M Hcpe3 iS^-paccjioeHne na^ h Hepe3 X-paccjioenne na^ . 

(b) CymBCTBycT 3-MHoroo6pa3HB, KOTopoB ABjiaBTCH oahobpbmbhho hbuphmmm S^- 
paccjiOBHHBM Hafl h hbuphmmm T^-paccjiOBHHBM nafl OKpyxHOCTbio. 

(c) OnHLUHTB BC6 paCCJIOBHHH H3 (b). 

KaK Bbipa3HTb rOMOJIOPHH C K03(J)(J)HLi;H6HTaMH Z2 H6p63 rOMOJIOPHH C K03(J)(J)HL|;H6H- 

TaMH Z? Otbct ^aeTCfl cjie^yiomcH TeopeMoii. 

3>opMyjiBi yHHBepcajibHbix K03(j3(j3Hi];HeHTOB. J],jiM, npocmoeo p 

Hk{X;Zp) ^ {Hk{X;Z)^Zp) © {Hk{X;Z) * Zp), 
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ede G (gi Z2 := G/pG u G *'Lp onpedejisiemcsi nan coeoKynHocirib SAeMeHmoe nopsidKa 1 
UAU p 6 G. 

Ecjiu Hk{X;Z)^Z^ ®ToTsHk{X;Z), mo Hk{X;Q)^Q^. 

SaMenauue. AnajiorHnHbie npocTbie (jaopMyjinpoBKH h ^OKasaTejibCTea HMeiOT ocTajib- 
Hbie ^opMyAU yHueepccuibHux Koa^^uv^ueHmoe, BbipaxaiomHe KoroMOJiorHH c kos^^vl- 

IIHCIITaMH B Z, Zp H Q HCpC3 rOMO.TTOrHH C K03cJ)cJ)Hri;H0IITaMH B Z. '"^lT06bI C^C.iaTb BCO 

3TH npocTbie H nojiesHeflniHe pesyjibTaTbi Menee ^ocTynnbiMH, hx o6biHiio cJjopMy.iHpyiOT 
H flOKasbiBaiOT Ha asbiKe aScTpaKTHbix TeHSopHbix, nepHOflHHecKHx h £'a;t-npoH3Be7;eiiHii. 
9tot flSbiK (xaK H Sojiee SKSOTHHecKne KosclxjjHiiHeHTbi) cosflaBajica (BoKniTeiiHOM) fljin 
HsyHeHHH o6o6LLi,eHHH npHMepa IIoHTpflrHHa ^BynepHbix KOMnaKTOB An B c TpexMepnbiM 
npoH3BefleHHeM A x B. 

15. (a) IIocjiedoeamejibHocmb BoKvumeuHa 

...^ Hk+i{X; Z2) ^ Hk{X; Z) ^ Z) ^ fffc(X; Z2) ^ . . . 

TOHHa. 3flccb 2 — yMiiojKCiiHC iia 2, /92 — npHBe^eHHe no moflyjito 2, a zomomop^u3m Bokiu- 
meuHa Pk onpeflejiaeTCfl Tax. Ecjih a = ai + . . . + Us — iihkji no MOflyjiio 2, r^e ai, . . . , 
HBjifliOTCH {k + l)-CHMnjieKcaMH HeKOTopofl TpnanryjiHiiHH, to BOSbMeM iiejiOHHCJiennyio 

iienb a = ai + . . . + Us, oojitokhm /3fc[a] := ^ npoBepnM KoppeKTHOCTb. 

(b) /^OKajKHTe cJ)opMyjrbi yiiHBepcajibnbix KoaeJxJjHijHeHTOB fljin p = 2. 

(c) To >Ke fljifl npoH3BOJibHoro p. 

(d) To >Ke AJIH K03(i)(i)Hn,HeHTOB Q. 

16. ^OKajKHTe cjieflyiomnii peayjibTaT. 
OopMyjia KioHHeTa. npocmoso p 

Hk{X X Y; Zp) ^ (BtoHiiX; Zp) ® Hk-i{Y; Zp). 



ABOHCTBEHHOCTb nVAHKAPE. 

IIpocTaa HacTB. 

TeopeMa flBoScTBeHHOCTH IlyaHKape no MOflyjiio 2 (npocTaa lacTB). ^^^^ 
aaMKHymoso n-MH080o6pa3UJi N eunoAHeno Hi{N; Z2) = Hn-i{N; Z2). 

^jifl ^OKasaTejibCTBa stoh TCopeMbi npn n = 3 (n jijih ^ajibneflmero) B03bMeM flBofl- 
CTBeHHyio K T TpnanryjiaiiHio T* 3-MHoroo6pa3Hfl N. Tor^a KOJinnecTBO t-Mepnbix kjigtok 
B T* paBHO Cj* = C3_i. Hcnojib3yfl T* bmbcto T, onpe^ejiHM aHajiornnno BbimeHSJioxen- 
HOMy rpynobi C,* n rpaHHHHbie OTo6pa>KeHHH 9j* : C,+i^* — > Cj*. 

JJoKaaameAbcmeo meopeMU npu n = 3. HMeeM 

dimfl'i(Ar) = dimao"^(0) - dimai(C2) = ci - rk^o - rk^i = 

= cu - rk9o* - rk9i* = C2 - rk^i - rk92 = dimH2{N). 

PaBeHCTBO (1) cnpaBe^jiHBO no TeopeMe HHBapHaHTHOCTH rpynn roMOJiornii. PaBencTBO 

(2) Bepno, nocKOJibKy a <Z j3 Tor^a h TOJibKO Tor^a, Kor^a (3* C a*, a 3HaHHT, MaTpHijbi 
onepaTopoB 9o*, 9i, n 82* b CTan^apTHbix 6a3Hcax rpynn nojiy^aiOTca mpaucnoHupo- 
eaHUCM H3 MaTpnn, oncpa.TopoB 82, di n do 'r CTan^apTHbix 6a3Hcax rpynn Cj. FaBencTBO 

(3) ;iOKa3biBacTca aiiajiornHHO nepBbiM flByM. □ 

1. /^OKajKHTe TeopeMy pjlr npoH3BOJibHoro n. 
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TeopeMa flBOHCTBCHHOCTH IlyaHKape (npocTaa nacTB). fl,MM, aaMKuymozo opu- 
ewmupyeMozo n-MH030o6pa3UJi N 

ceo6odHue nacmu zpynn Hi{N;Z) u 7J„_i(iV;Z) u30Mop(fiHu; 
KpyneHUM zpynn Hi{N;'L) u Hn-i-i{N\lj) uaoMopcfiHU. 

2. ^OKajKHTe TeopeMy 

(a) fljifl n = 3 (npo Kpy^eHHe yTBepjKflaeTCH tojibko to, hto KpyHeHne rpynnbi 
H2{N;7j) HyjieBoe). 

(b) fljifl npoHSBOJibHoro n. 

YKaaaHHe. AnajiorH^HO npHBe^eHHOMy paccyjKfleHHio |ST04| §69]. 

SaneTHM, hto HHorfla (c iiejibio ycjioJKHeHHH ^OKasaTejibCTBa) npocTyio HacTb Teope- 
Mbi flBOHCTBeHHOCTH IlyaHKape ^OKasbiBaiOT c HcnojibsoBaHneM HH^eKca nepeceHenHH. 

CjioxcHaa nacTB no MOflyjiio 2. 

Bnpo^eM, nepeceHeHHH ^eiicTBHTejibHO KpaiiHe nojiesHbi: nanpHMep, fljia cjiojkhoh 
HacTH TeopeMbi flBoiicTBeHHOCTH IlyaHKape. CjieflyiomHe onpe^ejienne, sa^aHH h Teopena 
HHTepecHbi ^ajKe fljia n = 3. 

Onpedejienue (fiopMU nepeceneHuu 

n:H,iN) xHn-.,{N)^Z2 

Saji aaMKHymoso n-MH030o6pa3UJi N. (AnajiornHHO nyHKTy 'dpopma nepeceHeHHii' rjia- 
Bbi 2.) ^Ji-H z-MepHOH ppaHH X cxeMbi T H (n — i)-MepHoii rpann y ^BOHCTBeHHoii cxeMbi 
T* nojioJKHM X n y = 1, ecjiH x n y flBoiicTBeHHbi, h x (1 y = HHane. IIpoflOJiJKHM sto 
yMHOJKeHHe flo 6HjiHHeiiH0ii (jDopMbi Ci x C'n-i,* — > Z2. Torfla 4)opMyjia [a] H [b] :~ a D b 
KoppeKTHO sa^aeT (J)opMy nepeceHeHHii BBH^y TeopeMbi nHBapnaHTHOCTH rpynn roMOJio- 
rvm H cjie^yiomeii safla^H. 

3. (a) nepece^eHHe ijHKjia h rpanniibi Bcer^a nyjieBoe. 

(b) Onpe^ejieHHe 4)opMbi nepeceHenHii KoppeKTHO. 

(c) (a + /3)n7 = an7 + /3n7Han(/3 + 7) — an/3 + an7, T.e. nepece-qenne na 

rOMOJIOrHHX 6HJIHHeHHO. 

TeopeMa flBoiicTBeHHOCTH IlyaHKape no MOflyjiio 2 (cjioxcnaa nacTB). JJaji 
saMKHymozo n-MHOzoo6pa3UM, N (fiopMa nepecenenuu no ModyMO 2 HeeupocHcdena, m.e. 
Sax Aw6ogo a G Hi{N) — {0} cymecmeyem maKou (3 G Hn-i{N), nmo a fl /3 = 1 G Z2. 

Ha6pocoK nepeozo doKaaameAbcmea caookhou nacmu no ModyAW 2 dAM n — 3. IIo- 
CKOJibKy yjKe flOKasano, hto Hi{N) = H2{N), to ^ocTaTOHHO ^OKasaTb BTopoe yTBep- 

JK^eHHe TOJIbKO ^Jlfl 1 = 2. 

BosbMBM 2-i];hkji b, npeflCTaBjiHiomHii Kjiacc (3. K KajK^OMy pe6py cxeMbi npHMbiKaeT 
HeTHoe HHCJio rpaneii iiHKJia b. 'PacTamHM' sth rpann na napbi, nojiy^HM 2-li,hkji b N , ro- 
MOJiorHHHbiii 2-D;HKjiy b h npeflCTaBjieHHbiii 2-nojiH9flpoM, KajK^aa TOHKa KOToporo HMeeT 
(b 9T0M 2-nojiH9flpe) OKpecTHOCTb, roMeoMop4)Hyio Konycy na^ HecBHSHbiM oGijeflMHeHHeM 
OKpy>KHOCTeii. Tex TO^eK, ^jih KOTopbix OKpyjKHOCTeii 6ojibme oflHoii, KoneHHoe hhcjio. 
JliLn KajKfloii H3 TaKHx TO^^eK 'pacTaiiiHM' Konycbi, 0TBe^^aI0I^He pasHbiM OKpyjKHOCTJiM. 
IIojiy^HM 2-li;hkji 6", roMOJiorn^HbiH 2-i];HKjiy b h npe^CTaBjieHHbiii necaMonepeceKaioinHM- 
CH CBHSHbiM saMKHyTbiM 2-no^MHoroo6pa3HeM M B N (ne o6fl3aTejibHO opnenTHpyeMbiM) . 
9to noflMHoroo6pa3He aBjiaeTca no^KOMnjieKCOM b neKOTopoM HSMejibHeHHH cxeMbi T. 

noflMHoroo6pa3He M ne pa36HBaeT MHoroo6pa3He N. (^eiicTBHTejibHO, nnaHe M 6bi- 
jio 6bi rpaHHiieii KajK^oii KOMnoneHTbi CBfl3H0CTH ^onojiHeHHH N — M , a sna^HT, 6biJio 
6bi roMOJiorHHHO nyjiio.) 

Bo3bMeM MajieHbKHH OTpesoK, TpancBepcajibHO nepeceKaiomHii 2-MHoroo6pa3He M 
poBHO B oflHoii TOHKC. TaK KaK M ne pa36HBaeT N, to kohiim SToro OTpeaKa mojkho 
coe^HHHTb jiOMaHOH BHC M . 06T3eflHHeHHe 3THX jiOManoii h OTpesKa aBjiaeTca I-ijhkjiom, 



82 



TpancBepcajibHO nepeceKaiomHM M poBHO b o^Hoii TOHKe. roMOJiorH^ecKHii KJiacc SToro 
l-iIHKjia flBjiaeTca hckommm. □ 

4. (a) BocnojiHHTe ^eiajiH b npHBe^eHHOM Ha6pocKe. 

(b) BbiBeflHTe cjie^CTBHe ^BoiicTBeHHOCTH IlyaHKape, HcnojibsOBanHoe b rjiaBe 3 npn 
flOKasaTejibCTBe TeopeMbi IIlTHcjjejia o napajiJiejinsyeMOCTH 3-MHoroo6pa3HH. 

(c) ^OKajKHTe cjiojKHyK) HacTb TeopeMbi ^BoiicTBeHHOCTH IlyaHKape no MO^yjiro 2 ^jih 
i = l. 

Hflea npHBe^eHHoro Bbime npocToro ^OKasaTejibCTBa ne ro^HTCH ^jih MHoroMepHbix 
o6o6iri;eHHH cjiojkhoh nacTH TeopeMbi ^BoiicTBeHHOCTH IlyaHKape. IIpHBefleM b BH^e iiHKjia 
sa^an njian ^pyroro (^yTb 6ojiee cjiojKHoro) ^OKasaTejibCTBa, KOTopoe ro^HTCH h ^jia 
MHoroMepnoro cjiy^aa (cm. ^eTajiH b [ST04[ §71]). 

5. (a) IlycTb 6a3HC xi^ . . . ,Xci rpynnbi Ci nojiynen h3 CTaH^apTHoro 6a3Hca SToii 
rpynnbi onepaTopoM A. Ba3HC yi, ■ ■ ■ ,yci rpynnbi C2* nojiy^en h3 CTan^apTHoro 6a3Hca 
SToii rpynnbi onepaTopoM {A~^)* Tor^a n TOJibKO Tor^a, Kor^a Xi fl yj — Sij. 

yKasanne. Ilpn npeo6pa30BaHHflx 6a3HC0B b Ci n C2*, 3aflaHHbix MaTpHn,aMH A n M, 
MaTpHu,a B 6HJiHHeHHOH 4)opMbi nepexoflHT b BM . 

(b) IlycTb xi, . . . , Xci H j/i, . . . , — TaKne Gaancbi rpynn Ci n C2*, ^to Xi fl yj — Sij. 
Tor^a MaTpniibi onepaTopoB do n 82 nojiy^aiOTa flpyr h3 Apyra TpancnoHnpoBanneM. 

(c) IlycTb xi, . . . , Xci — TaKOH 6a3HC rpynnbi Ci, ^to 

xi, . . . , Xbi — 6a3HC rpynnbi l-rpanHn; h xi, . . . , Xz-^ — 6a3HC rpynnbi 1-d;hkjiob. 
BoBbMeM TaKoii 6a3HC j/i, . . . , j/d rpynnbi C2*, ^to xi D yj = Sij. Tor^a 
yci-zi+i, ■ ■ ■ ,yci — 6a3HC rpynnbi 2-^HKJI0B n y^-bi+i, ■ ■ ■ ,yci — 6a3HC rpynnbi 2- 
rpanni];. 

(d) fljia jiio6oro 6a3Hca ai, . . . , afc rpynnbi Hi{N) cymecTByeT 6a3HC Pi, . . . , f3k rpyn- 
nbi H2 (N) , jiJiR KOToporo ai fl Pj — Sij . 

(e) /JoKajKHTe cjioJKnyio ^acTb TeopeMbi ^BoiicTBeHHOCTH IlyanKape ^Jia 71 = 3 n i = 1. 

(f) To JKe fljia n = 4 H z = 2. 

(g) To jKe fljia o6LLi,ero cjiy^aa. 

6. (a) /Jjia 7T.-MHoroo6pa3Ha N c KpaeM GnjinneiiHoe yMHO^Kenne fl : Hi{N) x Hn^i{N) — > 
onpe^ejieno KoppeKTHO (|)opMyjiOH [a] O [b] := aCib, ho MOJKeT 6biTb BbipojK^ennbiM. 

(b) /Jjia jiHCTa Me6Hyca N 4)opMyjia [a] n [5] := a fl 6 ne onpe^ejiaeT KoppeKTHO yMHO- 
jKenna n : Hi{N, dN) x Hi(N, dN) Z2. 

(c) ^Jia MHoroo6pa3Ha N c KpaeM onpe^ejiHTe (popMy nepeceueHuu no Modyjiw 2 

n:H,{N,dN) X Hn-^iN)^Z2. 
(d) ^0Ka>KHTe cjie^yromHii pe3yjibTaT. 

TeopeMa flBOHCTBeHHOCTH JIe(|)mei];a no Mo^yjiio 2. JI^jix (KOMnaKmuozo) n- 
MHOgoo6pa3UM N c KpaeM Hi{N) = Hn^i{N,dN). 

Bojiee mozo, (fiopMa nepeceneHuu no Modyjijo 2 neeupocHcdena. 

7. ^Jifl n-MHOroo6pa3Ha N c KpaeM (bosmojkho, nycTbiM) (JjopMyjia [a] D [b] := a n b 
KoppeKTHO onpe^ejiaeT GnjinnenHbie yMHOscenna 

H,{N) X HjiN) ^ i/,+,_„(iV), H,{N) x Hj{N, dN) ^ ff,+,-„(A^) 

H H,{N, dN) X Hj{N, dN) ^ H,+,^n{N, dN). 

CjioxcHaa HacTb c nejibiMU KoscJxJjHUiHeHTaMH (naGpocoK). 
TeopeMa flBOHCTseHHOCTH IlyaHKape (cjioxcnaa nacTb). /I^aji aaMKnyniozo opu- 
eumupyeMOZo n-MHOzoo6pa3UM, N 

v,eAOHUCAeHnaM (fiopMa nepecenenuu 

n : H,{N; Z) x Hn-,{N\ Z) ^ Z 
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Heeupootcdena u yHUModyAMpna, m.e. djiM ak>6ozo npuMumueuozo (m.e. ne dejixinezocsi na 
v^ejioe Hucjio, 6ojibmee 1) ajieMenma a G Hi{N;Z) cyinecmeyem maKou (3 € Hn-iiN;"!) , 
nmo a n /3 = 1 e Z; 
(fiopma 3av,enAeHuu 

Ik : Torsi7,(iV;Z) x TorsiJ„_i_^(iV; Z) Q/Z 

HeeupooKdena. 

8. (a) Onpe^ejiHTe iiejio^HCJieHHyio (J)opMy nepece^eHHii h ^OKajKHTe nepByro nojio- 
BHHy cjiojKHoii HacTH TeopeMbi flBoiicTBeHHOCTH IlyaHKape. 

(b) "JopMa saiienjieHHH KoppeKTHO onpe^ejiena (jaopMyjiOH 

lk([a],[6]) [^^], r^e db' = nh. 
n 

(c) /^OKajKHTe BTopyio nojiOBHny cjiojkhoh ^acTH TeopeMbi ^BoiicTBeHHOCTH IlyaHKape. 
Cm. fleTajiH b |ST04l §69, §71, HpeAJioiKeHHe 2]. 

(c) ^OKajKHTe cjie^yiomHii pesyjibTaT. 

TeopeMa /^bohctbghhocth JIe4)mei];a. (noMnaKmHOZo) opuewmupyeMOSO n- 

MH030o6pa3UM N c KpaeM ceo6odHue nacmu zpynn Hi{N; Z) u Hn-i{N, dN; Z) uaoMop^- 
Hu; KpynenuM zpynn i/j(A^;Z) u Hn-i~i{N,dN;Z) uaoMopcfjuu. 

EoAee mozo, 'nejionucjieHHasi (fiopMa nepeceneHuu HeeupooKdena u ynuModyARpna, a 
(popMtt 3av,enjieHuu 

lk:Torsi?,(iV;Z) x ToTsHn-l^^{N,^N■,Z) Q/Z 

neeupocHcdena. 

Ha^erocb, cjie^yiomee inyTJiHBoe saMeHanne 6yfleT nojiesHO Hai^HHaiomeMy. CjiojKHyro 
HacTb TeopeMbi flBoiicTBeHHOCTH IlyaHKape ^acTO jih6o ne flOKasbiBaiOT (b [FF89| Teo- 
peMa 6 B §17 Ha CTp. 148 nasBana o^eBH^Hoii), jih6o ^OKasbiBaiOT c HcnojibsOBanneM 

KOrOMOJIOrHH H 4)0pMyjIbI yHHBepCajIbHblX K034)4)HLI,HeHTOB (c LI,ejIbK) yCJIOJKHeHHfl flOKa- 

3aTejibCTBa) . KoroMOJiorHH fleiicTBHTejibHO nojieanbi npn pa6oTe c flH(J)(J)epeHLi,HajibHbiMH 
4)opMaMH, npH Hsy^eHHH ajire6paHHecK0H reoMeTpHH hjih roMOTonHHecKoii Tonojiornn 

npOHSBOJIbHblX KOMnjIBKCOB — TaM BCTBCTBeHHO BOSHHKaiOT H npHMeHfllOTCH HMeHHO KO- 

roMOJiorHH, a ne roMOJiorHH. A bo mhophx yHe6HHKax h jieKiiHOHHbix Kypcax kozomoaozuu 
MHOzoo6pa3uu (h u30Mop(pu3M IlyaHKape) BBO^flTca naMHoro panbine Tex npo6jieM, ^jia 
pemeHHa KOTopbix ohh Heo6xoflHMbi. B TaKHX CHTyaiinax KoroMorornn npHMenfliOTCH ^Jia 
ycjiojKHeHHa ^OKaaaTejibCTB (KOTopbie npoapa^Hbi, ecjiH HcnojibsOBaTb TOJibKO roMOJio- 
thh) , a TaKJKe HTo6bi ^aTb bosmojkhoctb CTy^enTaM no^ame ^onycKaTb oumQvM (hto ro- 
pasflo jier^e c^ejiaTb, ecjiH o6o3Ha^aTb KaHOHHHecKH H30Mop4)Hbie rpynnbi no-pasHOMy). 

PeajiH3ai];HH i];hkjiob noflMHoroo6pa3HHMH (naGpocoK). 

HpHBe^eM njian narjiflflHoro HSJioJKeHHfl npocTeiimHx pesyjibTaTOB o roMOTonn^ecKoii 
KJiaccH(J)HKaLi,HH OTo6pa}KeHHii MHoroo6pa3HH (h hx cjieflCTBHii o peajiHsyeMOCTH roMOJio- 
THT^ecKHx KJiaccoB noflMHoroo6pa3HaMH) . 

9. llycTb N — saMKHyToe n-MHoroo6pa3He. 

(a) IlpH n ^5 3 jiio6oii roMOJiorn^ecKHii KJiacc no MO^yjiio 2 pasMepnocTH 1 peajiHsy- 

BTCH BJIOJKeHHOii OKpyjKHOCTblO, H rOMOJIOrHHHOCTb nO MO^yjIK) 2 MejK^y OKpyjKHOCTflMH 

peajiHsyeTca 2-noflMHoroo6pa3HeM MHoroo6pa3Ha N x I. 

(b) IlpH n ^ 5 J11060H roMOJiorH^ecKHii KJiacc no MO^yjiio 2 pasMepnocTn 2 peajiHsy- 
BTca 2-noflMHoroo6pa3HeM (ecTecTBenno, 3aMKHyTbiM), n roMOJiorn^HOCTb no MO^yjiio 2 
MejKfly 2-noflMHoroo6pa3HaMH peajinayeTca 3-noflMHoroo6pa3HeM (ecTecTBenno, c KpaeM) 
MHoroo6pa3Ha N x I. 
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10. IlycTb N — saMKHyToe opneHTHpyeMoe n-MHoroo6pa3He. 

(a) C(i)opMyjiHpyiiTe h ^OKajKHTe anajiorn npeflbi^ymeii sa^a^H. 

(b) OTo6pajKeHHe 

[iV;5i]^i/„_i(7V;Z), [f]^[r\x)], 

CTaBHmee b cooTBeTCTBHe roMOTonnHecKOMy Kjiaccy OTo6pajKeHHfl f : N ^ roMOJiorn- 
^ecKHii Kjiacc npoo6pa3a f~^{x) peryjiapHoro snaHeHHH, KoppeKTHO onpe^ejieHO. 

(c) ^Ji-H JiK)6oro y € Hn-i{N]'L) cymecTByeT h e^HHCTBeHHO (c tohhoctbk) tomo- 
Tonnn) OTo6pajKeHHe f : N ^ , fljia KOToporo roMOMop4)H3M : Hi{N) Hi{S^) = Z 
aa^aeTca (JjopMyjioii /*(a) — aHy. 

(d) 0To6pa}KeHHH h3 npeflbiflymnx nyHKTOB HBJiaroTCH BsanMHO o6paTHbiMH 6HeKLi,H- 

(e) JI1060H iiejiOHHCJieHHbiH roMOJiornHecKHii Kjiacc Kopa3MepHOCTH 1 peajiHsyeTca 
opneHTHpyeMbiM noflMHoroo6pa3HeM, h iiejiOHHCJieHHaa roMOJiorn^HOCTb MejK^y opneH- 
THpyeMbiMH noflMHoroo6pa3HHMH Kopa3MepHOCTH 1 peajiHsyeTca opneHTHpyeMbiM no^- 
MHoroo6pa3HeM MHoroo6pa3Ha N x I. 

11. IlycTb N — 3aMKHyToe opneHTHpyeMoe n-MHoroo6pa3He. 

(a) OTo6pa}KeHHe 

[N; CP"] -> H,,^2{N; Z), [/] ^ [f-\CP^-^)] 

CTaBHmee b cooTBeTCTBHe roMOTonn^ecKOMy KJiaccy OTo6pa}KeHHfl f : N ~> CP", Tpanc- 
BepcajibHoro B^ojib CP"~^ C CP", roMOJiornHecKHii Kjiacc npoo6pa3a /^^(CP"~^), Kop- 
pBKTHO onpe^ejieHO h aBjiaeTCH GneKiiHeii. 

(b) JI1060H Li,ejiOHHCJieHHbiH roMOJiorH^ecKHii KJiacc Kopa3MepHOCTH 2 peajiHsyeTca 
opHGHTHpyeMbiM noflMHoroo6pa3HeM, h iiejiOHHCJieHHaa roMOJiorHi^HOCTb MejKfly opneH- 
THpyeMbiMH noflMHoroo6pa3HflMH KopasMepnocTH 2 peajiH3yeTCfl peajiHsyeTca ophghth- 
pyeMbiM noflMHoroo6pa3HeM MHoroo6pa3HH N x I. 

(c) EcjiH n ^ 5, TO JI1060H iiejiOHHCJieHHbiii Kjiacc roMOJiornii c ijejibiMH KoacixjjHiiHeH- 
TaMH peajiH3yeTCfl opneHTHpoBanHbiM noflMHoroo6pa3HeM. 

12. IlycTb N — saMKHyToe n-MHoroo6pa3He. 

(a) OTo6pa>KeHHe 

[7V;RP"+i] ^i/„_i(7V), [/] ^ [/-I (MP")] 

CTaBamee b cooTBeTCTBHe roMOTonnHecKOMy KJiaccy OTo6pa}KeHHfl / : iV — > IRP"+^, Tpanc- 
BepcajibHoro b^ojib RP" C IRP"+^, roMOJiorn^ecKHii Kjiacc npoo6pa3a /~^(RP"), Kop- 
peKTHO onpe^ejieHO h aBjiaeTCfl 6HeKLi;Heii. 

(b) JI1060H roMOJiorH^ecKHii KJiacc no MO^yjiio 2 Kopa3MepHOCTH 1 peajiH3yeTca no^- 
MHoroo6pa3HeM, h roMOJiornnHOCTb no MO^yjiio 2 MejKfly noflMHoroo6pa3HHMH KopasMsp- 
HOCTH 1 peajiHsyeTca noflMHoroo6pa3HeM MHoroo6pa3Hfl N x I. 

(c) * ripn n ^ 4 jno6oH roMOJiornnecKnii KJiacc no MO^yjiro 2 peajiH3yeTCfl no^Mno- 
roo6pa3HeM, ho hb jiio6aH roMOJiornHHOCTb no MOflyjiio 2 MejK^y 2-noflMHoroo6pa3HflMH 
peajiH3yeTCH 3-noflMHoroo6pa3HeM b N x I |Ki89[ II. 1]. 

13. IlycTb N — 3aMKHyToe opneHTnpyeMoe n-MHoroo6pa3He. 

(a) JIio6oe opneHTnpyeMoe 2-MHoroo6pa3He, xpoMe cdpepm, peTparnpyeTca na neKO- 

TOpyiO OKpyjKHOCTb. 

(b) TeopeMU Xon^a. N peTparnpyeTca na OKpyjKHOCTb E C -/V Tor^a h TOJibKO Tor^a, 
Kor^a [S] C Hi{N;Z) npuMumueen, T.e. hb abjihtch hh na o^no '^HCJIO, otjih^hob ot ±1. 

yKasanne: ^OKajKHTe, ^^to 06a sthx ycjiOBna paBHOCHJibHbi HajiH^nro {n — 1)- 
noflMHoroo6pa3Hfl b N , TpancBepcajibno nepeceKaioniero S poBno b o^noii tohkb. 

(c) N pBTparnpyBTCH na HBKOTopyio OKpyjKHOCTb Tor^a h TOJibKO Tor^a, Kor^a rpynna 
Hi{N-,'L) 6BCK0HB^Ha (A. T. <I)ombhko h H. H. IIlHypHHKOB) . 
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TeopeMa ToMa. Henomopoe Kpamnoe jiio6oeo k-Mepuozo 'nejioHucjieuHozo zomojiozu- 
HecKozo KJiacca aaMKHymozo opueumupyeMozo n-MHOzoo6pa3UJi peajiuayemca omo6paatce- 
HueM opuemnupyeMozo MHOzoo6pa3UJi; npu k <n/2 amo omo6pacHceHue mochcho cnumamb 
ejioatcenueM [DNF84, §27, Cue^CTBHe 3]. 

^BOHCTBEHHOCTb AJIEKCAHAEPA-nOHTP5irHHA 

Ko3(J)4)HLi,HeHT 3ai];enjieHHH. 

•JopMajibHO, 3T0T njHKT He Hcnojib3yeTCfl flajiee. 
Onpe^ejienne H30TonHOCTH HanoMHeno b na^ajie rjiaebi 7. 

TeopeMa. Cymecmeymm dea ne uaomonHux sav^eriAeHusi S" U S" e M^"^^ (m.e. 
OAOCHceHUJi MHOzoo6pa3ua, N = S"" LA e R^"+^/ 




(a) (b) 
Phc. 51: SaijenjieHHe Xon(|)a 

/^jia n = 1 HyjKHbie saiienjieHHH jierxo nocTpoHTb abho, pHC. 1511 Saiienjienne /i o6pa- 
soBaHO OKpyjKHOCTaMH, saiienjieHHbie xax 3BeHbfl ijenH. Saiienjienne /o o6pa30BaHO napoii 
HenepeceKaiomHxca OKpyjKHOCTeii, jiejKaniHx b o^hoh njiocKOCTH. 

9Ta TeopeMa HHTepecna ^asce fljia cjiy^aa n = 1, ^Jia KOToporo mm ee h ^OKajKeM 
(flOKaaaTejibCTBO o6iri;ero cjiyHUsi anajiornHHo) . /^OKasaTejibCTBO ocHOBano na noHHTHH 
K034)4)HLi,HeHTa saijenjieHHa, KOTopoe aBJiaeTca o^khm h3 BajKHeninHx b TonojiornH. S^ecb 
Mbi H3JiaraeM TOJibKO to, hto HyjKHO ^Jia TeopeMbi, h peKOMenflyeM HHTaTejiio o6paTHTbCfl 
K |BE82| 3a 66jibmHM. 

Onpedejienue K09(p(fiu'u,ueHma 3av,enAeHUM Oam eAOCHcenuM f : Si U S2 ^ ■ PaccMOT- 
pHM OTo6pa}KeHHe g : M.^ o6iri,ero nojiojKeHHH, cyjKeHneM KOToporo na rpanniiy hb- 

jiaeTCfl nepBaa KOMnoneHTa aaijenjieHHH, T.e. g\dD^ — /Isj- (Mojkho bsstb g — conf\gi.) 
Tor^a o6pa3 g{D^) nepecexaeT BTopyio KOMnoHenTy f{S2) saiienjiennfl b KOHeHHOM ^hc- 

Jie TOHeK. BBH^y o6iri,HOCTH nOJIOJKeHHfl MOJKHO CTHTaTb, HTO 3TH TOHKH He jiejKaT Ha 

(o^HOMepnoM) MHOJKecTBe caMonepece^eHHH OTo6pa}KeHHfl g. HasoBeM K09(}j(j}uii,ueHmoM 
3av,enjieHUJi no Modyjiw 2 3aE;enjieHHa / KOJiHHecTBO TC^eK nepeceHenHH gD^ c f{S2) no 
MOflyjiK) 2: 

lk(/) := #{g{D^) n mod 2. 

1. (a) Onpe^ejieHHe K034)(J)HLi,HeHTa 3aLi,enjieHHa KoppeKTHO, T.e. lk(/) ne saBHCHT ot 

Bbi6opa OTo6pa}KeHHH g : — > 'E? o6iri,ero nojiojKeHHH, cyjKeHneM KOToporo na rpanniiy 

flBjiaeTca nepBaa KOMnoneHTa saiienjienna. 

yKa3anne. FaccMOTpnM ^Ba (necaMonepeceKaioin;nxcfl) flncxa o6in;ero nojioJKenna 

2 2 2 

H D TaKne, hto dD^ = dD = f{S\) n oGie^nnenne U D aBjiaeTCfl necaMonepe- 

ceKaiomeiica ccjsepoii o6in;ero nojio^Kenna. Tor^a neaaBncnMOCTb BbiTexaeT na Toro, hto 

OKpyjKnocTb f{S2) nepecexaeT 3Ty ccjjepy b HeTHOM Hncjie TOHex. 

(b) Ko34)4)HU,HenT 3au,enjieHHa HnBapnaHTen (T.e. ne MenaeTca) npn nsoTonnn 3an,en- 

jienna /. 

yKa3anne. IlycTb ft — H30TonHfl BjiojKenHH /. IlocKOJibKy OTo6pajKenne lk(/t) nenpe- 
pbiBHO n npHHHMaeT 3na^eHHfl b {0, 1}, to ono nocToanno. 
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(c) ^OKa>KHTe TeopeMy. YKasaHHe: yTBepjK^eHHe TeopeMbi cjie^yeT h3 Toro, hto 
lk(/o) = 0, lk(/i) = 1 H lk(/) He MeHaeTCH npn naoTonHH. 

2. (a) Haii^iHTe lk(/) no npoeKijHH Bjio>KeHHfl na njiocKOCTb. 

(b) Onpe^ejiHTe aHajiornnHO 'nejioHucjieHHUu KOScjscjsHiiHeHT saiienjieHHs lk(/) e Z. 

(c) Onpe^ejiHTe anajiorH^HO vjya^^miaewT aaiienjieHHH lk(/) G Z ^jih npoH3BOJibHoro 
saijenjieHHfl / (cyxenHH KOToporo na KOMnoneHTbi MoryT 6biTb aaysjienbi). 

(d) 3tot HHBapnaHT ne nojiOH. 

3. * 06o3HaHHM nepea £'^"+^(A?') MHO>KecTBO Bjio>KeHHfl A'' — > M^"+^ c tohhoctb flo 

H30TOnHH. 

(a) Onpe^ejiHTe K03(|)(|)HLi,HeHT aaiienjienHH lk(/) G Z ;;jih BJioxeHHH / : 5" U 5*2 — > M^""*""^ . 

(b) OToSpaxeHHe Ik : £^^"+^(5" U S2) — > Z flBjiaeTca 6HeKi];HeH npn n ^ 2. 

/c(/c— 1) 

(c) JXiifi 71^2 cyniecTByeT 6HeK^H^I iJ^n+i^^n u 5J U . . . U S^) ^ . 
^BOHCTBeHHOCTB AjiGKcaHflepa-IIoHTparHHa. 

B 3T0M H cjTe,T;yTOTTi;eM nyiiKTax KOseJxJjHijHeHTbi rpynn roMOJiorHii, ecjin ohh ne yKa- 

3aHbI, MOryT 6bITb npOH3BOJIbHbIMH. 

TeopeMa o npoo6pa3e. /(aji aaMKHymoso SAadKoeo opueHmupyeMoeo n- 

nodMH030o6pa3usi N C S"^ eunojmeHO Hs(N) = Hs+m-n-i{S'^ — A''). 

'yKa3aHHbiH H30Mop(i)H3M jiepKO nocTpoHTb. PaccMOTpHM {s + fi — m + 1)-li;hkji X C N 
(cHMnjiHiiHajibHbiii li;hkji b neKOTopofl rjiaflKofl TpHaHryjiHijHH, hjih norpyxeHHoe noflMHO- 
roo6pa3He). Kointbi iiopMajibiibix (k N) BeKTopoB /^jimim e, ria'^iajia KOTopbix npo6eraiOT 
X, o6pa3yiOT no^MiiojKCCTBO b S'™ — A^, o6o3HaHaeMoe AD{x) = ADs{x). Xlpn ^ocTaTOHHO 
MajiOM £ MHO>KecTBO AD{x) HBjiJieTca s-ijhkjiom b — N, h AD HH^yiinpyeT H30Mop- 

(i)H3M AD : Hs+n-,n+l{N) ^ ^,(5™ - N). 

06o3Ha^HM ^epe3 ON MHOJKecTBO kohijob HopMajibHbix BeKTopoB fljiHHbi lie 6ojiee e. 
nojio>KHM Cjv := S"^ — Int ON. 3th npocTpaHCTBa ABjiHioTCfl m-MepHbiMH Miioroo6pa3H- 
HMH c o6iri;HM KpaeM (Kpafl o6pa30BaH KOHiiaMH BeKTopoB fljiHHbi poBHO e). 06o3HaHHM 
Hepe3 p : ON — » N OTo6pa>KeHHe, CTaBamee b cooTBeTCTBHe TOHKe HopMajibHoro BeKTopa 
ero HanajTO (sthm OTo6pa»;eiiHe KoppeKTiio onpeflejieHO npn floCTaTOHHO Majibix e). 

OTo6pajKeHHe AD flBjiaeTCH KOMno3HLi;Heii 

P\'hc i 
Hs+n-m+l{N) Hs{dCN) Hs{n) 

roMOMopcJiHSMOB BKjTFOHeiiHa H npoo6pa3a. Boome roBopa, hh oflHH h3 sthx roMOMop(i)H3- 

MOB He aSJiaCTCSl H30MOp4)H3MOM. 

TeopeMa o npoo6pa3e cjie^yeT h3 Toro, hto AD bctb KOMno3HLi;Hfl h30mop(J)H3mob 
npoo6pa3a (ToMa), BbipesaHHs h rpaHHHHoro: 

m+l 

{N) ^ H,+^{ON, dON) h H.+iiS"", Cn) ^ H,{Cn). 

4. (a) ^aiiTe CTporoe onpe^ejieHHe OTo6pa»;eiiHa p' . 

(b) /loKajKHTe, HTO p' n d — H30Mop(J)H3Mbi (b Hameii CHTyaiinn). 

(H30Mop(j3H3M AD coBna^aeT c KOMno3HLi;HeH "o6biHHOH"flBOHCTBeHHOCTH AjieKcaH^e- 
pa [Pr05] H H30Mop(i)H3Ma HyaHKape. /^eflcTBHTejibHO, AD{x) HBjifleTca rpaHHijeii (s + 1)- 
Li,enH p~^{x), nepeceHBHHe KOTopofl b 5"* c jiio6biM {n— 1 — {s + n — m + 1))-li,hkjiom h3 
N coBna^aeT c nepeceneHHeM b N SToro ijHKJia n x.) 

JlerKO nocTpoHTb h30mopcJ)H3m AD~^ (h tbm caMbiM nojiy^HTb eme 071,110 7i,OKa3a- 
TejibCTBO TeopeMbi o npoo6pa3e). ^jih s-ii,HKJia a b Cn B03bMeM (s + 1)-Li,enb a' o6LLi,ero 
nojioxeHHH B S™, fljifl KOTopofl da' = a. (3>opMajibHO, nycTb N — no^KOMnjieKC c(i)epbi 
B HeKOTopoii TpHanryjifliiHH, Tor^ia ijenb a' 6epeM b ,T;BOHCTBeHHOH TpHanryjiflitHH.) Tor^a 
nepeceneHHe a' Ci N 6yfleT (s + 1 + n — to)-i];hkjiom b N. Hojiojkhm AD^^ [a] = [a' fl N]. 
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5. (a) 9to onpe/iejieHHe ocMbicjienHO, T.e. d{a' n N) = 0. 

(b) 9to onpe7i,ejTeiiHe KoppeKTiio, T.e. ne sasHCHT ot BbiGopa a h a'. 

(c) HocTpoeHHoe OToSpajKeHne AD~^ fleiicTBHTejibHO oSpaTHO k AD h fleiicTBHTejibHO 

flBJiaeTCH H30MOp(J)H3MOM. 

6. (a) JXi^R raa,nKoro n-noflMHoroo6pa3HH N C 5"* c KpaeM BbinojiHeno 

H,{N,dN) ^H,+m-n-l{S^ - N). 

(b) TeopeMa o npooSpaae Bepna fljia HeopneHTHpyeMbix MHoroo6pa3HH c KOS^xJjHiiH- 
eHTaMH Z2. 

^jiH noflnojiHSflpa N C 5™ o6o3HaHHM Hepe3 ON ero peeyAJipHyw (i.e. HBjifliomyiocH 
ero yTOJimeHHeM) OKpecTHOCTb b 5™. Hojioxhm Cn ■= S"^ — IntOA/^. 06o3HaHHM Hepe3 
p : ON — > A'' peTpaKi],HK). 

TeopeMa flBOHCTBeHHOCTH AjieKcaHflepa. /(aji nodnoAuadpa N C 5™ eunoAHeno 
H,{N)^Hs+i{CN,dCN). 

EoAee mOHHO, U30M0p^U3M0M ReAHemCR K0Mn03UV,UR 

TeopeMa cjie;i,yeT h3 Toro, hto KOMno3HLi,Hfl p*9 o6paTHa cjie^j'iomeH: 

H,{N) ^ H,{ON) ^ H.+iiS"", ON) ^ H,+i{Cn, OCn). 

3flecb nepBbiH h30mop(J)H3m nojiynaeTCfl BBH^y roMOTonHHecKOH nHBapnaHTHOCTH roMO- 
jiOTvm, BTopoii h3 tohhoh nocjieflOBaTejibHOCTH napbi (S"^,ON), a TpeTHii h3 TeopsMbi 
BbipesaiiHa. 

npHMBHHa flBoiicTBeHHOCTb Jleejameija k m-MHoroo6pa3Hio Cjv c KpasM, nojiynaeM 
cjiBflyiomHe cjiBflCTBHH. 

CjieflCTBHG. /I^AJi nodnoAuadpa N C 5™ eunoAHeno 

(a) Hs{N-l2) = Hrr,-s-l{S'^ -N-Z2). 

(h) ceo6odHue nacmu gpynn Hg{N;'Z) u Hjn-s-i{S^ — N-^Ij) usoMop^Hu; 

(c) KpyneHUR zpynn Hg{N;1i) u iJm-s-2(S"" — N;!?) uaoMop^HU. 

TeopeMa o npoo6pa3e BbiTexaeT h3 TeopeMbi ^BoiicTBeHHOCTH AjieKcaH^epa, ecjiH 

B3}JTb A'' = Cx H npHMBHHTb H30M0p(|)H3M TOMa p^ : Hs+l{OX, dOX) 7Js+l+„_m(-^)- 

7. ^JIH MH0r006pa3HH N H30M0p(i)H3MbI AjIBKCaHflepa p*9 H i*p|a(7^ 'hB KOMMyTH- 

PVTOt': BjiojKBHHa ^ : TV ^ dCtq BOo6iri;B roBopa, i*p\'gcN^'^ 7^ i*^*p*d (paccMOTpHTB, 
nanpHMBp, CTanflapTHyio OKpyjKHOCTb N CM.^). 

B 3T0M CMbicjiB fljifl cjiynaH MHoroo6pa3HH hmbbtch dee paanue flBoflcTBBHHOCTH Ajibk- 
caiiAcpap*a h i*p\dCr,'- 

TBopBMa AjiBKcaHflBpa abjisibtch 'npocToii HacTbio' abohctbbhhocth AjiBKcaH^Bpa- 
HoHTpflrHHa (cp. c 'npocToii nacTbro' ^bohctbbhhocth HyaHKape). 'CjioxHaa nacTb' 6biJia 
OTKpbiTa Jl. C. IloHTpHrHHbiM OKOjio 1930 r. (sTO 6bijio oflHHM H3 nepBbix Bro HayHHblX 

flOCTHJKBHHli) . 

TeopeMa flBoiicTBeHHocTH IIoHTparHHa. JJ^aji nodnoAuadpa N C S"^ 
^opMU 3av,enAeHuu 

Ik: H,{N;Z) X Hm-s-iiS"" - N;Z) 

HeeupooKdena u yHUModyAnpna. 
(fiopMa emopuHHUx 3avi,enAeHuu 

Ik : TorsH,{N; Z) x TorsHm-eMS"' - N;Z) ^ Q/Z 

HeeupooKdena. 
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Jl/iii (m — s — l)-Li,HKJia b B S™ — N B03bMeM (m — s)-iienb b' o6iri,ero nojiojKenHfl b 
S'™, flJifl KOTopoii db' — b. (<I>opMajibHO, nycTb N — noflKOMnjieKC ccjaepbi 5™ b neKOTopoii 
TpHaHryjiflLtHH, Tor^a iihkji h' 6epeM b flBoiicTBeHHoii TpHanryjifliiHH.) ^jih s-ijHKjia a b 
nojiojKHM lk([a], [6]) :— aC\ b' . 

7. (a) 9to onpe^ejieHHe KoppeKTHO. 

(b) ^OKajKHTe nepByio ^^acTb TeopeMbi ^BoiicTBeHHOCTH IIoHTpflrHHa. 

(c) <I>opMa BTopH^Hbix 3aLi;enjieHHH KoppeKTHO onpeflejiena (jsopMyjioii 

lk([a], [b]) := [ " ], r^e da' = na. 
n 

(d) /JoKa>KHTe BTopyio HacTb TeopeMbi flBoficTBeHHOCTH IloHTparHHa. 

IIpHMeHeHHa flBOHCTseHHOCTH AjieKcaH^epa. 

8. (a) EcjiH nojiHS/ip N bjiojkhm b 5™, to H„i{N) — 0. 

(b) JljiR noflnojiHSApa TV C S*" BbinojineHO H,{dCN) = H,{N) © iJ^CS*™ - N). Yxa- 
saHHe. IlpHMeHHTe TeopeMy o npoo6pa3e hjih nocjieflOBaTejibHOCTb Maiiepa-BHeTopHca. 

(c) M.P^ (h TpexMepHbie jiHH30Bbie npocTpancTBa) ne bjiojkhmo b S'^. 

(d) MP" He BjiojKHMO B 5""+^ fljia n ^ 4/c + 1. 

(e) EcjiH 2/-MHoroo6pa3He N bjiojkhmo b S*^'"*"^, to oho opnenTHpyeMO h ero siijiepoBa 
xapaKTepHCTHKa HeTna (T.e. rki//(A^;Z) hjih l-e ^hcjio Bbtth MHoroo6pa3HH N ^eTHbi). 

(f) EcjiH {21 + l)-MHoroo6pa3He N bjiojkhmo b 5'^'"''^, to oho opnenTHpyeMO h ho^- 
rpynna Kpy^enna rpynnbi Hi{N; Z) npeflCTaBHMa b BH^e npsMoii cyMMbi G ® G pjia neKO- 
Topoii rpynnbi G. 

B (e) ycjiOBne bjiojkhmocth N b 5"^'+^ MOJKeT 6biTb saMeneno na 6ojiee cjia6oe: Tpe- 
6yeTCH Bcero jinnib, nTo6bi N 6biJio KpaeM HeKOToporo opneHTnpyeMoro {21 + l)-MepHoro 
MHoroo6pa3na (cm. Koneu; cjieflyiomeii rjiabbi). IlpHMep N — MP^ noKasbiBaeT, hto (f) 
TaKHM o6pa30M ocjia6HTb Hejib3a. 

AHajiornnno, H3y^aa ^BoiicTBeHHOCTb c yreTOM 4)opMbi nepceceneHHii (hjih ^boh- 
CTBennocTb MejK^y KOJib-naMU zomoaozuu MHoroo6pa3HH TV C S*™ n ero flonojiHennii 
S™" — N), MOJKHO nojiynaTb Heo6xo^HMbie ycjiOBHH na BJiojKHMOCTb. Tax X. XoncJ) 
flOKasaji B 1940, hto MP" ne bjiojkhmo b S"'~^^ (^ajKe fljia n = 4A; + 1). 

TeopeMa Xontjia o BJioxceHHH. Ecau aaMKuymoe cenauoe n-MHOzoo6pa3ue N 
eAOCHCUMO e S"^^ , mo cymecmeyem maKou Ha6op nodepynn As,Bs C Hs{N;'E2) dAH 
Q < s < n, nmo As = Bg, Hs{N;Z2) = As (B Bs u cyoKenuM (fiopMU nepeceueHuu na 
As X An^s u Ha Bs X Bn~s HyAeeue. 

Ha6pocoK doKaaamejihcmea. IlycTb iV C 5'"+^. 06o3Ha^HM ^epes A m B saMbiKaHHH 
KOMnoneHT ^onojineHHA S"^^ — N. By^eM onycKaTb K034)4)nn,HeHTbi Z2. BosbMeM b xa- 
^ecTBe As o6pa3 KOMno3HLi;HH 

Hs{A) -> Hs+i{B, dB) ^ Hs{dB) = Hs{N) 

flBOHCTBennocTH AjieKcan^epa h rpaHH^Horo roMOMop(|)H3Ma. Onpe^ejiHM aHajiornnno 
Bs. 

IIpHMeHflfl TeopeMy o npoo6pa3e hjih HOCJie^OBaTejibHOCTb Maiiepa-BHeTopHca, nojiy- 
^aeM, HTO Hs{N) As (B Bs- Ho cjie^CTBHio h3 flBOHCTBennocTH AjieKcaH^epa nojiynaeM 
As = Bs (tojibko fljia SToro HyjKHbi KOScjjcjjHiiHenTbi Z2). Tax xax (jjopMa nepeceneHHii 
ccjjepbi 5""*"^ nyjieBaa, to 4)opMa nepeceneHHii Hn-s{A) x Hs{A) Z2 nyjieBaa. SnanHT, 
cyjKenHe (j^opMbi nepece^enHH MHoroo6pa3HH iV na An-s x As nyjieboe. □ 

CorjiacHO ^BoiicTBeHHOCTH IlyaHKape, b o6o3Ha^eHHflx TeopeMbi XoHcjsa o BJioiKennn 
As = An-s H cyjKenHe 4)opMbi nepeceneHHii na An-s x Bs neBbipojK^eHO, cp. |SE621 III, 
2.1]. 
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9. (a) CcJjopMyjiHpyiiTe h ^OKajKHTe anajioro TeopeMM Xon(J)a o BJiojKeHHH jijir ijejibix 

KOacjjcjjHIIHeHTOB H CB060flH0H HaCTH. 

(b) B npe^nojioJKeHHflx 8f 4)opMa saiienjieHHH MHoroo6pa3Hfl N o6pairi;aeTca b hojib 
Ha KajK^OM H3 flByx npflMbix cjiaraeMbix G |GS99i Exercise 4.5.12.d]. 

(c) C4)opMyjiHpyiiTe h flOKajKHTe anajioro TeopeMbi Xon(i)a o BjiojKenHH ^jia ijejibix 

K03(|)4)HLi;HeHTOB H KpyHeHHH. 

(d) ]RP3 X Rp3 He BJiojKHMO B lARSOlj . 

(e) {RP^Y He BJIOJKHMO b M^'+i |ARS01) . 

10. (a) IlpoHSBe^eHHe Topa c ^bipKOH na OKpyjKHOCTb ne bjiojkhmo b R^. 

(b) X He Bjio»cHMO b W^. 

(c) KaKHe npHMbie npoHSBe^ennfl rpacJjOB bjiojkhmm b R^ |Sk03j? 

(d) A S'^-paccjioeHHfl na^ rpacjjaMH? 

(e) * A T-paccjioeHHH na/i; rp&dpSMvi (onpe^ejienHe aHajiorH^no onpeflejieHHio /- h S^- 
paccjioeHHH B nyHKTe 'HpocTeiiniHe paccjioenHfl' rjiaBbi 5)? 

(f) * KaKHe /-paccjioeHHfl na^ 2-nojiH3flpaMH BJiojKHMbi b R'^? A S'^-paccjioenHfl? 

(g) * KaKHe KOCbie npoHBBefleHHa rpacjjOB bjiojkhmm b R^? 



90 



rJIABA 5. nPHMEHEHHil XAPAKTEPHCTHHECKHX KJIACCOB 

He looked at the snail. Can it see me? he wondered. 
Then he felt, how little I know, and how little it is possible to 
know; and with this thought he experienced a moment of joy . 

I. Murdoch, The Flight From The Enchanter. Pi 

BBE/1;EHHE H OCHOBHBIE PESyJlbTATbl 

B 1935 ro^y Xon(|) paccxasaji o pesyjibTaiax IIlTH^jejia o cncTeMax KacaTejibHbix seK- 
TopHbix nojieii na MejK^yHapo^Hoii TonojiorH^ecKoii KOHejaepeHijHH b MocKBe. Tan bbmc- 
HHjiocb, HTO Xaccjiep ynTHH okojio 1934 r. TOJKe ecTecTBeHHO npHineji k onpeflejieHHio 
xapaKTepHCTH^ecKHx KjiaccoB, HsyHaa Kjiaccn^ecKyio npo6jieMy TonojiorHH o bjiojkhmo- 
CTH H norpyjKaeMOCTH MHoroo6pa3HH. 

Tenepb mm pa6oTaeM b rjia^Koii KaTeropHH, T.e. Bce MHoroo6pa3Ha, BexTopHbie nojia 
H OTo6pa}KeHHH npe^nojiararoTCH rjia^KHMH. MHoroo6pa3HH npe^nojiaraiOTca KOMnaxT- 

HblMH. 

OTo6pajKeHHe f : N W" MHoroo6pa3Hfl TV nasbiBaeTCH nospycHcenueM, ecjiH df{x) 
HeBbipojKflen ^jih jiio6oh to^kh x & N. IIorpyjKeHHe f : N R™ nasbiBaeTCH SAOCHcenueM, 

eCJIH OHO HH-beKTHBHO. 

"Yhthh HaHaji c ^OKasaTejibCTBa bjiojkhmocth n-MHoroo6pa3HH b R^" (cm. rjiaBy 7). 
Ero nocTpoeHHe npensTCTBHii k bjiojkhmocth (n-MHoroo6pa3HH b R™ npn m < 2n) 6biJio 
ocHOBaHO Ha n^ee paccMOTpenHH onpecmuocmu BjiojKeHHoro MHoroo6pa3HH N . ynTHH 
nepBbiii paccMaTpHBaji BBaHMOOTHomeHHe MejK^y TV C R™ h ero OKpecTHOCTbio b R™ . Oh 
coa^iaji TeopHK) ccjsepHHecKHx paccjioeHHii h bbgji TaK nasbiBaeMbie KJiaccbi IIlTHcjaejiH- 

yHTHH Wk G Hn-k{N) H HOpMajIbHbie (flBOHCTBeHHbie) KJiaCCbl IIlTH(J)ejIfl-yHTHH 

Wk € Hn-k{N) rjia^Koro n-MHoroo6pa3Hfl TV, KOTopbie c Tex nop nrpaiOT 6ojibmyio 
pojib B TonojiorHH H flHcjjcjjepeHiiHajibHoii reoMeTpHH. Hcnojibsya cboio TeopHro, ynTHH 
flOKaaaji neBjiojKHMOCTb neKOTopbix npoeKTHBHbix npocTpancTB. 



TeopeMa yHTHH. Ecau RP" ejiootcuMO e R™ uau nozpyofcacMO e R'" ^, mo 




Hcmno. 

Cjie^cTBHe. Ecjiu n ecmb cmenem deouKU, mo RP" ne nozpyoKacMO e R^"^^ u ne 
eAootcuMO e R^"~^. 

0. (a) BbiBeflHTe Cjie^CTBHe h3 TeopeMbi ynTHH. 

(b) EcjiH RP" BjiojKHMO B R™ HjiH norpyjKaeMO b R™^^, to HeTHO ^jih jiio6oro 

m ^ i ^ 2n (h ^ajKe ^eTHO ^jir jiio6bix l^s^ri h m ^ i ^ 2s, hto BbiTexaeT h3 

npe^bi^ymero h TOJK^ecTBa IlacKajifl, a nosTOMy ne ^aeT hoboh HHcjjopMaiiHH) . 

TeopeMa yHTHH flJia KopasMepnocTH 1. Ecau RP" nogpycHcacMO e R"+^, mo 
Au6o n + 1, Au6o n + 2 MeAMwmcM cmenensiMU deouKU. 

IlosjKe 6bijio npoflejiano mhofo flpyrnx KOHKpeTHbix BbiHHCJieHHii, ^aioinHx HHTepec- 

Hbie CJie^CTBHfl. 

TeopeMa XetJjjiHrepa-Xnpma. Ilycmb N — MHOzoo6pa3ue pasMepnocmu n ^ 3. 
EcAU Au6o n ne ecmb cmeneub deouKU, au6o N opuenmupycMO, au6o N neaaMKuymo, 
mo N BAOOKUMO e R^"-! u nozpyoicaeMO e R^"-^ /Eggg]/ . ^kO^ . 

Oh nocMompcA na yAumny. 'MocHcem au ona eudemb mchm?' aadyMaACM, oh. Tozda 
OH nonyecmeoeaA, nan MaAO oh anaem, u nan MaAO eosMOOKHO anamb; u ama MUCAb 
npuHCCAa CMy padocmb. A. MepdoK, Eezcmeo om eoAuie6HUKa, nep. aemopa. 
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^jiH n = 3 n n — A 3Ta TeopeMa 6biJia ^OKaaana nosjKe h ^pyrHMH asTopaMH, cm. 
ccbijiKH B |Sk08) . TeopeMy Xe(|)jiHrepa-XHpma o6o6Lu;aiOT saMe^aTejibnaa Teopena Kosna: 
Aw6oe n-Mepnoe MHOzoo6pa3ue nospyoKaeMO e R2n-a(n) |Co85| (neKOTopbie MaTeMaraKH 
CTHTaKDT, ^TO B 66 ^OKa3aT6JibCTB6 HM6iOTCfl npo66Jibi) H rHnoT63a MaccH: AK)6oe n-MepHoe 

MH03006pa3Ue BAOCHCUMO e ]R2n+l-a(n) ^ 

B nepBOM nyHKTe nepBoro naparpacjaa mm ctpohm npenHTCTBHH Yhthh k eAoatcu- 

MOCmU, 4)OpMajIbHO H6 HM6K)iri,6rO OTHOm6HHfl K T60pHH IIItH(J)6JIH. nOCTp06HH6 STOrO 

np6nHTCTBHH 60JI66 npocTO H 6y^6T npoHJiJirocTpHpoBano na MajiOM6pHOM npHM6p6 — 
flOKasaTejibCTBe HeBjiojKHMOCTH 6yTbijiKH KjiaiiHa b R*. 

BTopoii nyHKT (jjopMajibHO nesaBHCHM ot nepBoro. Tan mm ctpohm npenaTCTBne Yht- 
HH K nozpycHcaeMOcmu (anajiorH^HO T6opHH IIlTH4)6Jifl) . 3to nocTpo6HH6 h6 bh^ho Ha 

MajIOM6pHbIX npHM6paX (n6pBbIH H6TpHBHajIbHbIH HpHM6p: H6nOrpy}Ka6MOCTb MP"* B K^). 

/loKasaTejibCTBO TeopeMM Yhthh naMe^eno bo btopom naparpa(|)e. A bot ot floxa- 
saTGJibCTBa TeopeMa Xe(i)jiHrepa-XHpma mm cmojkcm naMeTHTb TOJibKO 6ojiee npocTyio 

HaCTb (t.6. flOKa3aT6JIbCTBO T60p6MbI MaCCH H3 BTOpOrO naparpa4)a). B0JI66 CJIOJKHaH 

HacTb — o6paTHaa TeopeMa ynTHH o npenaTCTBHH (xoTopaa Bepna jinnib npn HCKOTopbix 
flonojiHHTejibHMx npe^nojioJKeHHax) |RS99j . |Sk08| . 

IIpH nOMOmH XapaKT6pHCTHH6CKHX KJiaCCOB 6bIJIH nOJiy^6HbI TaK}K6 n6pBbI6 6jI6CTa- 
iri,H6 flOCTHJK6HHa T60pHH KJiaCCHCjDHKaiJHH MHOrOo6pa3HH, KOTOpbI6 (jjOpMyjIHpyiOTCa H 

o6cy}KflaiOTCfl b nocjieflHCM naparpa4)e stoh rjiaBM. 3aMKHyTbie MHoroo6pa3Ha A^i h A'2 
HasMBaiOTca Ko6opdaHmHUMU, ecjiH cymecTBycT MHoroo6pa3He (Ko6opdu3M) c rpaHHiieii 

A^l U N2 (npH 3T0M OflHO H3 MHOrOo6pa3Hii MOJK6T 6bITb nyCTMM) . KjiaCCH(|)HKaLl,Hfl MHO- 

roo6pa3HH c TOHHOCTbio flo Ko6opflH3Ma 6bijia na^aTa IloHTparHHMM b 1930-x b xa^ecTBC 
nepBoro mara k BajKHbiM h Tpy^HbiM npo6jieMaM KjiaccHcjjHKaiiHH MHOzoo6pa3uu c mon- 
Hocmbw do zoMeoMop(pu3Ma a KJiaccHC^DHKaiiHH ocnaineHHUx MHOzoo6pa3uu c moHHOcmbio 
do omavneHHOzo Ko6opdu3Ma (cm. rjiaby 6). SaBepmena ona 6bijia TeopeMoii Pene ToMa; 
3T0T pesyjibTaT bmbctg c o6o6iri;eHHHMH 6biji yfloCToen <I>HjiflC0BCK0H Me^ajiH 1952 r. C no- 
MombK) T6op6Mbi ToMa 6bijia nojiyH6Ha 4)opMyjia XHpLi,66pyxa (cBa3biBaK)iri,aa cnrnaTypy 
(J)opMbi nepeceHeHHii c xapaKTepncTHHecKHMH KjiaccaMn). Ona c^ejiajia bo3mojkhoh cjie- 
flyiomee OTKpbiTne, a TaKJKe flajibHeiiniHe pesyjibTaTbi o KjiaccncjjHKaiiHH MHoroo6pa3HH c 
TOT^HOCTbio flo du^^eoMop^u3Ma. 

IIpHMep c(J)epbi MnjiHopa. Cyinecmeyem 3aMKHymoe 7-MHOzoo6pa3ue, zoMomo- 

HO He du4>4>eoMop^Hoe eu. 

BJio:acHMOCTb H norpy:acAEMOCTb MHorooBPASHH 

IIpenaTCTBHe Vhthh k bjioxchmocth. 

KycoHHO-jiuHeuHUM ejiooKCHueM f : N ^ M™ nasMBaeTca HH-beKTHBHoe OTo6pa>Ke- 

HH6, JIHH6HH06 B H6KOTOpOH TpHaHryjIHLI,HH. 

J],OKa3amejihcmeo HecyinecmeoeaHUJi KycoHHO-AuueuHozo ejioofceHusi 6ymuAKU Kahu- 
Ha K e 'M? . Bo3bMeM Kyco^HO-jiHHeiiHoe OTo6pa»;eHHe f : K o6iri;ero nojio»ceHHH 

(t.6. TaK06, HTO fljia H6KOTOpOH TpHaHryjiaLl,HH 6yTbIJIKH KjiailHa K o6pa3bI HHKaKHX ^e- 

Tbipex B6pmHH H6 ji6}KaT B o^HOH njiocKOCTH) . 0np6^6JiHM MHOofcecmeo caMonepeceneHuu 

!](/):= Cl{x e I #r^fx>l}. 

1. (a) EcjiH / — BjiojKeHHe, to S(/) = 0. 

(b) S(/) — noflrpacj) flaHHoii TpHanryjiaiiHH. 

(c) S(/) — iiHKji, TO ecTb CTeneHb jiio6oh ero BepniHHM ^^eTHa. 

B03bM6M T6n6pb OKpyjKHOCTb S B K, KOTOpaa npH o6bIHHOM np6^CTaBJI6HHH 6yTbIJIKH 

KjieiiHa b bh^b KBa^paTa co CKjieenHMMH CToponaMH npe^CTaBjiaeTca KajK^oii h3 napaji- 
jiejibHMx CTopoH KBaflpaTa, CKjieHBaiomnxca 6e3 nepexpyTKH. 3Ty OKpyjKHOCTb mojkho 
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CHHTETb no^rpacjjOM deoucmeeHHOu TpnaHryjumHH. IIosTOMy S nepecexaeT S(/) b ko- 
HGHHOM ^HCJie TOHeK (h npH^GM TpaHCBepcajibHo) . OnpeflejiHM S -npennmcmeue VumHU 
KaK 

li;^ := #(5 n E(/)) mod 2. 

HeBjiojKHMOCTb 6yTbijiKH KjieHHa B R'^ BbiTexaeT Tenepb h3 nyHKTOB 2a, 2b h 3d cjiejsy- 
lomHx safla^. □ 

2. (a) EcjiH / — BjiOMcenne, to Wf = 0. 

(b) /Jjia CTaHflapTHoro OTo6pajKeHHa : K BbinojiHeno Wf„ —1. 

3. PaccMOTpHM KycoHHO-jiHHeHHyro roMOTonHK) F : K X. I —^M? x I o6iri,ero nojio- 
jKeHHH MejK^y / = /i h /o {i.e. Taxyro roMOTonHK), fljia KOTopofi o6pa3bi HHKaKHx nsTH 
BepniHH TpHanryjiaiiHH npoHSBe^eHHa K x I ne jiejKaT b oflHoii TpexMepnoii rnnepnjioc- 
kocth). Onpe^ejiHM T,(F) anajiornHHO npeflbiflymeMy. 

(a) E(/,)n5 = S(F)n(5xz). 

(b) S(i^) n (5 X /) — rpa4) (BOo6m;e, i:{F) — 2-nojiH9flp). 

(c) B 9T0M rpacjje BepniHHbi neHeTHoii CTenenn BCTpeHaiOTCfl tojibko na S" x {0, 1} 
(BOo6me, = [S(/o)] - h n {S x I)) mod 2 = u,(/o) - 

(d) Wf He SaBHCHT OT /. 

SaMBTHM, HTO MOJKHO flOKaSaTb HeBJIOJKHMOCTb 6yTbIJIKH KjIflHHa K B C HCnOJIb- 

30BaHHeM MHoroMepHoro anajiora TeopeMbi >KopflaHa: ecAU 6u 6ymujiKa Kajiuho 6ujia 
6u ejioofceHa e R^, mo paadueajia 6u M"^. IlpH noMomn SToii Hflen ^OKasbiBaeTCH neBjio- 
jKHMOCTb HeopneHTHpyeMbix n-MHoroo6pa3HH b R""*"^, ho ne nojiy^aeTca ^OKasaTb nebjio- 
jKHMOCTb n-MHoroo6pa3HH B M™ fljifl m > n + 1 . /Jjia nocjie^Hero HyjKHbi npenaTCTBHa k 
'cTapmeii opneHTHpyeMOCTn', T.e. npenaTCTBHa Yhthh. 

4. (a) IIocTpoHTe npenaTCTBne Yhthh k bjiojkhmocth RP^ b M'^ h ^OKajKHTe hbbjio- 

>KHMOCTb 3 ^3^ 

(b) IIocTpoHTe npenaTCTBne YnTnn 

W™_„(iV) [!](/)] e ff2„-™(iV,Z(„._„)) 

K BjiojKHMOCTn n-Mnoroo6pa3na N b M™ xax roMOJiornHecKnii Kjiacc MnoacecTBa caMone- 
peceHennii ^jia OTo6pa}Kenna o6ni,ero nojiojKenna |Sk08| §2]. 

(c) * ^OKajKnTC neBJiojKnMOCTb MP** b R*". YKasanne: ecjin ne nojiynacTca, to cm. 
cjieflyioni,HH nynxT. 

HopMajibHbie KJiaccbi Vhthh. 

IlycTb / : iV — > R™ — norpyjKenne saMKnyToro opnenTHpyeMoro rt-MHoroo6pa3Ha N . 
AnajiorHHHO naparpa(J)y 'BeKTopnbie nojia' mojkho onpe^ejinTb HopMUAbHuu kaucc 9u- 
Aepa Wm-n{f) & H2n-m{N\1j) KaK npenaTCTBne k nocTpoennro nenyjieBoro nopMajib- 
Horo BeKTopnoro nojia (cp. nynKT 'nopMajibnbie BeKTopnbie nojia'). Anajiornnno mho- 
roMepnoii Teopene IIlTncjjejia o npenaTCTBnn mojkho onpe^ejinTb HopMaAhHuu kaucc 
IIImu(peji}i-yumHU Wu{f) G Hn-kiN;li(^i^_i)) KaK npenaTCTBne k nocTpoennro Ha6opa ns 
m — n + I ~ k jinnenno He3aBncnMbix nopMajibnbix BeKTopnbix nojieii (l<fc<m — n). 
HanoMHnM, hto nepes o6o3HanaeTca rpynna Z ^jia neTHOro i n Z2 flJia neneTHOro i. 
OKasbiBaeTca, nTO stot KJiacc ne saBncnT ot Bbi6opa norpyjKenna / npn (JinKcnpoBannoM 
Nvim>n + k,a no3TOMy o6o3HanaeTca Wk{N). A bot Kjiacc Wm-n{f) Moofcem aaeu- 
cenib OT Bbi6opa norpyjKenna /: nanpnMep, cyni,ecTByiOT BJiojKenna saMKnyTbix neopnen- 
TnpyeMbix 2-MHoroo6pa3nH b R^ c pasnbiMn KJiaccann Biijiepa. 

ripHBeflenne nocjie/inero KJiacca no MO/iyjiio f^BaWkiN) e Hn-k{N; Z2) (1 < fc ^ m — n) 
Ha3biBaeTca HopMUAbHUM KAttccoM IIImu(peASi-yumHU MHoroo6pa3na N (onpe^ejinTe 
caMH, HTO TaKoe wi{N) e iJ„_i(iV;Z2)). 
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/^OKaaameAbcmeo neaaeucuMOcmu Wk{f) om f npu k < m — n. Bo3bMeM ^sa norpy- 
jKeHHfl f : N M™ h g : N ~>-W\ Mojkho CHHTaTb, ^to p = m. 

IIpH TO ^ 2n + 1 no o6iri,eMy nojiojKeHHio norpyjKeHHa fug peryjiapHO roMOTOnnbi 
(onpe^ejieHHe HanoMHeno b nyHKTe 'Teopena CMeiijia-XHpina'). OTCio^a Wk{f) = Wk{g)- 

IlpH TO < 2n + 1 o6o3HaHHM ^epes i BKjiiOHeHHe i : M™ C M^"+^. Tor^a 

Wkif) = Wkiiof)=Wk{tog)^Wkig). 

Sflecb ^ocTaTO^HO flOKasaTb TOJibKO nepBoe paBencTBO. Mm Hcnojib3yeM o6o3Ha^eHHfl h3 
flOKaaaTejibCTBa MHoroMepHoii TeopeMbi IIlTHcjaejia o npenaTCTBHH (cm. rjiaBy 3). PaccMOT- 

PHM 0T06pa»ceHHe Vm-n,m-n-k+l ^ K+m-n,s+m-«-fc+l , Onpe^ejieHHOe fl06aBJieHHeM s 

BeKTopoB. Tor^a HH^yiinpoBaHHoe OTo6pa}KeHHe 

^k — l {^m — n.m — 7i — k+l ) ^ — 1 (^+m — n,s+m — n — ) 

HBJiHeTCH H30Mop(J)H3MOM (cM. 3afla^y 5 HHJKe). IIosTOMy npenflTCTBHe Wk{f) paBHO npe- 
nflTCTBHK) Wkii o /) K nocTpoeHHK) ceMeiicTBa h3 s + m — n + 1 — k jiHHeiiHO nesaBHCH- 
Mbix HopMajibHbix BeKTopHbix nojieii fljifl norpyjKeHHfl i o f . □ 

5. OTo6pajKeHHe tti{Vu+i.u) 7'';(Ki+;+i,u+i), HEflyiinpoBaHHoe flo6aBjieHHeM o^Horo 

BeKTOpa, SBJiaeTCa H30MOp4)H3MOM npn U> 1 HJIH HeTHOM I, H ABJiaeTCH 3nHMOp4)H3MOM 

Z ^ Z2 npn M = 1 H HeHeTHOM I. 

yKaaaHHe. PaccMOTpnTe TOHnyio nocjieflOBaTejibHOCTb paccjioennfl Vu+i^u Vu+i+i.u+i 
Bocnojib3yHTecb [Pr06[ Teopena 11.4]. 

/Ipyroe flOKasaTejibCTBO (ne Hcnojibayiomee peryjiapnoii roMOTonHH, ho aaTO Hcnojib- 
3yioiri,ee noHHTHH KacaTejibHoro h HopMajibHoro paccjioeHHii) npHBe^eno b cjie^yiomeM 
nyHKTe. SaneTHM, nTO npHBeflennbin (J)aKT nacTO jih6o ne flOxasbiBaiOT (nanpnMep, |FF89[ 
flOKaaaTejibCTBO JleMMbi 1 na CTp. 178] nenojino), jih6o flOxasbiBaiOT onenb cjiojkho — c 
Hcnojib30BaHHeM Teopnn paccjioennii n (J)opMyjibi YHTHn-By [Pr06) (3aflana 6. a nnjKe). 

TeopeMa yHTHH o npenaTCTBHH. Uycmb N — aaMKuymoe opuenmupyeMoe n- 
MH030o6pa3ue. 

Ecjiu N noepycHcaeMO e E™, mo Ws{N) = G i/„_s(iV) npu s > m ~ n. 
Ecjiu otce N ejiootcuMO e R™, mo u W m-n{N) = G H2n-m{N) . 

6. ^OKajKHTe nepBoe yTBepjK^enne. yKa3aHHe: jsjir KOMno3Hn,HH N R™ 
norpyjKennfl n BKjnonennfl cyni,ecTByeT ceMeiicTBO h3 n jinnenno He3aBHCHMbix nopnajib- 
Hbix BeKTopnbix nojien, nosTOMy Wm--n+i{N) — Wm^n+ii^ ° f) = 0. 

7. IlycTb N — saMKHyToe opnenTHpyeMoe n-MHoroo6pa3He, f : N ^ R™ — BjiojKenne 
a f : N ^ R™ — 6jiH3Koe k / OToGpajKenne. 

(a) FoMOJiornnecKHH KJiacc opneHTHpoBannoro norpyjKennoro no^MHOroo6pa3HH 
Glf^^f'N (MHoroo6pa3Ha N) paBen Kjiaccy Wm-n{f)- yKaaanne: nannnTe co cjiynaa 
TO = 2n. 

(b) 3tot KJiacc nyjieBoii. yKa3aHHfl. BosbMeM roMOTonnio F : N x I ^ R™ o6ni,e- 
ro nojioJKennfl meyKjiy f n OTo6pa>KeHHeM, o6pa3 KOToporo ne nepecexaeT f{N). Tor^a 
C\ f~^FN ecTb opneHTHpoBannoe norpyjKennoe noflMHoroo6pa3He (MHoroo6pa3Hfl N) c 
KpaeM C\f-^f'N. nosTOMy [C\f-^f'N] = 0. 

(c) ^OKajKHTe BTopoe yTBepjKflenne TeopeMbi. yKa3aHHe: 

(d) * Onpe^ejiennfl npenaTCTBHa ynTnn Wm-niN) h3 npe^bi^yni,ero n STOro nynxTOB 

SKBHBajienTHbl. 

8. * Anajiornnno nopMajibHbiM KJiaccaM IIlTH(]Dejifl-yHTHH mojkho onpe^ejiHTb 
HopMajibHue KJiaccu ITonmpjisuHa Pk{N) G Hn-Ak{N]1i) fljia opnenTHpyeMoro n- 
MHoroo6pa3Ha N . 
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(a) Ohh npenaTCTByHDT norpyjKaeMOCTH: ecjiH N norpyjKaeMO b R™, to Pi.{N) — 
fljia 2fc > TO — ri. 

(b) Ohh npenflTCTByroT bjiojkhmocth: ecjiH N bjiojkhmo b R™ h to — n — 2k, to 

BblHHCJIEHHil XAPAKTEPHCTHHECKHX KJIACCOB 
npocTeiimHe paccjioeHHH. 

B 3T0M nyHKTe mbi ne ^OKajKeM hobbix Teopen, ho BBe^en neKOTopbie o6T)eKTbi, Ba>K- 
Hbie fljia flajibHeiiniero (h BOo6iri,e b MaTeMaTHxe) . 9th o6'beKTbi 6jih3kh k ymoAm,eHusiM. 

BbefleM noHHTHe paccjioeHHH (KOTopoe ^ocTaBHT nan noBbie npHMepbi 3- 
MHoroo6pa3HH) . ^Ji-H ^ByjiHCTHoro HaKpbiTHH p : N' N (cm. kohbh, naparpacjja 
'hhbojhoh,hh') h fljiH KajK^oii to^kh X € N coe^HHHM OTpe3KOM ^Be TOHKH H3 p~^{x). 
nojiyHeHKbiii flByMepHbiii oGieKT HaabiBaeTca paccjioeuueM co cjiocm ompeaoK (ujiu I- 
paccAoeHueM,) nafl, N. /-paccjioeHHa SKeueaAenmHU, ecjiH cooTBeTCTByioniHe ^ByjiHCTHbie 

HaKpblTHfl SKBHBajieHTHbl. 

(/Iji-h BHaKOMbix c ocHOBaMH TOHOjiorHH /-paccjioeHHH MOJKHO OHpe^ejiHTb Tax. Oto6- 
pajKenne p : M ^ N Ha3biBaeTCH I -paccjioenueM na;; N , ecjiH jiK)6afl TOHxa x G N hmb- 
eT Taxyro oxpecTHOCTb Ox, hto p~^x = Ox x I a komho3hh,hh SToro roMeoMop4)H3Ma c 
HpoeKijHeH Ha Ox coBna/iaeT c p. PaccjioenHa pi : Mi — > iV h p2 • M2 N naBbiBaiOTCH 
dKeueaAenmHUMU, ecjiH cym,ecTByeT Taxoii roMeoMop4)H3M h : Mi M2, hto pi=P2° h.) 

/-paccjioeHHH MOJKHO onpe^ejiHTb h nesaBHCHMO ot ^ByjiHCTHbix HaKpbiTHii cjie^yio- 
mHM o6pa30M. JliLR rpa4)a iV c ^ BepninnaMH h E pe6paMH bobbmcm E jieHTOHCK, sa- 
HyMepoBaHHbix HHCJiaMH 1,2, ... ,E. JIrh KajK^oro i 3a4)HKCHpyeM cooTBeTCTBHe MajK^y 
KOHH,aMH i-ii jieHTOHKH H BepniHHaMH z-ro pe6pa. CxjieHM kohiim jieHToneK, cooTBeTCTBy- 
loniHe oflHoii h toh jkc BepniHHe. SaMCTHM, hto ^jih Kaxfloii BepniHHbi sto mojkho c^ejiaTb 
HecKOJibKHMH CHOCo6aMH (pHC. [52|) . IIojiyHeHHbiH 3aHyMepoBaHHbiH pacKpameHHbiH ABy- 
MepHbiii 06'beKT Ha3biBaeTCfl paccAoeuueM co caocm ompeaoK (uau I -paccAoenueM) Had 
epacfioM N. IlpHMepbi: ii;HjiHHflp hjih jihct Me6Hyca nafl OKpyjKHOCTbio. 




Phc. 52: CKjieiiKa kohiiob jieHTOHCK 

^Ba /-paccjioeHHH na^ rpacjjaMH Ha3biBaiOTCfl SKeueaAeHmuuMU, ecjiH mojkho Tax 
paccTaBHTb CTpejiOHKH Ha OTpeaxax ckjichkh, hto ^jih jiio6bix flbyx jieHTOHCK o^noro 
H,BeTa B 3THX ^Byx paccjioeHHHx CTpejiKH Ha K0Hii,ax o6eHx jienTonex o^HOBpeMenHO co- 
HanpaBJieHbi huh o^HOBpeMeHHO HpoTHBonanpaBJieHbi. 

IlycTb Tenepb ^ana TpnaHryjifliiHa T 2-MHoroo6pa3HH N . PacKpacHM ee rpann, pe6pa 
H BepniHHbi B pa3Hbie H,BeTa. Bo3bMeM HpH3Mbi Tex }Ke H,BeTOB, HTO H rpaHH TpHaHryjIHIl,HH 
T. PacKpacHM 6oKOBbie rpann h 6oKOBbie pe6pa KajK^oii hph3mohkh b Te see ii,BeTa, hto 
cooTBeTCTByioniHe hm pe6pa h BepniHHbi cooTBeTCTByromeii rpann. Ckjichm 6oKOBbie rpann 
npn3MOHeK, OKpamennbie b o^hh h tot jKe n,BeT, Tax HTo6bi CKJienjincb 6oKOBbie pe6pa, 
OKpamennbie b o^hh h tot see ii;BeT. ^jih KajK^oii 6okoboh rpann npn3MOHKn 3to mojkho 
CflCJiaTb flByMH cnoco6aMn (pnc. [SS]). XlojiyHennbiH pacKpamennbin TpexMepHbiii 06'beKT 
na3biBaeTCH paccjioenueM co cjiocm ompeaoK (ujiu I -paccjioeuueM) Had 2-MHOzoo6pa3ueM 
N . HanpnMep, peryjiapnaa OKpecTHOCTb (T.e. MajieHbKafl oxpecTnocTb 6e3 'jramnnx' ^bip) 
flByMcpnoro Mnoroo6pa3nH b TpexMcpnoM HBjiiieTCfl npocTpancTBOM /-paccjioenna (t. e. 
HBjiaeTCfl /-paccjioeHHCM npn neKOTopon pacKpacxe). 
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Phc. 53: CKJieiiKa npH3M0HeK 



Jlfia /-paccjioeHHfl nap, 2-MHoroo6pa3HHMH nasbiBaiOTCfl aKeueajienmHUMU, ecjiH na 
npH3Max MOJKHO Tax paccTaBHTb CTpejiOHKH, coHanpaBjieHHbie flpyr c ^pyroM h napaji- 
jiejibHbie 6oKOBbiM pe6paM, ^to CTpejio^KH B oflHOiiBeTHbix 6oKOBbix rpaHflx npHSMOHeK 
3THX flByx paccjioeHHii o^HOBpeMeHHO conanpaBjieHbi hjih o^HOBpeMeHHO npoTHBonanpaB- 

JieHbl. 

5IcH0, HTO cyinecmeywm eaauMHO odHoanaHHue coomeemcmeun Meotcdy KJiaccaMU 
9KeueajieHmHocmu uneoAWHuu Had N , deyAucmnux HaKpumuu Had N u I -paccjioenuu 
Had N. 

S'^-paccjioeHHfl na/i; rpacjsaMH h hx SKBHBajieHTHOCTb onpe^ejiaiOTCfl anajiorH^HO I- 
paccjioeHHaM c aaMenoH npflMoyrojibHHKOB na KOJibija, aBjiaiomHecfl npsMbiMH npoHSBe- 
^eHHHMH OKpyjKHOCTH Ha pe6pa rpacjaa. S'^-paccjioeHHH na^ 2-MHoroo6pa3HaMH h hx 
SKBHBajieHTHOCTb onpe^ejiaiOTCfl anajiornHHO /-paccjioeHHHM c BaMenoii npH3M0^eK na 
nojiHOTopna, aBjiaioinHecH npaMbiMH npoH3BefleHHaMH OKpyjKHOCTH na rpann Tpnan- 
ryjiaiiHH. 

0. HpocTpaHCTBaMH S'^-paccjioenHii aBjiaiOTca: 

(a) XxS^ Hafl X. 

(b) ByTbijiKa KjiaiiHa na/i; OKpyjKHOCTbio. 

(c) C4)epa Hafl . yKasanne: nocTpoeHne (na flpyroM asbiKe) npHBefleno b rjiaBe 

6. 

(d) IIpocTpaHCTBO, nojiyHeHHoe h3 HecBfl3Horo o6T3e^HHeHHa flByx SKBHBajieHTHbix 
/-paccjioeHHH Hafl N OTOJK^ecTBjieHHeM hx rpanHHHbix ^ByjiHCTHbix HaKpbiTHii no neKO- 

TOpOii SKBHBajieHTHOCTH. 

(e) * FpaHHija pezyAnpnou OKpecmHocmu 2-MHoroo6pa3Hfl N, BjiojKenHoro b W^, na^ 

TV. 

BeKTopHbie paccjioeHHa. 

B TonojiorHH nrpaeT orpoMHyio pojib cjie^yiomafl (J)opMajiH3aLi,Ha H^en OKpecTHOCTH. 
HaMH OHa 6yfleT Hcnojib30BaHa fljia BbiBO^a TeopeMbi IIlTHcjjejia o BexTopHbix nojiax h o6 
ajire6pax c flejieHneM hs TeopeMbi IHTHcjjejia o npenaTCTBHH (MHoroMepnoii) , fljia BbiBO^a 
TeopeMbi yHTHH H3 TeopeMbi Yhthh o npenaTCTBHH, a TaKJKe ^jia BbiBO^a HHJKecjie^yio- 
meii TeopeMbi Maccn, Hcnojib3yeMOH npn flOKasaTejibCTBa TeopeMbi XecjDJinrepa-Xnpma. 
Mbi cjieflyeM |MS74[ §2], cp. |FF89t §19], |Pr04l Tjiaba 5]; cp. c nynxTOM 'naRpbiTna n 
paccjioenna'. 

BenmopHUM paccAoenueM Ha3biBaeTCH OTo6pa}KeHHe p : E ^ B BMecTe c sa^anneM 
CTpyKTypbi BeKTopnoro npocTpancTBa na/i; R b MHOJKecTBe p~^b ^jia KajK^oii tohkh b ^ B, 
ecjiH Bbinojineno cjieflyioin;ee ycjiOBne jioKajihHou mpueuaMHOcmu: 
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fljiH jiK)6ofl TOHKH b G B HaflflyTCfl TaKHe ee OKpecTHOCTb Ob C B, ijejioe hhcjio n ^ 
H roMeoMopcJ)H3M /it, : 0& x R" p^^Ob, hto cooTseTCTBHe a; i— > hb{b,x) onpeflejiaeT h30- 
Mop(i)H3M BeKTopHbix npocTpaHCTB R" H p~^b. 

IlpH 3T0M npocTpancTBO -B naabiBaeTCfl 6a3ou BeKTopHoro paccjioeHHs, a OTo6pa>Ke- 
HHe p HasbiBaeTCH npoeKv,ueu. 

1. ,HoKa>KHTe, HTO cjieflyromHe KOHCTpyKiiHH ^eflcTBHTejibHO flaKDT BeKTopHbie pac- 

CJIOeHHH. 

UpuMepu eenmopHux paccjioenuu (mu cmpouM moAbKO omo6paDtceHusi p, a cmpyK- 
mypu eenmopHux npocmpaHcme e p-npoo6pa3ax OHeeudnu). 

(e) TpueuaAbHUM BeKTopHbiM paccjioeHneM nasbiBaeTCH npoeKijHfl p : B x R" — > B. 
/lajree mm oGosHanaeM nepea e OflHOMepnoe TpHBnajibHoe paccjioeHne (Saaa KOToporo acna 

H3 KOHTeKCTa). 

(r) IlycTb MHoroo6pa3He N rjiaflKO Bjioxeno b R™. 06o3HaHHM nepea T^N KacaTejib- 
Hyio (n-Mepnyio) njiocKOCTb k MHorooSpasHio N b TOHKe x G N. OnpeflejiHM 

TN := {{x, v)gN xM."" \vG T^N}. 

KacamejibHUM paccjioenueM tn MHoroo6pa3Hfl A'' Ha3biBaeTCfl OTo6pa>KeHHe 
Tat : TN N, onpeflejieHHoe (JjopMyjioii tn{x, v) := x. 

(y) IlycTb f : N ^ R"* — rjia^Koe norpyxeHHe. Onpe^ejiMM 

E{f) ~{{x,v)gNxR^ \v± Tf^,)f{N)}. 

HopMCUibHUM paccjioeuueM Vf norpyxeHHH / HasbiBaeTca OTo6pa>KeHHe Vf : E{f) —>■ N, 
onpe^ejieHHoe cj^opMj'jioii ly/ix, v) := x. 

TeopeMa o TpyGnaToft oKpecTHocTH. Ecau N C R™ — aaMKHymoe ZAadnoe kom- 
naKiriHoe nodMHOgoo6pa3ue u E — npocmpaHcmeo HopMUAbHoeo paccAoenuji k N, mo cy- 
vnecmeyem ZAadnoe eAODtcenue E R"*, npu KomopoM uyAeeoe cenenue nepexodum e 
N. 

(Cn) HanoMHHM, HTO RP" ecTb npocTpancTBO npjjMbix b R"+^, npoxo^HinHx nepes 
Hanajio KoopflHHaT. OnpeflejiHM 

EiCn) := {{y, v) e RP" X R"+i \vGy}. 

TaemoAozuHecKUM paccjioenueM nasbiBaeTCH OTo6pa>KeHHe Cn '■ E{(^„) —> RP", onpe^ejieH- 
Hoe 4)opMyjioii Cn{y,v) ■=y- 

(*) IlycTb B = UiUi — OTKpbiToe noKpbiTne h ipij : Ui D Uj — > 0„ nenpepbiBHbie oto6- 

paxeHHH, flJIfl KOTOpblX 

ipii = E, ipij = ipj^ H ipik = ifijiPjk- 

HOJITOKHM 

E:= y C/i X R" H p[x, s] = X. 

{{x,s) = {x,ipijs)}^QUinUj 

BeKTopHbie paccjioeHHH pi : E\ ^ B vi P2 E2 ^ B c oflHHaKOBofl Basoii nasbiBaiOTCH 
u30Mopcf}HUMU (o6o3HaHeHHe: pi =P2), ecjin cymecTByeT roMeoMop4)H3M f : Ei E2, 
fljiH KOToporo P2f = Pi H cyjKeHHe /Ip-i;, '■ Pi^b ^ P2^b ecTb h30mop(|)H3m BeKTopHbix 
npocTpancTB. 

2. (a) T51, r^s H Ts? TpHBHajTbiibi. 

(b) Tn TpHBHajibHO Tor^ia h TOJibKO Tor^a, Kor^a HMeeTca n KacaTejibHbix opTOHop- 
MHpoBaHHbix BeKTopHbix nojieft Ha N. 

(c) Tg2k HeTpHBHajIbllO. 

(d) r(51)n TpHBHajIbHO. 
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(e) i?(Ci) ecTb jiHCT Me6Hyca, a (i — npoeKri,H5i na ero cpe^HioK) jihhhkd. 

(f) ^jy(RP" CMP"+l)!^ 

(g) Jlio6oe BeKTopnoe paccjioeHHe na^ mapoM B" H30Mop(i)HO TpHBHajibHOMy. 

(h) * Jlio6oe BeKTopHoe paccjioeHHe (nafl KOHenHMM nojiHS^poM B) mtokst 6biTb no- 
jiyneiio KOiiCTpyKHHeii (*). (IlosTOMy KOHCTpyKiiHH (*) floCTaBjiaeT 3KBHBajieHTHoe onpe- 
fle.iciic BCKToprioro pacc.iociraa.) 

IlycTb sajHaHO BeKTopnoe paccjioeHHe p: E ^ B. 0To6pa>KeHHe s : B ^ E nasbiBaeTCH 
cenenueM paccAoenujip, ecjiH p o s = id^. CeneHHa naabiBaiOTCH nocjiouHO zoMomonnuMU, 
ecjiH OHH roMOTonHbi b Kjiacce ceHeHHii. 

5IcH0, HTO KacaTBJibHoe (nopMajibHoe) BeKTopnoe nojie — to xe, hto ceneHHe Kaca- 
TejibHoro (nopMajibHoro) paccjioeHHSj. 

3. (a) y npoeKijHH p jiHCTa Me6Hyca na ero cpe^Hioio jihhhio cymecTByeT poBHO o^ho 
ceneHHe (c tohhoctbk) /T,o nocjioiiHoii roMOTonnocTH) . 

(b) 06o3iiaHHM nepea S{p) MHOJKecTBO KjraccoB nocjiOHiiOH roMOTonHOCTH ceHeHHii 
paccjioeHHa p. OnnniHTe S{p) fljia CTan^iapTHoii npoeKijHH p : K ^ 6yTbiJiKH KjiaiiHa 

Ha OKpyXHOCTb. 

(c) C,n He SBJiaeTCH TpHBHajIbHbIM HH npH KaKOM H (yKaSaHHe: ^OKa>KHTe, HTO He 

HMeeT HenyjieBoro ceHeHHjj). 

XapaKTepncTHHecKHe KJiaccbi 9fljiepa e(^) h IIlTH(i)ejiH-yHTHH npouaeoAb- 
Hozo BCKTopiioro pacc.iociiHa ^ onpcri^ciaiOTca aiiajiorHHiio BbimcHSJiojKeHHOMj' xax 
npenHTCTBHH k nocTpoeHHio ceMeiicTB jinneiiHO-HesaBHCHMbix ceHenHii. 5Icho, hto 
Wj(Tjv) =Wi{N) H Wi{vf) =Wi{N). 

3aMCTHM, HTO e(^) G Z ^.Tia pacc.iociiHH iia.ji ah>6um saMKiiyTbiM Miioroo6pa3HeM, ^a- 
}Ke HeopneHTHpyeMbiM. (S^ecb eme pas bh^ho npenMymecTBO 'roMOJiorHnecKoro' no^xo^a 
nafl 'KoroMOJiorHHecKHM': 'KoroMOJiorHHecKHfl' Kjiacc Siijiepa KacaTejibHoro h HopMajibHO- 
ro paccjioeHHH k neopHeHTHpyeMOMy MHoroo6pa3HTO npHHHMaeT snaHeHHSj b cKpyneuHux 
KoroMOJiorHHx, KOTopbie H30Mop(|)Hbi Z BBHfly CKpyHCHHOso H30Mop(|)H3Ma IlyaHKape.) 

IlycTb p\ : E\ ^ B vi P2 ■ E2 ^ B — BeKTopnbie paccjioeHHH c o^HHaKOBoii 6a3ofl. 
OnpeflejiHM 

E{pi ® P2) ■■= {{x, y)eEiX E2\ pi{x) = P2{y)}- 

CyMMou yumuu BeKTopnbix paccjioeHHii pi h p2 nasbiBaeTCH OTo6pajKeHHe 
P\®P2'- E{pi ®p2) — >■ B, onpeflejieHHoe (i)opMyjioii pi ®P2{x,y) ■.= pi{x) =P2{y)- 

4. (a) 3to ^eiicTBHTejibHO BeKTopnbie paccjioeHHs. 

(b) Ci © Ci = 2e 

(c) e e = 3£. 

(d) T®i^f = m£. 

(e) ^OKajKHTe nesaBHCHMOCTb Wk{f) ot / no cjie^yiomeMy njiany. BosbMCM ^Ba no- 
rpyxeHHH f,g : N ^ h BKjiiOHeHHe i : M?"^. Tax KaK tn ® Vf = tn ® Vg = me, 
TO Uf ® me = Ug (B me. To ecTb nopMajibHbie paccjioenHH norpyxeHHfl i o f n i o g h30- 
Mop4)Hbi. SnaHHT, Wkif) = Wk{io /) = wJfe(i o g) = Wk{g). 

IIpouaeedeHueM BeKTopnbix paccjioeHHfl pi : Si — > Si n p2 : E2 ^ B2 Ha- 

3biBaeTCfl OTo6pajKeHHe pi (B P2 ■ Ei x E2 ^ Bi x B2, onpe/iejieHHoe 4)opMyjioii 
(pi X p2){x,y) := {pi{x) , P2{y)) (c OHeBH^HO onpe^ejifleMbiMH CTpyKTypaMH BeKTopnbix 
npocTpancTB b cjiohx). 

5. (a) tnixN2 = tni X tn.^. 

(b) Wi{^ © ne) = yKaaamie. B stom h flByx cjie^yiomHx nynxTax nojiesna 
He(|)opMajibiiaa iiiiTepnpeTaii;Hfl KjiaccoB IIlTii(J)eji}i-ynTHii (cm. Bbime). 

(c) wi{^®r])^wi{0(Bwi{T]). 

(d) EcjiH dim^ = m h dim?; = n, to Wm+n{£. ® v) = Wm{£.)wn{ri) h Wm+n{£. x 77) = Wm{£.) X Wniv)- 
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(e) "PopMyjia yHTHH-By. Uoahuu kaucc IIImu(fieA}i-yumHU paccjioeuuM, ^ onpede- 
Memcji KUK 'w{^) := 1 + + W2(C) + • ■ •• Tozda 

® ?]) = w{£)w(ri) u X rj) = w{^) x w{r]). 

YKasaHHe. ^Jia npoHSBeflenHfl HcnojibsyiiTe (jjopMyjiy KiOHHeTa. "JopMyjiy ^jia cyMMbi 

BblBe^HTe H3 (JjOpMyjIbl flJIfl npOHSBefleHHH (cm. HHJKe) 

IlycTb / : _B' — !■ i? — HenpepbiBHoe OTo6pa}KeHHe m p : E B — BeKTopnoe paccjioe- 
HHe. Onpe^ejiHM E{f*p) :— {{x,y) E B' x E \ fx =py}. HndynupoeaHHUM paccAoenueM 
Ha3biBaeTca OTo6pajKeHHe f*p : E{ f*p) B' , onpe^ejieHHoe (jsopMyjioii f*p{x, y) :— x. (c 
o^eBH^HO onpe^ejiaeMbiMH CTpyxTypaMH BexTopHbix npocTpancTB b cjioax). 

6. (a) CyMMa ynTHH paccjioeHHii HH^yiinpoBana h3 hx npoHSBe^eHHa ^HaroHajibHbiM 
OTo6pajKeHHeM x i— > (a;, x\ 

(b) BbiBe^HTe (jjopMyjiy YHTHH-By ^jia cyMMbi h3 TaKoii (JjopMyjibi ^jia npoHSBefleHHa. 

(c) ^opMyjia yHTHH-By aJih KJiaccoB IIoHTparHHa. IIoahuu kaucc UoHmpMSUHa 
paccAoenuM ^ onpedeAMemcji KaKp{^) 1 + pi(^) + p2(C) + • • •• Ecau Hi{B; 1) ne UMemm 
2-KpyHeHUM,, mo 

p{^ ® v) = piOpiv) u p{£, 'X v) ^P{0 X piv)- 



5IcHO, HTO ecjiH n-MHoroo6pa3He A'' norpyjKaeMO b R"+'^, to cymecTByeT fc-paccjioenHe 
v Hafl N TaKoe, hto v Q) tn ^ [n + k)e. (Heo6xoflHMoe ycjiOBne h3 TeopeMbi Yhthh o npe- 
naTCTBHH (J)aKTHHecKH aBjiHGTca Heo6xoflHMbiM fljia cymecTBOBaHHa TaKoro paccjioeHHa 
V — BBHfly 4)opMyjibi yHTHH-By 5c) . 3to Heo6xo^HMoe ycjiOBne OKa3biBaeTca docmamoH- 

HUM. 

TeopeMa CMeHJia-XHpma (o HorpyxcaeMOCTH) . IJycmb N — zAadnoe n- 
MH020o6pa3ue. Ecau cyinecmeyem k-paccAoenue v nad N maKoe, nmo v (S = {n + k)e, 
mo N nozpyafcacMO e W'+^ [ffiSOj, cm. TaK»ce tHP64] . tHH62j . [Sk02j. 

^Ba HorpyjKeHHa f,g:N^ S"^ Ha3biBaiOTca pesyAsipno soMomonnuMU, ecjiH cym,e- 
CTBycT HorpyjKeHHe F : N x I S*™ x J, ^jia KOToporo 

(i) F{x, 0) = (/(x), 0) H F{x, 1) = (gix), 1) fljia jiio6oro xeN 

(ii) F{N X {t}) C S"' X {t} fljifl jiio6oro t e /. 

TeopeMa CMeHJia-Xnpma (o peryjiapnoH roMOTOHHOCTn). Ecau fug— no- 
epyoKCHUsi manue, umo df, dg : TN R"+'^ zoMomonnu e KAacce auhcuhux MOHOMop- 
(^u3Moe, mo fug pezyAsipno zoMomonnu. [Hi60j, cm. TaKJKe |HP64j . |HH62j . |Sk02j . 

CTeneHH ^bohkh h KJiaccbi IIlTH(J)ejia-yHTHH (Ha6pocoK). 

JXjir ajire6paHHecKHx BbnHCJieHHii SToro nynxTa yfloGno o6o3Hanumb iJ' :— Hn-s- 
(S^ecb HHKaKoro ^pyroro CMbicjia, xpoMC Hepeo6o3Ha^eHHH, ne noflpa3yMeBaeTca, a bo- 
o6nie OH HMecTca.) Tor^a yMHoaceHHe (i.e. 6HJiHHeHHoe OTo6pa}KeHHe nepece^eHHa) b ro- 
MOJiornax n-MHoroo6pa3HH ycTpoeno Tax: H'^ x ^ 

7. (a) TRp„ ©£ = (n + 1)C„. 

(b) u;(RP") = (1 + a)"+i, r^e a = []RP"-i] £ i/„_i(MF") ^^2- o6pa3yiomaa. 

(c) w,(KF") ^(^^^^ a' ^jifl ^ i n. 

(d) EcjiH ^ ^ HCTHO fljia jiio6oro z = 1, 2, . . . , n, to n + 1 cctb CTcnenb ^bohkh. 

(e) /JoKajKHTe TCopcMy IIlTHcjaejia o6 ajire6pax c flejienneM. 

(f) ^OKajKHTe TeopcMy IIlTHcJjejifl o bcktophmx nojiax. 

8. (a) w{N)nw{N) = 1. 



99 



(b) I(J,(MP") = ^ j = + * j a' AJifl ^ i s$ n. 

(c) ^OKajKHTe TeopeMy Yhthh. 

(d) EcjiH n-MHoroo6pa3He N norpyjKaeMO b M"+^, to Wi{N) — {wi(N)y. 

(e) PfiKayKwie Teopeny Yhthh ^jih KopasMepnocTH 1. 

9. (a) TCP" (B ec ^ (n + l)Cn,C Kax KOMUAeKCHue seKTopHbie paccjioenHa. 

(b) p(CP") = (1 + a2)"+i, riie a = [CP"-i] e H"2n-2(CP") ^ Z - o6pa3yiom;aH. 

(c) p.(CP") = + 1 <^ , <^ „/2, 

(d) p,(CP") (-1)* (^'' + a^' fljiH 1 ^ 1 < n/2. 

(e) CP'^ He BjiojKHMO B M^. 

(f) EcjiH CP" BJiojKHMO B M™ HJiH HorpyjKaeMO B R™~^, TO (^^^^ npH 
m — n ^ 2i ^ n. 

/^jia KjiaccoB IIlTH(J)ejiH-yHTHH npoH3BOJibHoro MHoroo6pa3Ha BbiHOJinaiOTCfl hhtg- 
pecHbie cooTHomeHHH. (Ha stom ocHOBanbi Teopena XecJjjiHrepa-XHpma h MHorne flpyrne 
pesyjibTaTbi.) HanpHMep, CTapniHii HopMajibHbiii KJiacc Bcer^a TpHBHajien, a h3 neTpn- 
BHajibHOCTH cjieflyiomero Kjiacca cjie^yeT, ^^to pa3MepH0CTb MHoroo6pa3Hfl ecTb CTenenb 

flBOHKH. 

TeopeMa MaccH. /]^ax aaMKHymoso sjiadnozo n-MH030o6pa3UM N 

(1) Wn{N)^0. 

(2) Ecjiu jiu6o n ne ecmb cmeneub deouKU, au6o N opuenmupyeMO, mo 

Wn-i{N) = jmmo^ . jmmM- 

(3) Ecjiu q MeHbuie KOAunecmea eduHuv, e deouHuou aanucu nucjia n, mo 

Wn-q{N)=0 JMoMj- 

yTBepjKfleHHe (1) 6biJio BbiBe^eno eme Yhthh h3 Toro, hto jiK)6oe 7i-MHoroo6pa3He 

BJIOJKHMO B K^". 

/loKasaTejibCTBO TeopeMbi Maccn HHTepecno tsm, hto aBjiaeTCfl npHMepoM npHMene- 
HHH cjie^yroniero BajKHoro noHSTHa. IlycTb KJiacc [X] £ _ff„„fc(7V) peajiH3yeTca BJiojKenH- 
BM i : X C N. IlojioJKHM 

Sq,[x] ■.^i,Ws{m{x))eHr,-k^s{N) 

paBHbiM z*-o6pa3y s-ro Kjiacca IIlTHcjaejia-yHTHH HopMajibHoro paccjioenHa BjiojKeHHa 
(sTO onpe^ejieHHe SKBHBajieHTHO o6nienpHHflTOMy |FF89t cjie^CTBne na CTpanniie 263]). 

^ajiee 3aMKHyToe MHoroo6pa3He N (jsHKcnpoBaHO h nponycKaeTca h3 o6o3Ha^eHHii xa- 
paKTepHCTHHecKHx KjiaccoB. Bee Kjiaecbi, ot kotopmx 6epeTCH Sqs, eHHTaiOTCH peajinsye- 
MbiMH BJiojKeHHaMH (cM. nyHKT 'peajiHsaijHa iihkjiob noflMHoroo6pa3HflMH' npe^bi^ymeii 
rjiaBbi). ByflBT nojie3Ha He(J)opMajibHafl HHTepnpeTaiiHH KJiaccoB IIlTHcjjejifl-yHTHH. Hs 
nee BbiTexaeT, ^to Kjiaecbi IIlTHcjaejifl-yHTHH peajinsyiOTefl HecBH3HbiMH o6'beflHHeHHflMH 
noflMHoroo6pa3HH . 

10. (a) IIpoBepbTe KoppeKTHOCTb onpe^ejieHHfl onepaiiHH Sq^ OTHOCHTejibHO roMOJio- 
TH^HoeTH, peajiHsyeMoii noflMHoroo6pa3HeM. 

(b) Odinee nojioaiceHue. Ecjih x S Hn-k{X), to Sqsa; = ^Jia s > k. 

(c) Cjiynau KAacca duAepa. Ecjih x G Hn-k{N), to Sq^a; = x n x. 

(d) Sq 1 = P2I3, rpfi p2 — npHBeflenne no MO^yjiio 2 h /3 — roMOMop(i)H3M BoKniTeiiHa 
(cm. naparpacj) 'npocTeiimHe MCTO^bi' rjiabbi 4). 

(e) 0opMyAa Kapmana Sam Sq 1 . Sq 1 (a; n y) = x n Sq ly + (Sq ix) Ciy. 

(f) * 0opMyAa Kapmana. Sqk{x Hy) ^J2s=oi^'isx) n (Sqk-sV)- 

(g) Sq kX^ paBHO npn fc 0, 2^*. 
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11. IlycTb N opneHTHpyeMO. 

(a) Sqiu;„_i = 0. 

(b) * SqiZi;2,+i-0. 

(c) * SqiW2j = W2J+1- 

(d) * Pw2j=W2j + l. 

12. (a) ^JiH Jiio6oro k cymecTsyeT h e^HHCTBeneH TaKoii KJiacc Vk £ Hn~k{N), '^to 
SqfeO; = a; n Vk npn jiio6om x G Hk{N). 

yKasaHHe: ^OKajKHTe, hto Sq^ : Hk{N) — > Z2 — roMOMop4)H3M h HcnojibsyiiTe ^Boii- 
CTBeHHOCTb IlyaHKape. 

(b) vi = wi (T.e. Sqiw„_i = wi n w„-i). 

(c) EcjiH N opneHTHpyeMO, to V2 — W2 = W2- 

k 

13. * 0opMyAU By. (a) Wk = J2 Sq^Wfe-s |MS74l Theorem 11.14]. 

s=l 

fc 

(b) EcjiH X e HkiN) H fc > 0, TO Wfc n X = X] ^"fc-j n SqiX |Ma60j . 

(c) SqkWrn = E (^""^17 ^) n pm 30.2. A]. 

(d) Sqkx^ xDj^Li'^ k-sWs |FF89l 30.2.D]. 

IIocKOJibKy onepaiiHH Sq^s MoryT 6biTb onpeflejieHbi roMOTonn^ecKH, h3 4)opMyjibi By 
13a BbiTexaeT, hto KJiaccbi IIlTHejaejifl-yHTHH MHoroo6pa3HH roMOTonHHecKH HHBapnaHT- 
Hbi. Cm. flpyrne 4)opMyjibi By b |MS74i Problem ll.E], [MS74, Problem 11. F]. 

J],OKa3amejibcmeo nyuKma (1) meopcMU Maccu no Modyjim 2 BbiTexaeT h3 (JjopMyjibi 
By 13b H o6iri;ero nojioJKeHHH (10b): 

Wn = [N] n Wn = Wn-1 H Sq i [iV] + Wn-2 H Sq 2 [iV] + • . • = 0. □ 

HTo6bi npoHjijiiocTpHpoBaTb udem doKaaamejibcmea nyuKma (2) meopeMU Maccu no mo- 
dyAW 2, noKajKeM, hto UI3 = dAJi opuenmupycMOSo 4-MH030o6pa3UM N . ^jih jiio6oro 
X e H^^N) HMeeM 

W3 n X — W2 nSqiX + Wi r\Sq2X + Sq^x = W2 C] x'^ ~ x'^ = Sq ix^ ~ 0. 

3flecb nepBoe paBencTBO Bepno no 4)opMyjie By (13b), BTopoe no o6meMy nojioacennio 
H nocKOJibKy Sqix = x^ (cjiyHaii Kjiacca Biijiepa), TpeTbe nocKOJibxy W2 = V2, HeTBep- 
Toe no (|)opMyjie KapTana ^jih k = 1 (lOe), a nocjie^nee nocKOJibKy n A'^ n OKpyjKHOCTb, 
npe^CTaBjifliomafl Kjiacc x^, opnenTHpyeMbi. □ 

14. * (a) ^OKajKHTe nanpHMyio paBencTBO x"^ — 0. 

(b) = fljifl opneHTHpyeMoro 4-MHoroo6pa3Ha N |Ki89[ II. 4]. yKasanne: ncnojib- 
3yiiTe ^2(804) = 0. 

15. (a) Wn-i n X = Wj^_2>' ^ x^ A-na x £ Hn-i{N). 

yKaaaHne: HH^yKiina no fc c HcnojibaoBaHneM (J)opMyjibi By 13b n cjieflCTBHH lOg 
(o6ni,ero nojiojKenHfl n (jsopMyjibi KapTana). 

(b) ^OKajKHTe nyHKT (2) TeopeMbi Maccn no MO^yjiro 2. 

(c) /JoKajKHTe nynKT (2) TeopeMbi Maccn. 
yKasanne: ncnojibsyiiTe cooTnomenne (3w2j = W2j+i- 

16. * (a) SqiSqi =0. 

(b) CoomHomeHua, Adejua. Ecjin < a < 26, to 

[am , . 

^ (b-l-j 

J=0 



SqaSq6=2^^ a-2j )Sqa+f,-iSqj mod 2. 
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(c) ^OKajKHTe nyHKT (3) TeopeMbi Maccn. 

YKasaHHe. Ilepece^eHHe c KJiaccoM Wn-i ^aeT OTo6pa}KeHHe Hn-iiN) Ho{N). Ho 
(JjopMyjie By ero mojkho npe^CTaBHTb xax cyMMy umepupoeauHux cmunpodoeux nead- 
pamoe Sq/ := Sq^j Sq^j . . . Sq^j. fljia pasHbix / = (ii, 12, ■ • • , ik)- H3 cooTHomeHHH A^eMa 
cjie^yeT, ^to jik)6oh HTepHpoBaHHbiii cthhpo^ob Ksa^paT ecTb cyMMa donycmuMUX, i.e. 
yflOBjieTBopaiomHx ycjiOBHio ii ^ 2z2, ... ,12 ^ 2i3 . . .. XlosTOMy ecjiH Wn-q ^ 0, to ^jia 
HeKOTopbix q g Hn-i{N) h flonycTHMoii nocjie^OBaTejibHOCTH / HMeeM Sq/x 7^ 0. 

KjiaccH(J)HKai];Ha paccjioeHHH. 

17. MHOJKecTBO KjiaccoB SKBHBajienTHOCTH o^HOMepHbix BexTopHbix paccjioeHHH na^ 
3aMKHyTbiM opHeHTHpyeMbiM n-MHoroo6pa3HeM N naxo^HTca bo BsaHMHO-oflHOsnaHHOM 

COOTBeTCTBHH C Hn-l{N). 

YKasaHHe. Ha^HHTe c n = 2. Mojkho ^ejiaTb anajiornHHO KJiaccHcjjHKaiiHH HHBOJiHDiiHii 
(rjiaBa 2) hjih cbgcth k neii. 

BeKTopHoe paccjioeHHe p : E ^ B nasbiBaeTCfl opuenmupyeMUM, ecjin b BeKTopHbix 
npocTpaHTBax p~^b sa^aHbi opneHTaiiHH, npn^eM h30mop4)h3m x i-^ hi,{b,x) coxpaHaeT 
opneHTaiiHio. 

OpneHTHpoBaHKbie BexTopHbie paccjioeHHa pi : Ei ^ B vi p2 '■ E2 ^ B c o^HHaKOBoii 
Gasoii nasbiBaroTCH opueHmupoeauHO uaoMop^HUMU, ecjiH cymecTByeT roMeoMop4)H3M 
f : El ^ E2, flJia KOToporo P2/ = Pi h cyjKeHHe /|p-if, : Pi^b P2^b ecTb coxpaHaiomHii 
opneHTaiiHio h30mop4)h3m BeKTopHbix npocTpancTB. 

18. (a) KaKHe paccjioeHHH h3 npeflbiflymero nynxTa HBjifliOTca opneHTHpyeMbiMH? 

(b) Jlio6bie jxBa o^HOMepHbix opneHTHpyeMbix BeKTopnbix paccjioenHfl na^ o^Hoii 6a- 

30H OpHCHTHpyeMO SKBHBajIBHTHbl. 

(c) OnpeflCJiHTe Kjiacc 9iijiepa e(^) xax npensTCTBHe k nocTpocHHio HenyjieBoro ce- 
HeHHH fljifl opHCHTHpyeMoro BCKTopHoro paccjioenHfl ^. 

(d) e(C © ry) = <0 n e(77) h e(C x 77) = e{0 x e(r;). 

(e) Jlio6bie flfia opneHTHpyeMbix flByMcpHbix BCKTopHbix paccjioeHHH na^ 2- 
MHoroo6pa3HeM c nenycToii rpaHHiiefi opnenTHpyeMO SKBHBajieHTHbi. 

(f ) Mhojkcctbo opHCHTHpyeMbix ^ByMepHbix bcktophmx paccjiocHHii na/i; 3aMKHyTbiM 
opneHTHpyeMbiM cbhshmm 2-MHoroo6pa3HeM c TO^HOCTbro ^o opneHTHpyeMoii SKBHBajienT- 

HOCTH HaXOflHTCa BO B3aHMH0 OflH03Ha^HOM COOTBCTCTBHH C Z. 

SaMC^aHHe: to jkc Bcpno ^Jia opuenmupyeMux -paccjioenuu. 

(g) * KaK H3MeHHTca pe3yjibTaTbi nyHKTOB (e) h (f) ^jia npoH3BOJibHbix 2- 
MHoroo6pa3HH? 

(h) * KaK H3MeHHTCfl pe3yjibTaT nynxTa (f) ^Jia npoH3BOJibHbix BCKTopHbix ^ByMcpHbix 
paccjiocHHii? Cp. |MF90) . 

Onpe^ejieHHe soMomonHocmu OTo6pa}KeHHH HanoMHCHO b naHajie rjiaBbi 6. B cjie^y- 
K)iri,Hx ^Byx 3a^aHax p : E ^ B — o^HOMepnoe BeKTopnoe paccjioeHHe. 

19. (a) FoMOTonHbie OTo6pa}KeHHa HHflyiiHpyiOT SKBHBajienTHbie paccjioeHHa. Hhmmh 
cjiOBaMH, 4)opMyjia [/] 1— > f*Cm KoppeKTHO 3a^aeT OTo6pa}KeHHe MHOJKecTBa [B^RP"^] ro- 

MOTOnHHCCKHX KJiaCCOB 0T06paJKeHHH B —^ RP™ B MHOJKeCTBO KJiaCCOB SKBHBajieHTHOCTH 

n-MepHbix BeKTopHbix paccjioeHHH Ha^ nojiHSflpoM B. 

(b) OTo6pajKeHHe f : B ^ RP™, ^jia KOToporo p ~ f*Cm, cymecTBycT Tor^a h tojibko 
Tor^a, Kor^a cymecTByeT jiuHeuHuu MOHOMop(pu3M F : E ^ R'"+^ (T.e. OTo6pa}KeHHe, 
KOTopoe Ha KajKflOM cjioe paccjiocHHa p : E ^ B aBjiacTca jiHHeiiHbiM mohomop4)h3mom) . 

(c) ^Jia KaKHx m cymecTByeT jiHHeiiHbiH mohomop4)h3m i?(Ci) — > R™ (oTHOCHTejibHO 
paccjiocHHa Ci)? 

(d) /Jjia J11060H TOHKH X B cyniecTBycT ee OKpecTHOCTb Ox b i? h jiHHeHHbiii moho- 
Mop4)H3M F : p'^Ox R. 
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(e) OTo6pa>KeHHe F : E —>■ HBJifleTca jinneftHbiM mohomop(J)H3mom Tor^a h 

TOJibKO Torfla, Kor^a ^Jia jthdGoh tohkh x lE B cymecTByeT TaKoe i, hto OTo6pa>KeHHe 
Pri o F\p-i^ : p~^x —>M. flBjiaeTca jiHHeiiHbiM MOHOMop(i)H3MOM. 

JIuneuHUM 4>y'HKV,uoHaAOM f : E —^M. nasbiBaeTCfl OTo6pa>KeHHe, jiHHeiiHoe (ho ne 
o6H3aTejibHO MOHOMop(J)Hoe) Ha cjiOHx paccjioeHHfl p. 

20. (a) /Iji-h Jiio6oro noflnojiHS^pa Bi C B jtto6oh jiHHeHHbiii (JjyHKijHOHaji 
/i : p^^-Bi M. npoflOJiJKaeTCfl flo jiHHeiiHoro (JjyHKiiHOHajia f : E 

(b) P^Jin HeKOToporo m cymecTByeT jiHHeflHbifl mohomop(J)H3m f : E M'"+^. Hhmmh 
cjiOBaMH, OTo6pa>KeHHe [/] ^ f*Cm cropieKTHBHO. 

YKaaaHHe: HcnojibsyiiTe KOMnaKTHOCTb nojiHa^pa B. 

(c) OTo6pa}KeHHe [/] i-^ f*Cm HHteKTHBHO npH m > 2 dimi? + 2. 

(d) P/LSi HeKOToporo m OTo6pa}KeHHe [/] ^—^ f*Cm 6hckthbho. 

MH080o6pa3ueM FpaccMaHa G(m, n) naabiBaeTCH npocTpancTBO Bcex n-Mepnbix jih- 
HeflHbix noflnpocTpancTB b M™. HanpHMep, G{m, 1) = MP™"^. 

TeopeMa KJiaccH(|)HKaLi;HH BeKTopHbix paccjioeHHH. MHOotcecmeo KJiaccoe 
9KeueajieHmHocmu n-Mepuux eeKinopuux paccjioenuu Had nojiuadpoM B uaxodumcM, eo 
eaauMHO-odHoanaHHOM coomeemcmeuu c MHOCHcecmeoM [B, G{m, n)] zoMomonunecKux 
KJiaccoe omo6paoKeHuu B — > G{m,n) npu docmamoHHO 6oAbmoM m. 

BsaHMHO-o^HOsna^Hoe cooTBeTCTBne h3 cejjopMy.iHpoBaiiiiOH TeopeMbi jierxo onncaTb. 
Onpe^ejiHM 

E{Cm,n) := {{a, v) e G(m, n)xR"^\ve a}. 
OnpeflejiHM maemoAozuHecKUM paccjioenue 

Cm,n ■ E(Cm,n) ^ G{m, Tl) cJjOpMyjIOH C,ra,7i{a, v) ■= «• 

CooTBeTCTBHe H3 TeopeMbi 3a^aeTCfl (jaopMyjioii [/] i— » f*Cm,n- AoKa3aTejibCTBO TeopeMbi 
aHajiorHHHO TOjibKO hto flOKaaanHOMy ee oflHOMepHOMy cjiynaio. 

21. (a) ^OKajKHTe Teopeny (flJia npoH3BOJibHoro n). 
(b) ZIoKajKHTe cjieflj'iomHH pesj'.ibTaT. 

TeopeMa KJiaccHc|}HKai],HH opneHTHpyeMbix BeKTopHBix paccjioeHHii. Mho- 
OKecmeo KAaccoe (opueumupyeMou) aKeueaAeHrrmocmu n-Mepnux opueHmupyeMux ecK- 
mopHux paccjiocHuu Had noAuadpoM B npu docmamoHHO 6oAhmoM m HaxodumcR eo 
eaauMHO-odHoanaHHOM coomeemcmeuu c MHODtcecmeoM [B, G+(m,n)] zoMomonunecKux 

KAaccoe omo6paoKeHuu B G+{m.,n) e opHeiiTHpyeMoe Mrioroo6pa3He FpaccMana ecex 
opuenmupyeMux n-Mcpnux auhcuhux nodnpocmpancme e M™. 

HanpHMep, G+{m, 1) = S'™"^. 

IIpH nOMOmH npHBC^I^CIIIIblX TCOpCM XapaKTepHCTHHeCKHC KJiaCCJA MOJKIIO ncivHaTb 

H3 K020M0A03UU npocTpaHCTB G(m,n) HjiH G+(m, n). Hnorfla xapaKTepncTHHecKne Kjiac- 
cbi TaK H onpeflBJiHioTCfl. TaKoe aScTpaKTHoe ajire6paHHecKoe onpeflejieHne yflo6HO fljia 
BbiHHCJieHHii (nanHMep, h3 npe^biflymero nyHKTa), ho Hey^o6HO ^jih reoMeTpHnecKHx npn- 

MeHBHHfl. 

yKasaHHa k HeKOTopbiM sa^anam. 

YKasaHue k 7a. HanoMHHM, hto RP"- = {{x, —x} | x G C M"+^}. Torfla 
E{(n) ■■= {{{±x},v) G MP" X M"+i I V II x}. TaBTOjiorHHecKoe paccjioeHHe onpefle- 
jiaeTCH 4)opMyjiOH C„({ibx},f) := {±.t}. Tor/i;a hvjkhbih h30mop4)H3m paccjioeHHH 
sa^aeTCH 4)opMyjiOH ±{x, v) © (±.x, A) i-^ (±.x, v + Xx). 

nPEn5ITCTBH5I K KOBOPAAHTHOCTH 
Hncjia Sftjiepa h UlTHcjjejiH-yHTHH. 
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HanoMHHM, ^TO Bce MHoroo6pa3Hfl b KHHre npe^nojiararoTCH KOMnaKTHbiMH. 

1. (a) EcjiH Am B — saMKHyTbie MHoroo6pa3HH n A — dM, to A x B = d{M x B). 

(b) Jlio6oe OflHOMepHoe hjih fleyMepHoe saMKHyToe opneHTHpyeMoe MHoroo6pa3He sb- 
jiiieTCfl KpaeM neKOToporo MHoroo6pa3Hfl. 

(c) Jlio6oe ^ByMepHoe saMKHyToe HeopneHTHpyeMoe MHoroo6pa3He HeTHoii aiijiepoBOH 
xapaKTepHCTHKH aBjiaeTca KpaeM neKOToporo MHoroo6pa3Ha. 

(d) KP^'^+^ HBJifleTCfl KpaeM neKOToporo MHoroo6pa3HH. 

(e) * Jlio6oe 3aMKHyToe 3-MHoroo6pa3He aBjiaeTCfl KpaeM neKOToporo MHoroo6pa3HH 
(fljifl opneHTHpyeMbix cm. |Ki89l VII, Theorem 2], fljia npoH3BOJibHbix cm. |St68[ Chapter 
6]). 

2. (a) RP^ He HBJiaeTca KpaeM MHoroo6pa3Hfl. 

IlepBoe pemeHHe. IlycTb, nanpoTHB, M — 3-MHoroo6pa3He h dM = RP^. 06o3HaHHM 
nepes M' Konnio MHoroo6pa3Hfl M. Tor^a = x{M limp2 M') = x{M) + xiM') ~ x(RP^), 
OTKy^a xi^P'^) HeTHO. IIpoTHBope^He. 

BTopoe pemeHHe. IlycTb, nanpoTHB, M — 3-MHoroo6pa3He h 9M = RP'^. Tor^a 

t{M)\9m = T{dM) ® iy{dM c M) ^ T{dM) ® e. 

nosTOMy = e{M) n dM — e{dM) ^ 0, r^e e — Kjiacc Biijiepa no MO^yjiio 2 h paBcncTBa 
03Ha^ai0T cpaBHeHHfl no Mo^yjiio 2. 

TpeTbe pemeHHe. IlycTb, nanpoTHB, M — 3-MHoroo6pa3He n dM = RP^. Tor^a 
wi{dM) = dwi{M), rfl,e d : H2{M, dM) — > Hi{M) — rpannnnbin roMOMop4)H3M. IlycTb 
(ujjduj) C {M,dM) — 2-HOflMHoroo6pa3He c KpaeM, peajiH3yiom;ee Kjiacc W2{M). Tor^a 
du) C dM peajiHsyeT KJiacc wi (dM) . SnannT, uj Dm ^ ecTb l-noflMHoroo6pa3He c KpaeM 
duj CigM dui. HosTOMy wi{dM) n ^1(9^/) — 0, hto neBepno j^jisi dM — RP^. 

(b) HeopHGHTHpyeMaH TeopeMa IIoHTparHHa (npocToii cjiyiaii). Ecau 3a- 
MKHymoe MHOzoo6pa3ue nejisiemcM KpaeM MUOzooSpaausi, mo ezo auAepoea xapanmepu- 
cmuKa Hemna. 

(9Ta TeopeMa nnTepecna tojibko fljia neTnoMepnbix MHoroo6pa3HH.) 

(c) SaMKHyToe 2-MHoroo6pa3He abJiaeTca KpaeM MHoroo6pa3Ha Tor^a h tojibko Tor^a, 
Kor^a ero siijiepoBa xapaKTepncTHKa ^eina. 

(d) RP" aBjiacTCH KpaeM MHoroo6pa3Ha Tor^a n tojibko Tor^a, Kor^a n hc^ctho 
( |FF89[ ynpajKneHHe 29] mojkho ycnjiHTb). 

(e) CP^*^ ne HBJiaeTca KpaeM MHoroo6pa3na. 

(f) RP^ X RP^ He aBjiacTca KpaeM MHoroo6pa3Ha. yKa3aHHe: e(RP^ x RP^) — e(RP^)^ = 1 
mod 2. 

(g) IIpH KaKOM ycjiOBHH RP"i X . . . MP"'' sBJiaeTca KpaeM MHoroo6pa3Ha? 

3. (a) EcjiH MHoroo6pa3Ha roMCOMopiJinbi, to ohh Ko6opflaHTHbi. 06paTHoe HCBepno. 

(b) EcjiH HcnycTbie MHoroo6pa3Ha Ko6opflaHTHbi, to hx pa3MepH0CTH paBHbi. Pa3Mep- 
HOCTb Ko6op;iH3Ma Ha 1 6ojibme pa3MepH0CTH Toro h3 MHoroo6pa3HH Mi,M2, KOTopoe 
nenycTO. 

(c) MHoroo6pa3Hfl Ko6opflaHTHbi Tor^a h TOJibKO Tor^a, Kor^a nx HecBa3Hoe o6'beflH- 
nenne aBJiaeTca KpaeM neKOToporo MHOroo6pa3Ha. 

(d) IIpHBe^HTe npHMep nenycTbix HeKo6op^aHTHbix MHoroo6pa3HH o^HnaKOBoii pa3- 
MepnocTH. 

4. (a) MHoroo6pa3na RP^ x RP^ h RP^ ne Ko6opflaHTHbi. Hhmmh cjiOBaMH, ne cy- 
m,ecTByeT MHoroo6pa3Ha c rpaHHn,eH N := RP^ x RP^ U RP*. 

yKa3aHHe. Anajiornnno TpcTbCMy flOKa3aTejibCTBy Toro, nTO RP^ ne orpaHH^HBacT. 
HcnojibsyiiTe wi{N) = (a + &, c), wi{N)'^ = (0, c^) a + c'^ ^ 0. 

(b) He cym,ecTByeT MHoroo6pa3Ha, rpaHHn,eH KOToporo aBJiaeTca nenycToe o6'be^HHe- 
nne o^noro, flByx hjih Tpex pa3JiH^Hbix MHoroo6pa3HH h3 iVi := RP^, N2 = RP* x RP^ 
H N3 RP2 X RP2 X Rp2. 
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(c) ^OKajKHTe ^acTb 'tojibko Tor^a' cjie^yiomero peayjibTaia (npHHa^jiejKamyio 
IloHTpHrHHy) . 

HeopHeHTHpyeMaa TeopeMa ToMa. SaMKHymoe MHOzoo6pa3ue jieAMemcji Kpaeu 
MHOzoo6pa3U}i mozda u mojibKO mozda, Kozda 

(N)r\...r\ w,^ {N) = 

djiM Am6ux v^ejiux noAoaicumeAbHux ii, . . . ,is c ii + . . . + is = n. 3decb E oanaHaem ct/M- 
Mupoeanue KOMnoHewm eenmopa Wi-^{N) n . . . n Wi^{N) (nomopue HyMepywmcM komuo- 
HeumaMU ceji3Hocmu MHOgoo6pa3UJi N). 

Hhumu CAoeuMU, aaMKHymue MHOzoo6pa3UM, Ni u N2 Ko6opdaHmHU mozda u moAbKO 
mozda, Kozda 

Ew,, (A^i) n . . . n w,^ {Ni) = T.wi, (iVz) n . . . n {N2) 

Oaji Am6ux "nejiux noAoofcumeAbHux ii, . . . ,is c ii + . . . + is — n. 

HacTb 'Tor^a' ^OKasbiBaeTca ropas^o Tpy^nee ^acTH 'tojibko Tor^a' [St68) . 

^ucAOM IIImu(peA}i-yumHU n-MHoroo6pa3Ha N (oTBe^aiomHM pa36HeHHio 
n = ii + . . . + is) HasbiBaeTCfl ^hcjio Wi^^,,,^i^ (TV) := Sw^j {N) n . . . fl Wi^ (N). 

Ha MHOJKecTBe O*^ KjiaccoB Ko6opflH3Ma saMKnyTbix MHoroo6pa3Hii (BceBOBMOJKHbix 
pasMepHOCTefi) hmgiotch onepaiinn necBflSHoro o6T3eflHHeHHa h (^eKapTOBa, hjih npHMoro) 
npoHSBefleHHfl . 

5. (a) 9th onepaiiHH ^eiicTBHTejibHO KoppeKTHO onpe^ejieHbi. 

(b) MHOJKecTBe il*^ c sthmh onepaiiHSMH flBJiaeTca rpaflynpoBaHHbiM KOMMyTaTHB- 

HblM KOJIblJOM C eflHHHLI,eii H COOTHOmeHHeM a + a — 0. 

(c) * /IJia ijejibix nojioJKHTejibHbix hhcgji paccMOTpHM rnnepnoBepxHOCTb 
H C RP^ X RP^ CTeneHH (1,1). Tor^a H HBJiaeTca 5-MHoroo6pa3HeM h ne HBJia- 
eTca KpaeM HHKaKoro MHoroo6pa3Hfl. 

(d) * JJ^nsi ijejibix nojiojKHTejibHbix HHceji paccMOTpHM rnnepnoBepxHOCTb 
Hpq C MP^'' ^'^ X RP^*" CTeneHH (1,1). Tor^a Hpq abJiaeTca MHoroo6pa3HeM 
pasMepnocTH 2P{2q + 1) — 1 h ne sBJiaeTca KpaeM HHKaKoro MHoroo6pa3HH. 

KjiaccH(J)HKai],HOHHaH TeopeMa ToMa. FpadyupoeaHHoe KOAbv^o fJ*^ uaoMop^HO 
zpadyupoeauHOMy KOAb-ny noAUHOMoe Had Z2 om o6pa3ywmux Xi pasMepHocmu i, zde i 
npo6ezaem ece noAootcumejibHue v,eAue hucau, ne paenue 2^* — 1. 

B KanecTBe X2i mojkho B3aTb Kjiacc Ko6opflH3Ma MHoroo6pa3Ha RP^' . HeneTHOMepHbie 
o6pa3yiomHe 6bijiH HOCTpoenbi, nanpHMep, /^ojib^OM (opneHTHpyeMbie) h Mhjihopom (cm. 
nocjieflHHH nyHKT Hpe^biflyniero ynpajKHenna) . 

CnrHaTypa h HHCJia IIoHTpHrHHa (naGpocoK). 

6. (a) Kpaii opneHTHpyeMoro MHoroo6pa3Ha 3aMKHyT h opneHTHpyeM. 

(b) JlK)6oe o^HOMepnoe hjih ^ByMepHoe saMKHyToe opneHTHpyeMoe MHoroo6pa3He hb- 
jiHCTCH KpaeM HeKOToporo opneHTHpyeMoro MHoroo6pa3Ha. 

(c) * JlK)6oe saMKHyToe opneHTHpyeMoe 3-MHoroo6pa3He flBJiaeTca KpaeM neKOToporo 
opneHTHpyeMoro MHoroo6pa3Hfl |Ki89[ VII, Theorem 2]. 

(d) CP^'^'*'^ HBJiaeTca KpaeM opneHTHpyeMoro MHoroo6pa3Ha. YKasanne. IIocTpoHTe 
H HCH0jib3yHTe paccjiocHHe 5"*'=+3 _^ ^p2fc+i cjigbm S^. 

(e) CP" aBJiaeTCfl KpaeM opneHTHpyeMoro MHoroo6pa3na Tor^a h tojibko Tor^a, Kor^a 
n ne^eTHO f |FF89[ ynpajKnenne 29] mojkho ycnjiHTb). 

(f) EcjiH 2fc-MHoroo6pa3ne N sBJiaeTca KpaeM opHenTHpyeMoro MHoroo6pa3HH, to 
rki/fe(iV;Z) xieTen. 

HaHGMHHM, ^TO opueHmupoeauHUM MHoroo6pa3neM Ha3biBaeTca opuenmupyeMoe 
MHoroo6pa3He c (jDHKcnpoBannon opneHTaiineii. 
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SaMKHyTbie opHeHTHpoBaHHbie MHoroo6pa3Hfl Ni h N2 nasbiBaroTCH opuemnupoeaHHO 
Ko6opdaHmHUMU, ecjiH cymecTsyeT opneHTHpoBaHHoe MHoroo6pa3He (opueHmupoeaHHUu 
Ko6opdu3M) c rpaHHiieii A'^i U {—N2) (npn stom o^ho h3 MHoroo6pa3Hii MOJKeT 6biTb ny- 
ctmm). Hepes —N2 o6o3Ha^aeTCfl opneHTHpoBaHHoe MHoroo6pa3He, nojiyHeHHoe h3 N2 
HBMeHeHHeM opneHTaiiHH. KjiaccH4)HKaE;Ha opneHTHpyeMbix MHoroo6pa3Hii c TOHHOCTbio 
flo opneHTHpyeMoro Ko6opflH3Ma 6bijia TaKJKe na^aia IloHTpHrHHbiM b 1930-x. 

7. (a) MHoroo6pa3HH CP^ h — CP^ ne hbjihiotch opneHTHpoBaHHO Ko6opflaHTHbiMH. 
Hhmmh cjiOBaMH, CP^ U CP^ ne HBjiaeTca Kpaen opneHTHpyeMoro MHoroo6pa3Ha. 

yKa3aHHe: ecjin ne nojiyHaeTca, to cm. cjie^yiomHe nyHKTbi. 

(b) ^Ji-H d : Hi+i{N]'L) Hi{dN]'L) a v^ejioHucjieHHOu 4)opMbi nepeceHeHHii 
dad da = npn jik)6om a. 

(c) /[oKajKHTe cjie^yiomHH pe3yjibTaT. 

TeopeMa IIoHTparHHa (npocToii cjiynaii). Ecau Ak-MHOzoo6pa3ue N neMieni- 
CM, KpacM opueumupyeMOZo MHOgoo6pa3UM, mo cuzHamypa a{N) ((fiopMU nepeceneHuu ua 
H2k{N;'L)) poena nyjim. 

Hau, 9KeueaAeHmH0, ecAU aaMKuymue opuenmupoeaHHue Ak-MHOsooSpaauji Ni u N2 
opuenmupoeaHHO KodopdaumHU, mo cr(A^i) = a{N2). 

8. (a) AddumuGHOcmb. (t{M U N) = a{M) + a{N). 

(b) MyAbmunAUKamuoHocmb. a{M x N) = a{M)a{N). 

(c) * Addumueuocmb HoeuKoea-PoxAuna. a{M IJ N) — a{M) +a{N). 

dM=dN 

9. * (a) MHoroo6pa3HH CP^ x CP^ h CP* ne sBjiHioTCfl opneHTHpoBaHHO Ko6opflaHT- 
HbiMH. Hhmmh cjiOBaMH, CP^ X CP^ U (—CP"*) He HBJiHeTCH KpaeM opneHTHpyeMoro mho- 
roo6pa3HH. 

yKa3aHHe: ecjin ne nojiyHaeTca, to flOxajKHTe h Hcnojib3yHTe cjie^yioiuHe nyHKTbi. 
(b) /JoKajKHTe cjieflyiomHii pe3yjibTaT. 

YKasaHHe: anajiornHHO HacTH 'TOJibKO Tor^a' b HeopHeHTHpyeMoii TeopeMe IloHTpa- 

THHa. 

TeopeMa IIoHTparHHa (cjioxchbih cjiynaii). Ecau 4:k-MH030o6pa3ue N sieAsiemcsi 
KpaeM opuenmupyeMOSo MHOzoo6pa3UM, mo 

Ep,,(A^)n...np,^,(iV)-o 

Oaji Am6ux "nejiux noAootcumeAbHux ii, . . . ,is c ii + . . . + ig = n. 3decb T, oananaem cyM- 
Mupoeanue KOMnonenm eenmopa pi-^{N) D . . . r]pi^{N) (nomopue HyMepywmcM, komuo- 
HenmaMU cesisHocmu MH030o6pa3ux N). 

Hau, SKeueaAenmHO, ecAU aaMKuymue opuenmupoeaHHue Ak-MHOzoo6pa3usi Ni u N2 
opuenmupoeaHHO Ko6opdaHmHU, mo 

(iVi) n . . . n (Ni) = Sp,, (iVs) n . . . n {N2) 

dAM Aw6ux u^eAux HOAOOKumeAbHux ii, . . . ,is c ii + . . . + is = k. 

^ucAOM 77oMmp.»gWMa 4fc-MHoroo6pa3Ha iV (oTBe^aiomHM pa36HeHHK3 k = ii + . . . + ig) 
Ha3biBaeTCfl ^hcjio Pii....,iSN) :— J^pi-^{N) D . . . npi^{N). 

10. EcjiH —N, TO N Li N Ko6opflaHTHO nycTOMy h (t{N) ^ Pii,...^i^{N) =0. 

TeopeMa ToMa. Ecau ece HUCAa UoHmpmuHa aaMmymoso opueumupyeMOZo mhozo- 
o6pa3usi HyAeeue (nanpuMep, ecAU ezo pasMepnocmb ne deAumcM na 4), mo odnedunenue 
HecKOAbKux 9K3eMnAJipoe MHOzoo6pa3UJi X (nomopue ece 6epymcji c oduHanoeou opueu- 
mauflteu) neAsiemcM, npacM aaMKuymozo opuenmupyeMOZo MHOzoo6pa3UM. 

Ho noBOfly onncaHHa KOjibiia KjiaccoB opneHTHpoBaHHoii Ko6opflaHTHOCTH opn- 
eHTHpoBaHHbix MHoroo6pa3Hii cm. |FF89l §19. 6. D, §43.2]. 
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TeopeMa XHpLi;e6pyxa o cnrnaType (ynpomeHHaa) . JI^jim, Am6ozo k cymecmey- 
wm maKue pav^uoHaAbHue nucjia ... j^, nmo djiJi jim6ozo aaMKuymozo opuenmupyeMozo 
4k-MHOgoo6pa3UJi M eunojmeHO a{M) = ^ aj-^_,,,j^pj^^,,,_j^XM) . 

il,--- Jr 

11. (a) BbiBe^HTe stot pesyjibTaT h3 TeopeMbi ToMa. 

(b) ^Jia JiK)6oro saMKHyToro opneHTHpyeMoro 4-MHoroo6pa3Ha M BbinojiHeno 
pi = 3cr. 

yKasanne: no Teopene XHpLi,e6pyxa /lOCTaTOHHO npoBepHTb sto /ijih M = CP^. 

(c) ^JiH JiK)6oro saMKHyToro opneHTHpyeMoro 8-MHoroo6pa3Ha M BbinojiHeno 
Tp2 - Pi,i = 45(7. 

yKasaHHe: no TeopeMe XnpijeGpyxa ^ocTaTonno npoBepnTb 9to ^jih M = CP** n 
M = CP2 X CP2. 

IIocmpoeHue c(pepu Mujmopa. PaccMOTpnM rpacj) c BepmnnaMn 1,...,8 n pe6paMH 
12, 23, 34, 45, 56, 67 n 58. ^jih KajK^ioii Bepmnnbi rpacjja 

BOSbMGM CBoii SKseMnjiflp noflpaccjioennfl KacaTejibHbix bgktopob ^jinnbi ne 6ojiee 1 
B KacaTejibHOM paccjioennn k S*^, n 

Bbi6epeM CTOJibKO nenepeceKaroninxca ^eTbipexMepnbix ^hckob b cooTBeTCTByronieM 
9K3eMnjiHpe ccjjepbi S"*, CKOJibKO pe6ep bbixoaht h3 Bepmnnbi. 

^jifl KajK^oro pe6pa CKJienM cyjKenna paccjioennii na ^eTbipexMepnbie ^ncKn, coot- 
BeTCTByionine KOHu;aM STOro pe6pa, OTOJK^ecTBJiaa 6a3y o^noro cyjKennfl paccjioenna co 
cjioeM flpyroro. Ilojiy^nTCH 8-MHoroo6pa3He V c KpaeM {eodonpoeodnoe coeduHenue xaca- 
Tejibnbix paccjioennii na^ ccjjepaMn coo6pa3no rpa4)y) . Fpanniia dV 3Toro MHorooGpasna 
n ecTb c4)epa Mnjinopa. 

IIpHMep ccjjepbi MnjiHopa BbiTexaeT h3 4)opMyjibi Xnpn,e6pyxa n cjie^yronieii 3afla^n. 

12. (a) Mnoroo6pa3ne V napajiJiejinsyeMO (n, sna^nT, pi{V) — 0). 

(b) CnrnaTypa MHoroo6pa3Hfl V paBna 8. 

(c) Kpaii dV roMOTonn^ecKn SKBnBajienTen 5"^. 

Mnoroo6pa3ne Mnjinopa mojkho ctpohtb h xax S'^-paccjioenne na;; |DNF84[ 28]. 
EcjiH V — cooTBeTCTByiomee ZJ^-paccjioenne, to MOJKno flo6nTbca Toro, ^to cr{y) = 1 n 
Pi,i{^) = 36, Tor^a dV ~ 5^, no dV ne MOJKeT 6biTb 7-c4)epoH no 4)opMyjie XHpi];e6pyxa. 
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rJIABA 6. rOMOTOnHHECKAil 
KJIACCH0HKALI;H5I OTOBPA:a<:EHHH 



Veu! ^mo 6 hu cnaaaA nomoMOK npoceemeHHUu, 
ece man otce na eempy, e odecHcde ootcuejieuHou, 



K ceouM OKe Hcmuna CKAOHiiemcsi nepcmaM, 



c yAu6Kou CHceHCKom u demcKom 3a6omou, 
KQK 6ydmo e npuzopume paccMampueasi nmo-mo, 



u3-3a ee njiena neeuduMoe hum. 



B. HaGoKoe, /Jap. El 



TEOPEMA xona>A 



OnpeflejieHHH h HCTopHHecKHe saMeHaHHH. 

Omo6paaiceHueM noflMHOJKecTBa K npocTpancTBa M™ (nanpHMep, rpa4)a b R^) b 
(cTaH^apTHyro) OKpyjKHOCTb HasbiBaeTca conocTaBJieHne KajK^oii TO^^Ke x ^ K neKOTO- 
poii TO^KH f{x) € . OTo6pajKeHHe f : K saMKnyToro orpaHH^eHHoro noflMHO>Ke- 

CTBa K HasbiBaeTCH nenpepuenuM, ecjiH ^jia jiio6oro e > cymecTByeT Taxoe S > 0, hto 
npn jiroSbix x,y G K c ycjiOBHen \x, y\ < 5 BbinojiHeno \ f{x), f{y)\ < e. ^ajiee Bce OTo6pa- 
jKeHHH c^HTaiOTCfl HenpepbiBHbiMH H npHjiaraTejibHoe 'nenpepbiBHoe' HacTO onycKaeTca. 

/^jia noflMHOJKecTBa K npocTpancTBa M™ (nanpHMep, rpacjja b R^) nenpepbiBHoe oto6- 
pajKenne f : K ^ mojkho npe^CTaBJiaTb ce6e xax ceMeiicTBO e^HHHHHbix BexTopoB f{x) 
B TOHKax X € K, napajiJiejibHbix (jjHKCHpoBaHHoii njiocKOCTH R^ C R™ h nenpepbiBHO sa- 
BHcaiiiHx OT X. (B 3T0H HHTepnpeTaiiHH mojkho saMenHTb 'b TOHxax x € 'b TO^^Ke 

G R™'.) IIpH 3T0M BeKTopbi HB CHHTaiOTca KacaK)iri,HMHca rpacjja K (na caMOM ^ejie, ^jia 
K ^ TaKoe KacaHne BOo6iri,e nejibsa onpe^ejiHTb) . 

Jlfia OTo6pa>KeHHfl /o,/i : K ^ nasbiBaiOTca zoMomonuuMU (o6o3HaHeHHe: 
/o ~ /i), ecjiH cymecTByeT ceMeiicTBO ft'.K^S^ OTo6pajKeHHii, nenpepbiBHO saBHcamee 
OT napaneTpa i € [0, 1]. (IIocjie^Hee SKBHBajieHTHO cymecTBOBanHK) TaKoro nenpepbiBHoro 
OTo6pajKeHHa F : K x [0, 1] X, hto F{x, 0) — fo{x) h F{x, 1) — fi{x).) 

1. (a) Jlio6bie flBa OTo6pajKeHHfl ^epeBa b OKpyjKHOCTb roMOTonnbi. 

(b) OTo6pajKeHHe dD^ — > roMOTonno OTo6pa>KeHHio b TO^xy Tor^a h tojibko Tor^a, 
Kor^a OHO npo^ojiJKaeTCfl na . 

(c) Pe(fijieKcueHocmb . f — f. 

(d) CuMMempuHHOcmb . Ecjih / ~ to g ~ /. 

(e) TpaH3umueHocmb . Ecjih / ~ 5 h 5 ~ ft,, to / ~ ft,. 
yKasanne. IIojiojkhm 



rfle Hi H H2 — roMOTonHH, coe^HHaioiuHe f n g, g n h, cooTBeTCTBeHHO. 

IlTaK, roMOTonnocTb OTo6pa>KeHHH — OTHomeHne SKBHBajieHTHOCTH. OQosylshiim ^e- 
pes [K, S^] MHOJKecTBO OTo6pajKeHHH if — > S*^ c tohhoctbio ^o roMOTonnH. 

HenpepbiBHbie OTo6pa}KeHHa b ^pyrne npocTpancTBa Y onpe^ejiaroTca HHJKe anajio- 
rHHHO. Hx roMOTonnocTb h MHOJKecTBO [K, Y\ onpe^ejiaiOTCH aocjiobho Tax »ce. 

3afla^a o KjiaccncJjHKaiiHH nenpepbiBHbix OTo6pajKeHHH c TOHHOCTbio flo roMOTonno- 
CTH, paccMaTpHBaeMaa b SToii rjiaBe, — o^na h3 BajKHeiiniHx b ajire6paH^ecKOH Tonojiornn, 

^"^ Alas! In vain historians pry and probe: The same wind blows, and in the same live 
robe Truth bends her head to fingers curved cupwise; And with a woman's smile and a 
child's care Examines something she is holding there Concealed by her own shoulders from 
our eyes. V. Nabokov, Gift. 
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nocKOJibKy K Heii cbo^htch MHorne ^pyrne sa^aHH TonojiorHH h ee npHJiojKeHHii. Ochob- 
Haa Teopena TonojiorHH o roMOTonHHecKoii KjiaccHcjjHKaiiHH OTo6pajKeHHii S*" —>■ 5*" 6bijia 
flOKasana XaiiHiieM XoncJjOM b 1926 r. c Hcnojib30BaHHeM HHBapnaHTa 'cTenenb', BBeflen- 
Horo JIeHT3eH0M 3r6epTOM Hhom BpayspoM b 1911 r. B 1932 r. XoncJ) o6o6iri,HJi stot 
pesyjibTaT KjiaccH4)HKaE;HH OTo6pa>KeHHH n-nojiHs^pa b S" ('no saxasy' IlaBjia Cep- 
reeBHHa AjieKcan^poBa) . XlpHBO^HMbie s^ecb (jsopMyjinpoBKa h flOKaaaTejibCTBO TeopeMbi 
Xon4)a npHHafljiejKHT Xaccjiepy ynTHH (1937). ^ajibHeiiinee pasBHTne Teopena XoncJ^a- 
"Yhthh ^OJIy^^HJIa b pa6oTax CsMiosjifl 9HJieH6epra h CoHflepca MaKjiefiHa (1940), JlbBa 
CeMenoBHHa IloHTpHrHHa (1941), HopMana CraHpofla (1947), /^JKona FenpH KoHCTanTH- 
Ha YafiTxe/ia (1949) h Mnxanjia MnxaiijiOBH^a IIocTHHKOBa (1950). 

OcHOBHaa TeopeMa TonojiorHH (Ha6pocoK). 

TeopeMa o npoMejKyTO^HOM 3HaHeHHH HenpepbiBHoii (jjyHKiiHH aBjiaeTca nyjibMepHoii 
Bepcneii ochobhoh TeopeMbi Tonojiornn. 

2. Coo6pacnceHUM Henpepueuocmu. 

(a) Ha njiocKOCTH ^ano 2n KpacHbix h 2n chhhx TO^ex o6iri;ero nojioJKeHHH. /JoKajKHTe, 
HTO cymecTByeT npsMaa, no KajK^yro CTopony ot KOTopoii naxo^HTCa no n xpacHbix n 

CHHHX TO^^eK. 

(b) IlycTb ^an (BbinyKJibiii) MHOroyrojibHHK na hjiockocth h TOHxa x bhb nero. Tor^a 
cyniecTByeT npanaa I, coflepjKaniaa x h ^ejianiaa MHOroyrojibHHK na ^bb ^acTH paBHOii 
njioma^H. 

(c) To >Ke flJIH TOHKH X BHyTpH MHOrOyrOJIbHHKa. 

(d) ^Jia jHo6oro (bbinyKJioro) MHOroyrojibHHxa na hjiockocth cyni,ecTByeT npanaa, 
flejianiaa ero na ^Be ^^acTn c paBHbiMH njionia^aMH n nepHMeTpaMH. 

(e) JI1060H jiH (BbinyKjibiii) MnoroyrojibnnK na hjiockocth mojkho paspesaTb na ne- 
Tbipe ^acTH paBHOH njionia^H ^ByMa nepenen^HKyjiapHbiMH paspesaMH? 

(f) Bcerfla jih mojkho paspesaTb npaMOJiHneiiHbiM paspesoM 6yTep6pofl c MacjiOM na 
flBB paBHOiieHHbie nacTH? 

(g) To JKe fljia 6yTep6pofla c MacjiOM h cbipoM. 

(h) Ha nepoBHOM HOJiy Ta6ypeTKy Bcer^a mojkho HOCTaBHTb na Bce ^eTbipe hojkkh. 

(i) BoKpyr J1060H BbiHyKJioii njiocKoii (janrypbi mojkho onncaTb KBa^paT. 

(j)* Jlio6yio njiocKyio BbmyKjiyio 4)Hrypy ^naneTpa 1 mojkho HOMecTHTb b npaBHjib- 
HOM mecTHyrojibHHKe, paccToanHe MejK^y HpoTHBonojiojKHbiMH CToponaMH KOToporo paB- 

HO 1. 

06o3Ha'qHM ^hck = {(x, y) e | a;^ + 1}, OKpy»cHOCTb S*^ = {(a;, y) G | + = 1} = {z e C : |^;| = 1} 
H HHTepBaji / = [0, 1]. 

3. CjieflyiomHe yTBepx^eHHa 3KBHBajieHTHbi. 

(1) JlK)6oe OTo6pa}KeHHe / : — > ^Hcxa b ce6a HMeeT HenoflBHJKHyro Tonxy, T.e. 
TaKyio TOHKy x € , ^to f{x) = x. 

(2) He cyniecTByeT OTo6pajKeHHH ^ncxa b ero rpanHTrnyio OKpyjKHOCTb, TOJKflecTBen- 
Horo na SToii OKpyjKHOCTH, T.e. OToGpajKenna / : — > , fljia KOToporo f{x) = x npn 
X £ (hjih, roBopa necjaopMajibHO, 6apa6aH nejibsa CMSTb na ero 060^). 

(3) TeopeMa Hpo^ojiJKaeMOCTH (h3 nynxTa 'cyniecTBOBaHne BeKTopnbix nojieii na 2- 
MHoroo6pa3Hax') . 

(4) TojK^ecTBeHHoe OToGpajKenne OKpyjKHOCTH {J{x) — x) ne roMOTonno nocToaHHOMy 
(5(^) = 1). 

He(|)opMajibHO, cmeneubm deg / OTo6pa}KeHHa f : ^ nasbiBaeTca ^hcjio 060- 
poTOB BeKTopa f{x) (BOKpyr CBoero Heno^BHJKHoro na^ajia) npn o^HOKpaTHOM o6xofle 
TOHKoii x OKpyjKHOCTH npoTHB nacoBoii CTpejiKH. CTporoe MaTeMaTH^ecKoe onpe^ejie- 
HHe 3Toro noHaTHa nenpocTO [An03j . | iPr04| . 
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CmaHdapmHou n-HaMorriKou nasbiBaeTCH OTo6pa}KeHHe w„ : 5^ — » 5*^, sa^aHHoe cjjop- 
Myjioii Wn{z) = . 

4. (a) deg{wn) = n 

(b) Wn He roMOTonno Wm npn m =^ n. (SnaHHT, yTBepjK^eHHH npe^bi^ymeii sa^a^H 
BepHfai.) 

(c) KajKfloe OTo6pa}KeHHe f : —> roMOTonno OTo6pa}KeHHK) w^f,g{j)- 

(d) OTo6pajKeHHa g,h : ^ roMOTonnbi Tor^a h tojibko Tor^a, Kor^a 
deg(5) =deg(/i). 

(e) IlojiyHHTe cjieflyiomHii pesyjibTaT. 

OcHOBHaa TeopeMa TonojiorHH. JIm6oe Henpepuenoe omo6paotceHue f : ^ 
zoMomonHO d-KpamHou HaMoniKe OKpyoKHOcmu na ce6si djin d = deg/, u omo6pa- 
pasHux cmeneHeu ne zoMomonnu. Hhumu CAoeaMU, omo6paotceHue 
deg : [S^jS*^] Z jieMemcM eaauMHO odHoanaHHUM coomeemcmeueM (6ueKii,ueu) u 
nepeeodum kaucc d-Kpamnou HaMoniKU e hucao d. 

3tot pesyjibTaT HasBan ochobhoh TeopeMoii TonojiorHH no anajiorHH c Tax nasbiBa- 
eMoii "Ochobhoh TeopeMoii ajire6pbi"(H3 nero OcHOBHaa Teopena ajire6pbi h BbiTeKaeT). 
CyTb flejia, kohg^ho, jiyHuie 6bi OTpajKajin Taxne nasBanHfl k&k "ocHOBHaa TeopeMa aji- 
re6pbi nojiHHOMOB"H "ocHOBHaa Teopena o^HOMepHoii TOHOJiorHHHO sth nasBanHfl b jih- 
TepaType ne HcnojibsyiOTCfl. Ochobhoh TCopcMy tohojiofhh mm ne ^OKasbiBacM, ho ne 
BBHfly ee cjiojkhocth, a BBH^y najiH^na npcKpacHbix HSJioJKeHHii ee flOKasaTCJibCTBa b 
jiHTepaType [BE821 §21], [Pr04l §6]. 

5. OcHoeHUM meopeMa UAzeSpu. J1io6oh HeHOCTOflnHbiii MHoroHJien c KOMnjieKCHbiMH 

KOacjjcjjHIIHeHTaMH HMCCT KOMHJieKCHblii KOpCHb. 

3»yHflaMeHTajibHaa rpynna h HaKpbiTHH (naBpocoK). 

^jiH HpocTpancTBa X c OTMeHenHoii tohkoh xq nemAeu nasbiBaeTca OTo6pa}KeHHe 
/ : [0, 1] X, fljia KOToporo /(O) = /(I) = xq- 

6. FoMOTonHH B Kjiacce HCTCJib ABjiaeTCH OTHomeHneM SKBHBajienTHOCTH na mho^kc- 

CTBC HCTCJIb [0, 1] — > X. 

MHOJKecTBO tti{X,xq) neTejib c TO^nocTbro roMOTOHHOCTH B KJiacce neTejib na- 
sbiBaeTCfl ^UHdaMeHmaAbHou spynnou HpocTpancTBa {X,xo). OTMeHenHyio TOHxy HacTO 
He yxasbiBaiOT b o6o3Ha^^eHH^^x. FpyHHOBaa CTpyKTypa na MHOJKecTBe tti{X) bbo^htch 
cjie^yroniHM o6pa30M. nojiojKHM [/i][/2] paBHbiM roMOTOHHHecKOMy KJiaccy OTo6pa>KeHHH 



/1/2W 



fi{2t) 0s^ts$l/2, 
/2(2t-l) 1/2 ^t^l. 



EflHHHHHbiM sjieMCHTOM HasbiBacTCfl roMOTonH^ecKHH Kjiacc HOCTOHHHoro OTo6pa>Ke- 

HHfl. 06paTHbIM SJIBMeHTOM K [/] HaSblBaeTCa rOMOTOHHHeCKHH KJiacc OTo6pajKeHHH 

m ■■= /(I - t)- PaBCHCTBa [/][/] = [/][/] = e h ([/i][/2])[/3] = [/i]([/2][/3]) hchbi h3 
pHcyHKOB [m [55I 

YKasanHH h pemenHa neKOTopbix h3 cjie^yioniHx sa^a^ ecTb b |Pr04[ §2, §11]. 

7. (a) EcjiH X jiHHeiiHO-CBflSHO, to 7ri(X, a;o) ne saBHCHT ot xq. 

8. HaiiflHTe (JjyH^aMeHTajibHbie rpynnbi cjie/iyioinHx HpocTpancTB (ecjiH ne nojiy^a- 
eTca, CM. cjie^yromyK) aa^a^y). 

(a) KOJibija iS*^ X /; (b) jiHCTa Me6Hyca; (c) Topa x S^; 

(d)* ccjaepbi S*^; (e) npocKTHBHoii njiocKOCTH KP^; 

(f) 'BOCbMepKH' V S^; (g) 6yTbiJiKH KjiaiiHa c ^bipKoii; 

(h)* 6yTbijiKH KjiflHHa; (i) S^; (j) SO3 = RP^; (k) L{p, q) S^/Zp. 



110 



Phc. 54: 06paTHbra sjieMSHT (JjyHflaMeHTajibHoii rpynnbi 
/i h h 



h h h 

Phc. 55: AccoiiHaTHSHOCTb yMHOxeHHa 



OTo6pa>KeHHe p: X ^ X Mex^y CBasHbiMH nojiHa^paMH (hjih, 6ojiee oSmo, jiHHeiiHO- 
CBflsiibiMH npocTpancTBaMH) HasbisaeTCH naKpumueM, ecim pjin jiK)6ofl tohkh x & X cy- 
mecTByiOT 

ee OKpecTHOCTb Ox, 

flHCKpCTIIOC MIIOJKCCTBO F H 

roMeoMop4)H3M h : p^^Ox Ox x F, fljia KOToporo Prp o h = p. 
9. IlycTb p : X ^ X — HaKpbiTHe. 

(a) ^JiH JiK)6bix nyTH s : I ^ X h tohkh x G X c ycjiOBneM p{x) = s(0) cymecTByeT 
nyTb s : 7 — > X {noduiimue ny™ s) TaKoii, hto ^^(O) = x h p o s. 

(b) TaKoe noflHSTHe eflHHCTBenno, T.e. ecjiH /i, /2 : / ^ X — ^Ba noflHHTHH oflHoro h 
Toro >Ke OTo6pa>KeHHH f : I ^ X, npH^eM /i(0) = /2(0), to fi{t) = f2(i) flJia JiK)6oro t. 

(c) ^OKaxHTe (eme paa) ocHOBnyio Teopeny TonojiorHH. 

(d) JIcMMU o nodnsimuu zoMomonuu. JXjir JiKi6bix roMOTonnn {ft '■ I X}t<=i h nofl- 
HHTHH /o : / — > X cymecTByeT eflnncTBeHHoe no^HATHe {/( : / — > X}t^i roMOTonHH ft. 

(e) Bbi6epeM xo €p~^{xo)- JX^n ToneK a,b € p~^{xo) Bbi6epeM nyTH Sa,Sb:I^X, 
coeflHHHiomHe Xo c anb. IIojiojkhm ab paBHbiM KOHiiy Toro no^HATHfl nyTH o p){sb o p), 
KOTopoe nanHHaeTCfl b xq- ^oxajKHTe, hto sto onpe^ejienne sa^aeT rpynnoByio CTpyKTypy 
B p~^{xo), ecjiH fljiH J11060H neTjiH c nanajiOM b xq ee noflnaTHfl, HanHnaiomHecfl pasnbix 
TOHKax MHOxecTBa p~^{xo), o^HOBpeMenno saMKHyTbi hjih oflnoBpeMenno nesaMKnyTbi. 
(TaKHB naKpbiTHfl nasbiBaKDTCfl pezyAsipHUMU.) 

B cjieflyiomnx sa^anax jih6o noflpasyMeBaiOTCfl h30- h M0H0M0p(i)H3Mbi MHOCHcecme, 
jih6o naKpbiTHe npe^nojiaraeTca peryjiapnbiM. 

(f) EcjIH TTi{X) = 0, TO TTi{X) =p-^{xo). 

(g) p* : ni{X) — > ni{X) HBJiflBTCfl mohomop(J)H3mom. 

(h) ^OKajKHTe cjieflyiomHii pesyjibTaT. yKa3aHHe. Onpe^ejiHM OTo6pajKeHHe 
(fi : '!Ti{X) p^^ixo) Tax. JXjir neTjin s : [0,1] ^ X paccMOTpnM Taxoe ee noflnsj- 
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THe s : [0,1] — > X, fljia KOToporo s(0) = xq- IIojiojkhm f{s) pasHMM TOMy sjieMeHTy 
a £ p^^{xq), fljia KOTOporo oxq = s(1). 

TeopeMa o HaKpBiTHH. Ecau p : X X — pezyjinpnoe HOKpumue, mo 
7ri(X)/p,(7ri(X))=p-i(xo). 

OTo6pa»ceHHH rpacjja b OKpyxcHOCTb. 

10. (a) IlycTb K — HecBHSHoe 06'i.eflHHeHHe hjih 6yKeT k OKpyjKHOCTeii (pnc. [l]). 
<I>HKCHpyeM npoHSBOJibHO HanpaejieHHe na KajK^oii h3 3thx OKpyjKHOCTeii. JXjir oto6- 
pajKeHHfl f : K ^ nocTasHM na KajK^oii h3 sthx OKpyjKHOCTeii CTenenb cyjKeHHs / 
Ha 9Ty OKpyjKHOCTb. Ilojiy^eHHyio paccTanoBKy k ijejibix ^Hceji o6o3HaHHM deg/. Tor^a 
deg : [K, S^] ^ Z'^ - 6HeK^H^^. 

(b) MHOJKecTBO [K, S^] ne MeHaeTca npn CTarHBanHH pe6pa. 

(c) [K,S^]=Z^-^+^. 

XoncJ) flOKaabiBaji cboio Teopeiviy o MHOJKecTBe [K, S^] npn noMomH MeTO^a 'cTflrn- 
BaHHfl pe6ep' npeflbiflymeii sa^aHH (na caMOM ^ejie, oh paccMaTpHBaji n-MepHbiii cjiy- 
Haii — CM. HHJKe). IIpHBe^eM (jsopMyjinpoBKy ynTHH TeopeMbi Xon(|)a h ^OKasaTejibCTBO 
Yhthh, cjie/iyiomee o6iri;eMy MeTO^y TeopHH npenaTCTBHii (h TOJKe paaBHBaiomee H^eio 
npeflbiflymeii aa^a^H). XoTa sth (jjopMyjinpoBKa h ^OKasaTejibCTBO 6ojiee cjiojKHbi, nem 
xon(J)OBCKHe, ho c noMombro hx o6o6iri,eHHa mojkho nojiy^HTb pesyjibTaTbi, KOTopbie ne 
HOJiyHaiOTCfl npH homoiiih MeTO^a 'cTarHBanHa pe6ep' h ero MHoroMepnoro anajiora. 

TeopeMa Xoncjia. JJaji zpa(^a K cyinecmeyem 6ueKii,UM deg : [K, S^] H^{K; Z). 

HanaAO doKaaamejibcmea meopeMU Xoncfia: onpedejienue npennmcmeywmeu paccma- 
HOGKU. SnaKOMCTBO c 3THM flOKasaTejibCTBOM peKOMeH^yeM Ha^aTb CO cjiyi^aa K = K4 
(pHC.[I]). 

<I>HKCHpyeM npoH3BOJibHyio TO^Ky v £ . npoH3BOJibHoe OTo6pajKeHHe K ^ roMO- 
TonHO KJiemoHHOMy, T.e. TaxoMy, fljia KOToporo KajK^oii BepniHHe rpa4)a K cooTBeTCTByeT 
BCKTop V (^OKajKHTe!). IIosTOMy floCTaTOHHO KJiaccHcjjHiiHpoBaTb KJieTOHHbie OTo6pa>Ke- 
HHfl K ^ c TOHHOCTbK) flo TOMOTonHH, OTo6pajKeHHa KOTopoii He o6a3aTejibHO KjieTOH- 

Hbl. 

IlocTpoHM fljiH OTo6pa»;eHHa / npenaTCTBne deg / k roMOTonnocTH OTo6pa>KeHHH / 
HOCTOHHHOMy OTo6pajKeHHK). 'JHKCHpyeM npoHSBOJibHO HanpaBJieHHe na KajK^OM pe6pe 
rpa4)a K (npenaTCTBne deg/ 6yfleT saBHceTb ot SToro Bbi6opa). BosbMCM KJieTO^noe 
OTo6pajKeHHe f : K ^ . IlocTaBHM na KajK^OM pe6pe e C K hhcjio o6opoTOB BexTopa 
f{x) npH npoxo^e tohkoh x no pe6py e b^ojib nanpaBJieHHa. IIojiyHeHHyio paccTanoBKy 
o6o3Ha^HM 7(/). 

EcjiH f,g : K — KJieTOHHbie OTo6pa}KeHHa, fljia KOTopbix 7(/) — 7(<?), to no 

OcHOBHoii TeopeMe Tonojiornn f — g. 

HsMeneHue npenjimcmeywineu paccmanoeKU. 06paTHoe neBepno, xax noxasbiBaeT 
npHMep cjie^yionieii roMOTonHH (pnc. [56|. J\jir Bepmnnbi a rpa(J)a K nsMenHM OTo6pa}Ke- 
nne / Tax, ^To6bi BeKTop b a c^ejiaji o^hh o6opoT npoTHB ^acoBoii CTpejiKn, BexTopa b 
MajienbKOH OKpecTHOCTH Bepmnnbi a 'noTanyjincb' 3a BeKTopoM b a, a Bne SToii Majienb- 
KOH OKpecTnocTn OToGpajKenne ocTajiocb npejKHHM. B pesyjibTaie nojiynnM OTo6pa}Kenne 
g : K ^ , roMOTonnoe OTo6pa}KeHHio /. IIonaTno, hto 7(/) h j{g) OTJinnaiOTca na 
paccTanoBKy njiioc hjih Mnnyc eflnnnii; (b 3aBHCHM0CTH ot opnenxaLtHH) na pe6pax, co^ep- 
}Kam,nx Bepmnny a, h nyjieii na Bcex ocTajibnbix pe6pax. 9Ta paccTanoBKa nasbiBaeTca 
sjieMeHmapHou Kozpanwueu eepuiuHU a n o6o3Ha^aeTca 5a. 

B OKpecTnocTflx Bepmnn ai, . . . , Os c^ejiaeM onncanHyio Bbime roMOTonnro OTo6pa}Ke- 
nna /, noBopa^HBaa BexTopa b sthx Bepmnnax na ni, . . . , ns o6opoTOB, cooTBeTCTBenno. 
06o3nannM nojiynenHoe OTo6pajKeHHe nepe3 /niai+...+nsas • PaccTanoBKH ijejibix ^^Hceji na 
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Phc. 56: IloflKpyHHBaHHe OToSpaxeHHs b OKpecTHOCTH BepniHHbi 



pe6pax MO>KHO CKjiaflbiBaTb: fljia 3Toro npocTO CKJiaflbiBaiOTCH HHCJia, CTOflmne Ha Kax^OM 
peSpe (laKoe cjioxenne nasbiBaeTCfl noKOMnoHeHmuuM) . Tor^a 

lil) - 7(/niai + ...+n,aJ = UiSai + . . . + UsSa^. 

Tenepb paccMOTpHM roMOTonnio ft'-K^S^ mex^py KjieTOHHbiMH OTo6pa>KeHHflMH 
/o,/i. HocTaBHM Ha Kaxflofl BepniHHe a hhcjio o6opoTOB BeKTopa /t((i) npn HSMeHeHHH 
t OT flo 1. IIo.w^eHHyio paccTaiiOBKy o6o3HaHHM niai + . . . + Hsds- JlerKO npoBepHTb, 
'^TO 7(/o) - 7(/i) = ni6ai + . . . + UsSag. 

OnpedeACHue odnoMepHou zpynnu kosomoaozuu H^{K;'L), omo6pacHceHUH deg u do- 
KaaameAbcmeo eeo 6ueKmueHocmu. HasoBCM paccTaiiOBKH 71,72 iirabix hhcc.t na pc6- 
pax KoeoMOJiosuHHUMU, ecjiH 71 — 72 = nidai + . . . + UsSug ^Jia iieKOTopbix ii,ejibix ^Hceji 
ni, . . . , rig H BepniHH ai, . . . , a^. Fpynna H^{K; Z) paccTanoBOK c TOHiiocTbio kofomojio- 
rHHHOCTH HasbiBaeTCH odnoMepHou zpynnou kozomoaozuu epa^a K (c Kos^wnuenmaMU 
ell). 06o3HaHHM 

Aegf=[^{f)]&H\K-Z) 

5IcHO, 3TO onpefle.iciiHC KoppeKTHO. 

EcjiH deg/ = deg 5 pjlr HSKOTopbix KjieTOHHbix OTo6pa}KeHHii / h g, to 
7(/) — 7(5) = n\5a\ + ... + nySay A-na HeKOTopbix iiejibix HHceji ni, . . . ,nv- To- 

r^a / ~ /niai + ...+n.,a,, — .9- IToSTOMV OTo6pa»;0IIHC deg HnT.CKTHBIIO. 

HTo6bi flOKaaaTb dopijeKTHBHOCTb OTo6pajKeHHfl deg, BosbMeM npoHBBOJibHyio pac- 
CTai-iOBKy 7 ijejibix HHceji na pe6pax. Hojioxhm /(a) = v fljin Kaxfloii BepniHHbi a rpa(J)a 
K. B KanecTBe /|e B03bMeM 7e-KpaTHbra o6xofl b^jojib OKpyjKHOCTH S^. fl/isi nocTpoeHHoro 
KjiBTOHHoro OToSpaxBHHfl / HMBBM j{f) = 7, nosTOMy deg / = [7]- O 

11. B stoVl 3a^aHe Hcnojib3yiOTCfl hohhthh rpynnbi h H30Mop(J)H3Ma rpynn. 

(a) Fpynna H^(K: Z) aaBiiCHT TOJibKO ot Tonojiorn^ecKoro THoa rp&^a. K , i.e. Ofxao- 
MBpnbiB rpynnbi KoroMOJioriiii roMBOMop4)Hbix rpacJjOB H30Mop(i)Hbi. 

(b) H^{K,'L)^'L^-^+^. 

(c) OTo6pa}KeHHe deg : [ii', S'^] — *■ H^[K,'Z) HBJiJieTCfl H30Mop(i)H3MOM rpynn {S^ hb- 
JIHBTCH rpynnoH, nosTOMy [if , S'^] HBjiJiBTCfl rpynnoii). 

OTo6pa»ceHHa 2-MHoroo6pa3HH b OKpyxcHOCTB. 

3flecb Mbi 6y^eM Hcnojib30BaTb TeopeMbi npoflOJixaeMOCTH n roMOTonnoCTn (h3 nynK- 
Ta 'cymBCTBOBanne BBKTopi-ibix nojieii na 2-MHoroo6pa3Hflx' h naparpa(i)a 'KjiaccH(J)HKaLi;HH 
BBKTopnbix oojibh', cootbbtctbbhho). 
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12. (a) OTo6pa>KeHHe S"^, o6pa3 KOToporo ne coBna^aeT c S^, roMOTonno oto6- 
paxceHHio B TO^Ky. 

(b) * Jlio6oe OTo6pa>KeHHe — » roMOTonno OTo6pa>KeHHio b TOHKy. IIpefloCTepe- 
yKSHue: cymecTByiOT cropieKTHBHbie OTo6pa>KeHHH —^S"^. YKasaHHe: ^OKaxHTe, hto 
jiio6oe OTo6pajKeiiHe S"^ roMOTonno rjra7i,K0My hjth KycoHiio-jiHHeiiHOMy (onpe7i;e- 
jiHTe, HTO 9T0 TaKoe), h ^to rjiaflKoe hjih KycoHHO-jiHHeiiHoe OTo6pa}KeHHe ne 
cropteKTHBHO. 

(c) /Iji-h Jiio6oro OTo6pa>KeHHH f : S"^ ^ cymecTByeT TaKoe OToSpaxeHne 
/ : 5^ — *■ R, HTO /(x) = f{x) mod 2it ^jia jiio6oro x G S^. 

(d) Jlio6oe OToSpaxeHHe — > roMOTonno OTo6pa>KeHHio b TOHKy. 

06o6LLi,eHHeM nyHKTa (d) flBJiaeTCH cjie^yromnfl pesyjibTaT. 

Teopeivia BpymjiHHCKoro. /(aji 2-MHOgoo6pa3UJi K cymecmeyem 6ueKV,usi 

Ha6pocoK onpedejieuuM, gpynnu kosomoaosuu H^{K]'L), omoSpaotceHUM, deg u 
doKaaamejibcmea ezo 6ueKmueHocmu. OnKCHpyeM npoHSBOJibHyio TpnaHryjifliiHio 
2-MHoroo6pa3HH K. 

BTopofl H TpeTHii a63aLi,bi ^OKasaTejibCTBa TeopeMbi Xon(J)a Hy>KHO noBTopHTb 6e3 
H3MeHeHHfl (T.e. KjieTOHHbie OTo6pajKeiiHa h npenjiTCTByioinaH paccTanoBKa 7(/) onpefle- 
jifliOTCH TaK >Ke, KaK H B TeopeMe Xon(J)a). Ho TeopeMe npoflOJixaeMOCTH, fljia paccTanoBKH 
7(/) 

cyMMtt HuceA Ha pe6pax spaHuvfii aw6ou zpauu cC K paeua 0. 

(^eiicTBHTejibHO, 3Ta cyMMa paBHa KOJiHHecTBy o6opoTOB BeKTopa /(x) npn o6xo^e 
TOHKoii X rpaHHLi,bi SToii rpaHH.) PaccTanoBKH c sthm ycjiOBHeM Ha3biBaK)TCfl KOViUKAaMU. 

Kozpauwua Sa BepniHHbi a G K, OTHomeuHe KozoMOJiosuHHOcmu, rpynna H^iK;"!,) 
KJiaccoB KoroMOJiorHHHOCTH KOViUKAoe H OTo6pa}KeHHe deg : 
[K, S^] —>■ H^{K; Z) onpeflejiHKDTCfl KaK h b TeopeMe Xon(i)a. 

ZtjTH 7;oKa3aTejTbCTBa HiiT.eKTHBiiocTH OTo6pajKeiiHa deg mm ciiaHajra coe7i;HiiaeM oto6- 
pajKeHHfl oflHHaKOBoii CTenenn roMOTonneii na o6T3e^HHeHHH K^^^ pe6ep TpHaHryjifliiHH 
(anajiorKHHO ^OKa3aTejibCTBy TeopeMbi Xon(J)a). Ho TeopeMe roMOTonnocTH STy tomoto- 
nHK) MOJKHO npo7i;ojT>KHTb Ha Bce K (,T;oKa>KHTe!). 

P^Jisi AOKa3aTejibCTBa ciopteKTHBHOCTH OTo6pa}KeHHH deg mm cnaHajia fljin KOiiHKJia 7 
CTpoHM TaKoe HenpepbiBHoe OTo6pa>KeHHe / : K^^^ S^, hto 7(/) = 7 (anajiorHnHO ^OKa- 
3aTejibCTBy TeopeMbi Xon(i)a). TaK KaK cyMMa hhcbji paccTanoBKH 7 na peSpax rpaHHij;bi 
dc npon3BOJibHoii rpaHH cG K paBna nyjiio, to ho TeopeMe npo/iojixaeMOCTH cymecTBy- 
eT npo^o.TTJKCiiHC OTo6pa»;ciiHa f : dc na rpanb c. AnajiornHHO npo^ojixaeM / na 

ocTajibHbie rpaHH TpHanryjiaitHH. □ 

13. (a) BbiHHCJiHTe H^{K; Z) ^jih 2-MHoroo6pa3Hfl K c TpHanryjiaiiHeii, HMeiomeH V 
BepniHH, E pe6ep h F rpaneii. 

(b) JT1060C OTo6pa}KeHHe — > roMOTonno OTo6pa}KeHHio b TOHKy npn z ^ 2. 

(c) HafiflHTe [K, S^] ^Jia 2-nojiH3flpa K, T.e. onpeflejiHTe OflHOMepnyio rpynny Koro- 
MOJiornii H^{K; Z) c Z-K03(i)(i)HLi;HeHTaMn h 6HeKLi;nio deg : [K, S^] = H^{K; Z). 

(d) To }Ke fljiR n-nojiH3flpa K, cm. onpe^ejienne b cjie/iyiomeM nyHKTe. 

14. (a) ^JiH noflcxeMM A G K n paccTaHOBKH x HHceji na pe6pax cxeMM K paccMOTpHM 
orpaHHHeHHe x\a stoPl paccTanoBKH na pe6pa cxeMM A. Tor^a cooTBeTCTBHe [x] [a^l^] 
onpeflejraeT OTo6pajKeHHe H^{K;li) ^ H^{A;'Z). Oho nasMBaeTca cyotcenueM. 

(b) TeopeMU Xon^a. OKpyjKHOCTb C K b 2-nojin3Ape K jiBJiaeTCfl ero peTpaKTOM 
(T.e. cymecTByeT OTo6pa}KeHHe K S^, TOx^ecBeHHoe na S^) Tor^a h tojibko Tor^a, 
Korfla cymecTByeT x G H^(K; Z), cyjKeHne KOToporo na siBjiaeTca o6pa3yTOin;eH rpynnbi 
H^{S^]1). (9to yTBepjKfleHHe HHTepecHO ^ajKe fljia 2-MHoroo6pa3H5i K.) 
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OTo6pa»ceHHH rpacjia b npocKTHBHoe npocTpancTBO. 

IlycTb rpaej) K pacnojioJKeH b TpexMepnoM npocTpancTBe. HasoeeM HenpepbiBHMM 
OToGpajKeHHeM f : K ^ MP^ ceMeiicTBO npaMbix f{x) TpexMepnoro npocTpancTBa, npo- 
xoflamHx Hepe3 to^kh x G K , nenpepbiBHO 3aBHCfliri,Hx ot x. (B stom onpeflejieHHH mojkho 
saMGHHTb 'Hepes to'^kh x G K' na '^epes tohky S M'^'.) 

15. (a) JlK)6bie ^Ba OTo6pa}KeHHa flfipesa b MP^ roMOTonnbi. 

(b) ^JiH jiio6oro OTo6pajKeHHfl f : ^ MP^ KOMnosHiina flByKpaTHoii naMOTKH 

n f roMOTonna OTo6pa>KeHHio b TOHKy. 

(c) CTaH^apTHoe BKJiiOHeHHe = RP^ KP^ ne roMOTonno OTo6pa>KeHHio b TO^Ky. 

(d) [S\RP^] ^Z2. 

(e) OnnniHTe [if, MP^] (yKasaHne: HcnojibsyiiTe (b) h CTarHBaHHe pe6pa). 

TeopeMa Xontjia no Mo^yjiio 2. /]^am zpa(pa K cyinecmeyem SueK'nuji 
deg : [K,RP^] ^ H\K). 

Ha6pocoK onpedeACHUJi odnoMepHou zpynnu kozomojiozuu H^{K), omo6pacHceHusi deg 
u doKaaamejibcmea ezo 6ueKmueHocmu. <I)HKCHpyeM b neKOTopyio npHMyio Iq h njioc- 
KOCTb QfO) ee co^epjKamyK) {i.e. (J)HKCHpyeM na npoeKTHBHoii njiocKOCTH TOHKy MP'^ h 
OKpyjKHOCTb RP^, pHC. [57|) . Jlio6oe OTo6pa}KeHHe f : K RP^ roMOTonno KAemoHHOMy, 
T.e. TaKOMy, ^jih KOToporo Bce npsMbie napajiJiejibHbi a npsMaa b BepniHHe napaji- 
jiejibHa ^0 (T.e. nepeBO^HmeMy jiio6yio BepniHHy rpa(J)a K b KP", a jiK)6oe pe6po b RP^). 

HoSTOMy ^OCTaTOHHO KJiaCCHCjjHIIHpOBaTb KJieTO^Hbie 0T06pa}KeHHfl f : K ^ MP^ C TO^- 

HOCTbio flo roMOTonHH (oTo6pa>KeHHa KOTopoii ne o6a3aTejibHO KjieTOHHbi). 




Phc. 57: Cxena (KjieTO^Hoe pa36HeHHe) npoeKTHBHoii njiocKOCTH 

^jifl KJieTO^Horo OTo6pa}KeHHa f : K RP^ nocTaBHM na KajK^OM pe6pe e kojih- 
i^ecTBO o6opoTOB npaMoii f{x) npn npoxoacflenHH no STOMy pe6py ot oflHoii BepniHHbi 
flfl flpyroii. 9to KOJinnecTBO ne 3aBHCHT ot Bbi6opa HanajibHoii BepniHHbi. Ilojiy^eHHyio 
paccTanoBKy nyjieii h eflHHHu, na pe6pax rpacjsa K o6o3Ha^HM 7(/). 

EcjiH f,g:K^ RP^ — KJieTQi^Hbie OTo6pa>KeHHH h 7(/) = 7(3), 10 f — g (nocKOJibKy 
[S'\RP2] ^Za). 

Tax KaK RP^ HBJiaeTca 2-MHoroo6pa3HeM, to jiio6aH roMOTonna KJieTOHHoro OTo6pa- 
jKeHHa / roMOTonna KAemoHHOu, T.e. TaKoii, b npoijecce KOTopoii npaMbie b BepniHHax rpa- 
dpa K napajiJiejibHbi njiocKOCTH ag (t.g. o6pa3bi BepniHH naxoflaTca na OKpyjKHOCTH RP^). 
SaneTHM, hto OTo6pa}KeHHa, h3 KOTopbix coctoht KJieTO^naa roMOTonna, ne o6a3aTejibHO 

KJieTO^Hbl. ^Jia KJieTOHHOii rOMOTOnHH ft'.K^S^ MejKfly KJieTOHHblMH OTo6pa}KeHHaMH 

/o H /i H BepniHHbi a ^ K paccMOTpHM KOJinnecTBO o6opoTOB npaMoii /t(a) npn npo- 
xojK^eHHH napaMBTpoM t OTpeaxa [0, 1]. IlycTb ai, . . . , — Bce BepniHHbi, fljia KOTopbix 
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3T0 KOJiHHecTBO HeHeTHO. Tor/ia 7(/o) — 7(/i) = + . . . + Sus- KospaHuufi 5a BcpniH- 
Hbi a<EK, OTiiomeHHe KOgOMOAoeuHHOcmu, rpynna H^{K) h Kjiacc dog / = [hj] e H^{K) 
onpeflejiflMTCH KaK h b Teopene Xonejaa c saMeHoii Z na Z2. KoppeKTHOCTb onpe^ejie- 

HHfl, HHieKTHBHOCTb H dOpteKTHBHOCTb OTo6pa>KeHHfl deg flOKaSblBaiOTCH aHajiorHHHO 

TeopeMe Xon(i)a. □ 



3KBHBapHaHTHi>ie OTo6pa»ceHHa rpatjia. 

IlycTb flaH CBflSHbifl rpaej) (hjih 2-nojiH3flp) K c CHMnjiHiiHajibHoii HHBOJiioiiHefl 
T : K K , He HMeromeii nenoflBHXHbix ToneK (cm. onpeflejieHne b naparpa(i)e 'hhbo- 
jiioiihh'). OTo6pa}KeHHe f : K nasbiBaeTCH aKeueapuaHirmuM (oTHOCHTejibHO t), 

ecjTH f{T{x)) = — f{x) jrroGoH x G K (i.e. ecjiH BeKTopbi b r-CHMMeTpHHHbix TOHxax 
npoTHBonojiojKHbi) . TaKHe OTo6pa}KeHHfl BOSHHKajin b rjiaBe 1. 06o3HaHHM Hepea [K, S^]t 

MHOXeCTBO SKBHBapnaHTHblX 0T06pa>KeHHH K ^ C TOHHOCTbKD SKBHBapHaHTHOH 

roMOTonHH (T.e. roMOTonHH b Kjiacce aKBHBapnaHTHbix OToSpajKeiiHii) . 

3KBnBapnaHTHaa TeopeMa Xontjia. J1,asi cesiaHozo epa^a K c cuMnAuv,uaAbHou 
UHeoAmv,ueu t : K —> K , we UMewvueu nenodeuoKHUx moneK, cymecmeyem 6ueKV,usi 
deg:[K-S%^H^{K/T;I.). 

Ha6pocoK onpede/ieHUH om,o6pa9KXHUsi deg u doKaaameAhcmea eeo fmeKinueHocmu. 

<I>HKCHpyeM npOHSBOJIbllblH e7;HIIH^HbIH BeKTOp V. HpOHSBOJIbHOe SKBHBapHaHTHOe 0T06- 

paxeHHe K SKBHBapHanTHO roMOTonHO KAemouHOMy, T.e. TaKOMy, fljia KOToporo 

KajK^OH BcpniHi'ie rpacjsa K cooTBeTCTByeT o^hh h3 BexTopoB v hjih —v (^OKajKHTe!). 
IlosTOMy flocTaTOHHO KjiaccH(|)Hi];HpoBaTb KjieTOHHbie SKBHBapnaHTHbie OTo6pa}KeHHH c 

TOHHOCTbK) flO 3KBHBapHaHTH0H TOMOTOnHH (oToSpaxeHHfl KOTOpOH He 06fl3aTejIbH0 KJie- 
TOHHbl) . 

HcHO, HTO cym,ecTByeT neKOTopoe SKBHBapnaHTHoe KJieTOHHoe OTo6pa>KeHHe K S^: 
ero MOJKiio savHaTb nponsBOJibHO na Bepmnnax h saiem npoHSBOJibHO npoflOJixHTb na 
pe6pa. 06o3HaHHM oflHO h3 TaKHx OTo6pa>KeHHH Hepe3 /q. 

3>HKCHpyeM opHeHTaijHH na OKpyxHOCTH h na pe6pax rpa(J)a K Tax, HTo6bi opn- 
eiiTanHH iia HiiBOjrroTHBHbix pe6pax 6bijiH corjiacoBanbi. Bo3bMeM KjieTOHHoe SKBHBapn- 
aHTHoe OTo6pa}KeHHe f : K ^ . fl/isi na Kaxfloro pe6pa paccMOTpHM nojiyijejioe hhcjio 
o6opoTOB BeKTopa f{x) npH Hpo6eraHHH x SToro pe6pa b HanpaBJieRHH opHeHTaijHH pe6pa. 
IlocTaBHM Ha 9T0M pe6pe pa3iiocTb SToro HHCjra h aiiajrorH^Horo HHCJia fljin /o . HojiynHM 
paccTanoBKy 7(/) nojiyijejibix HHceji na pe6pax rpa(|)a K. Tor^ja 

(i) na nape hhbojuothbhmx peSep Sy^yT CTOJiTb paBHbie HHCJia. 

(ii) cyMMa hhcbji i-ia pe6pax jiK)6oro nyTH b rpa(J)e K, coeflHHflioniero ^Be hhbojikd- 
THBHbie BepniHHbi, 6yfleT iiejioii. 

(iii) na neTjiax ctoht ijejibie HHCJia. 

BTOpOO yTBOpjKAOIIHO C.7TOr[yOT H3 /(fl) = — /(tO.) H /o(a) = — /o(Tn). 

By^eM Ha3biBaTb SKeueapuaHmuuMU paccTanoBKH, y^OBJieTBopflromHe STOMy ycjio- 
BHKD. OnpeflejiHM aKeueapuaHirmyw K02paHuv,y 5{a, to) napbi HHBOJiMTHBHbix BepniHH 
a, Ta Tax: na Bcex peSpax, ne coflepxamHx hh a, hh ra, CTaBHM nyjiH, na peSpax, bxo- 

flaiUHX B OflHy H3 3THX BepniHH, CTaBHM +1/2, na BbIX07I,aTHHX CTaBHM —1/2. IlpH 3T0M 

ecjiH ccTb pc6po c KOima.MH TO.ibKO B BepniHiiax a h to,, to iia iicm CTaBHM 0. Onpe^e- 
jiHM OTHomeHHe aKeueapuaumHou KozoMOAOzuHuocmu, rpynny Hl{K;'L) 3KBHBapHaHT- 
Hbix paccTanoBOK c tohhoctb flo 3KBHBapHaHTHofl KoroMOJiorHHHOCTH h OToSpaxcHHe 
deg : [K;S^]r H^lK-.Z,) xaK h b ^i^OKasaTCJibCTBe TeopeMbi Xoncjsa. Z[,OKa3aTe.7TbCTBa 
KoppeKTHOCTH onpe^ejieHHfl OTo6pajKeHHH deg h ero HHieKTHBHOCTH anajiorHnHbi flOKa- 
3aTejibCTBy TeopeMbi Xon^a.. 

^jia ,n;0Ka3aTejTbCTBa dop-beKTHBHOCTH OTo6pa>KeiiHa deg B03bMeM npoH3BOJibHyio 
SKBHBapHaHTHyio paccTanoBKy 7 h jiioSyio Bepmnny a ^ K. IIojiojkhm /(a) = fo{a) h 



116 



f{Ta) = fo{Ta) = —fo{a). IIocTeneHHO, bbixo^h ot BepniHHbi a, 6y^eM npo^ojiJKaTb no- 
CTpoeHHoe OTo6pa}KeHHe / na napbi e,Te hhbojhothbhmx pe6ep, naMaTbiBaa hx 'c o^Hna- 
KOBoii CKopocTbK)' Ha OKpyjKHOCTb HyjKHoe hhcjio pas. BbH^y ycjiOBHH (ii) 3to nocTpoeHne 
KoppeKTHO (npoBepbTe!). JH^jir nocTpoeHHoro OTo6pa}KeHHa / nojiyHaeM 7(/) =7. 

^OKaaaTejibCTBO H30Mop(i)H3Ma Hl{K-. Z) H^{K/t; Z) ocTaBJiaeM b Ka^ecTBe sa^a- 

16. (a) H^{K;Z)^H^K/t;Z). 

(b) B nocjie^HeM nocTpoeHHH paccMOTpHM npoHSBOJibHyro BepniHHy b rpacjsa K . Ecjih 
cyMMa HHceji na pe6pax neKOToporo nyra, coe^HHaiomero a h 6, ijejiaa, to f{b) = 1 h 
/(t6) = — 1, HHa^e = — 1 H /(r6) = 1. (BBH^y ycjiOBHH (ii) cyMMa ^Hceji na pe6pax 
jiio6oro nyTH, coeflHHHromero a h 6, HBJiHeTCfl iiejioii hjih nojiyiiejioii b aaBHCHMOCTH tojibko 
OT BepniHHbi b, a He OT Bbi6opa nyTn). 

(c) IIpHBeflHTe flpyroe ^OKasaTejibCTBO TeopeMbi, ocHOBaHHoe na o^HOBpeMeHHOM cth- 
rHBaHHH r-CHMMeTpH^Hbix pe6ep b K. 

OTo6pa»ceHHa nojiHSflpa b ccjiepy toh tkb pasMepnocTH. 

9tot nyHKT HHTepecHO pa3o6paTb ^ajKe fljia n = 2 n m — 3 (o6iri,HH cjiyHaii anajiorH- 
nen) . ^Jifl no^MHOJKecTBa K npocTpancTBa M™ nenpepbiBHoe OTo6pa>KeHHe f : K ^ S" 
onpe/iejiaeTca aHajiorHHHO cjiyHaio n= 1. TaKoe nenpepbiBHoe OTo6pajKeHHe mojkho Tax- 
jKe npe^CTaBJiHTb ce6e xaK ceMeiiCTBO e^HHHHHbix BexTopoB f{x) b TO^xax x S K , napaji- 

JiejIbHblX 4)HKCHpOBaHHOH njIOCKOCTH M""*"^ C H HenpepblBHO SaBHCamHX OT X. 

B 3T0M nyHKTe mm 6y^eM sanHMaTbca npo6jieMoii onncanHfl MHOotcecmea roMOTonn- 
necKHx KjiaccoB nenpepbiBHbix OToGpajKeHHii K S"' . /Jjia K = S" na stom MHOJKecTBe 
HMeeTCfl ecTecTBeHHaa CTpyxTypa zpynnu, KOTopafl Heo6xoflHMa npn pemeHHH Hameii sa- 
fla^H fljiH npoHSBOJibHoro K (necMOTpa na to, ^to ^jia npoHSBOJibHoro K TaKoii ecTe- 
CTBeHHoii CTpyKTypbi zpynnu hbt h otbst, Kor^a oh HSBecTen, ^aeTca hmghho b TepMHHax 
MHOOKecme). 

HyACM rpynnbi [S'",S'"] nasbiBaeTca roMOTonHnecKHii Kjiacc OTo6pajKeHHfl b TOHny. 
06pamHUM aAeMCHmoM k roMOTonHHecKOMy KJiaccy OTo6pa>KeHHfl / : 5*" ^ S*" nasbiBa- 
eTca roMOTonH^ecKHii KJiacc KOMno3HLi,HH so/ oTo6pa}KeHHfl / c 3epKajibH0H CHMMeTpneii 
s. CyMMa roMOTonn^ecKHx KjiaccoB OTo6pa>KeHHii fug CTpoHTca, xax na paclSSlBBepxy 
(hjih BHHsy, ecjiH HO^ OTo6pa>KeHHeM 5" — > 5" noHHMaTb OTo6pa}KeHHe /" — > 5*" , nepeBO- 
flanjee rpaHHH,y Ky6a /" b TO^Ky) . 





Phc. 58: CyMMa c(|)epoHflOB, saMSHHTb X —>■ S 
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Mbi 6y;ieM HcnojibsosaTb cjie^yiomHii (Jjekt. 

MnoroMepHaa ocHOBHaa TeopeMa TonojiorHH. Cytnecmeyem U30Mop^U3M apynn 
deg: [S'",S'"] ^Z. 

17. (a) ^Jifl saMKHyToro opneHTHpyeMoro 2-MHoroo6pa3Hfl K cymecTsyeT 6HeKLi,HH 
deg : [K, S^] ^ Z. 

(b) HaiiflHTe [K, 5"] fljin npoHSsojibHbix (nsBecTHbix BaM) MHoroo6pa3Hfl K. 

KoiiCHiibiii n-no.iHS^p mojkho npe^CTaBJiHTb ce6e xax o6'beflHHeHHe neKOToporo kojivl- 
necTBa rpaneii pasMepnocTeii ne 6ojiee n b pa36HeHHH npocTpaHCTBa na e^HHHHHbie 
m-Ky6bi. 

MHoroMepnaa TeopeMa Xontjia. /(aji n-noAuadpa K cymecmeyem 6ueKV,usi 
deg: ^iJ"(i4:;Z). 

Ha6pocoK onpedejienuu n-Mepnou gpynnu kobomoaozuu H^{K; Z), omo6pacHceHUJi deg 
u doKaaamejibcmea ezo 6ueKmueHocmu. 3>HKCHpyeM npoHSBOJibHyro TOHKy v G S'^. 3>hk- 
CHpyeM TpHaiiryjranHio nojiH37;pa K h opHeiiTanHH iia n-MepiiMx rpaiiax TpnaiiryjianHH. 
Jlio6oe OTo6pa}KeHHe f : K ^ 5*" roMOTonno KJieTOHHOMy, T.e. nepeBO^jameMy o6T3eflHHe- 
HHe (n — l)-MepHbix rpaneii b v. HosTOMy floCTaTOHHO KJiaccH(J)HLi,HpoBaTb KJieTOHHbie 
OTo6pa>KeHHH c TOHHOCTbio flo roMOTonHH (oToSpaxBHHfl KOTopofl HB o6fl3aTejibHO kjib- 

TO^Hbl) . 

^jiH KJieTO^Horo OTo6pa»;oiiHa / : — > 5" paccMOTpHM npoHSBOJibHyro n-MepHyro 
rpa.Hb c C K . XlocKO^ibKy / OTo6pa}KaeT ee rpaHHijy dc b TO^Ky, to OTo6pa}KeHHe /|c 
npBflCTaBjiHBTca b bh^ib KOMnoBHijHH cxjionbiBanHfi rpaHHiibi rpann c b TOHKy (npn koto- 
poM nojiynaeTCfl S"') h HeKOToporo OTo6pa>KeHHfl i?" — > S". HocTaBHM na rpann c CTenenb 
nocjieflHero OTo6pa}KeHHH. IIojiy^eHHyio paccTanoBKy o6o3HaHHM 7(/). 

KozpaHuv,a (n — l)-MBpHoii rpann, OTHoniBHHB KozoMOAOzuHHOcmu, rpynna H"'{K;1a) 
H OTo6pa>KBHHB deg onpBflBJiaiOTCfl KaK h b (oflHOMBpHoii) tbopbmb Xon(i)a. 

KoppeKTHOCTb onpeflejieHHfl OTo6pa>KeHHfl deg, ero HHieKTHBHOCTb h crop-beKTHB- 
HOCTb flOKasbiBaiOTCH aHajiorHHHO (oflHOMepHofl) TBopeMe Xon(J)a, Hcnojibsya [S^, S'"] = 
fljia i < nn MiioroMBpHyio ochobiivk) TeopBMy TonojiorHH. /^Jia flOKasaTBJibCTBa hh-bbrthb- 
HOCTH Heo6xo;iHMO cjieflyiOLLi,ee ;io6aBJieHHe: b CHJiy o6mero nojio>KeHHfl mo>kho CHHTaTb, 
HTO roMOTonHfl Me>Kfly f,g:K^S" OTo6pa>KaeT o6'be^HHeHHe (n — 2)-MepHbix rpaneii 
nojiHSflpa -fC B w e 5". □ 

P/LSi nojiHSflpa K npouaeoAbuou paaMepnocmu h jiio6oro KJieTOHHoro OTo6pa}KeHHfl 
f : K ^ MO>KHO TOHHO TaK >Ke onpe^ejiHTb npenaTCTByiomyio paccTanoBKy 7(/). Hs 
MHoroMBpHoii ocHOBHoii tbopbmm TonojrorHH cjiBflyBT, hto fljia paccTanoBKH j{f) 

cyMMa Huceji na 2paHuv,e ak)6ou (n + l)-MepHou zpanu paena 0. 

PaccTaHOBKH c 3thm ycjiOBHBM naSbiBaiOTCH Kov,UKJiaMU. Kozpanuvfl (n — l)-MBpHoii 
rpaHH, OTHOmeHHe kozomoaozuhhocjuu KO't^UKJioe h rpynna H^^{K:'Z,) onpc^CTraTOTCa KaK 
H B (o7i;noMepnoii) TeopeMB XoncJ)a. BBH7i;y BajKiiocTH SToro onpe7i,ejTeiiHa npnBe7i,eM ero. 

Onpedejienue zpynn kozomojiozuu. (Cp. c onpcri^racHHeM rpynn roMOJiornii b na^ajie 
rjiaBbi 4; C"(X;Z) = C„(X;Z).) Bbb^bm opnenTan,nn na cnMnjieKcax (neKOTopoii Tpnan- 
ryjifliinn) nojinaflpa X. 06o3HaHHM nepBS C" = C"(X; Z) rpynny paccTanoBOK ijBJibix hh- 
CBJi na opnBHTHpoBannbix n-CHMnjiBKcax (c onBpaiinBii noKOMnonBHTnoro cjioJKBHHa) . Z1,Jih 
n-Mepnoro CHMnjieKca a onpe^ejinM cro ajieMeHmapHyw KozpaHuv,y da khk paccTanoBKy 
njiioc HjiH Mnnyc ejxawiu, na (n + l)-CHMnjiBKcax, coflBpxamnx a, n nyjiBii na ocTajibnbix 
(n + l)-CHMnjiBKcax. yTOHHHTB 3naKH, ncxoflH h3 npBflbiflymnx npnMBpoB, MOTHBnpyio- 
ninx 3T0 onpe^ejienne. 3jieMeHTapnbie Korpannribi onpe^ejiniOT jinneiinoe OTo6pa>KeHHe 
(5 = (5„+i :C"-^C"+i. 

18. 5n+l5n = 0. 
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IIOJIOJKHM 

i/"(X;Z) :=5,;ji(0)/(5„(C"-i) fljia n ^ 1 h H°{X-1) := 5^^{0). 

19. JXjih nojiH3flpa if npouaeoAbHou paaMepnocmu h jiio6oro KjieTO^Horo OTo6pa»;e- 
HHH f : K ^ OTo6pajKeHHe deg : [K, S*"] ^ H"'{K; Z) onpe^ejiaeTca xax h b (o^HOMep- 
Hoii) TeopeMe Xoncjaa (cp. c ^OKasaTejibCTBOM TeopeMM BpyniJiHHCKoro) . 

(a) 0To6pa}KeHHe deg no-npejKneMy KoppeKTHO onpe/iejieHO. 

(b) EcjiH dimK = n + 1, to deg cropteKTHBHO. 

(c) IIpHBe^HTe npHMep ne HHteKTHBHOCTH OTo6pa}KeHHa deg jijir n = 2. YKasaHHe. 
EcjiH He nojiyi^aeTCfl, to cm. ^ajiee. 

OBOBmEHHil TEOPEMBI XOHOA (HABPOCOK) 

OTo6pa»ceHHa TpexMepnoro nojiHs^pa b ^ByMepHyio ccjjepy. 

IIpe/ICTaBHM S'^ — {{zi, Z2) € : |zi |^ + |z2p = 1} h OTOJK/iecTBHM S'^ c CP^. Onpe- 
flBJiHM omodpacHceHue Xorupa 

r] : S'^ ^ (|)0pMyji0H ri{zi, Z2) — [zi : Z2)- 

HneapuaHm Xon^a onpeflejiaeTCfl xax KoacjjcjjHiiHeHT saijenjieHHa npoo6pa30B 
peryjiapHbix TO^eK npn rjia^KOM hjih KycoHHO-jiHHeiiHOM OTo6pa>KeHHH (KOScjjcjjHiiHeHT 
saiienjiBHHfl onpeflejien b nyHKTe 'KOSiJxjjHiiHeHT aaiienjienHfl'). XlpHBeflBM aKKypaTHoe 
onpeflejieHHe. JIio6oe OTo6pajKeHHe f : ^ roMOTonno rjiaflKOMy OTo6pajKeHHio 
g |DNF79) . |Pr04^ 18.4]. ToHKa a € nasbiBaeTca pesyAMpnuM ananeHueM rjia^Koro 
OToGpajKeHHH bcjih rk J(a;) = 2 ^jia jiio6oii tohkh x e g~^a. ^Jia rjia^Koro OTo6pa- 
jKBHHa g : ^ S"^ naiiflyTca pBryjiapnbiB SHa^BHHa ai,a2 S [DNF79, Pr04]. Tor^a 
g~^ai = Sli U U . . . U Slf., ecTb necBasHoe o6'be;iHHeHHe OKpyjKHOCTeii |DNF79) . |Pr04j . 
OnpBflBJiHM uneapuaHm Xonc^a 

ki ,k2 

H{f):= MS\,,Sl^). 

1. (a) H{f) HB saBHCHT ot Bbi6opa TO^^KH ai (h to^kh 02). 

(b) H[f) HB MBHaBTca npn rjia^Koii roMOTonHH OTo6pajKBHHa g. 

(c) H{f) He saBHCHT OT Bbi6opa OTo6pa}KeHHa g. 

(d) H{r^) = 1. 

(b) OTo6pajKBHHB XoHcjaa hb roMOTonno OTo6pa}KBHHio b TO^Ky. 

(f) BBBflHTe CTpyKTypy rpynnbi na [S''^,iS'^] anajiorHHHO BbimeoHHcaHHOii CTpyKType 
rpynnbi na [5", 5"]. 

(g) HHBapnaHT Xoncjja aBjiaBTca roMOMop4)H3MOM. 

(h) TeopcMa Xon(pa (1931). CymecTByeT 6ecKOHeHHO mhofo nonapno neroMOTonnbix 
OTo6pa}KeHHii ^ S"^ . 

(i) * OTo6pajKBHHa ^ S"^ c paBHbiMH HHBapnaHTaMH Xon4)a roMOTonnbi. 

(j) TeopeMa Xon(J)a-noHTparHHa-*l»peHfleHTajiH (1938). MHeapuaHm Xorupa jie- 

AMemCM U30M0p(pU3M0M [S^ , S"^] Z. 

2. * (a) Mhojkbctbo [5'^,S'^] naxoflHTca bo BsaHMHO-o^HOSHa^HOM cootbbtctbhh c 
MHOJKecTBOM ocHuineHHUx sav^enAeHuu b S''^ c tot^hoctbio ^o ocHavneuHozo Ko6opdu3Ma. 
Cm. [Po76l . [PrOil 18.5], cp. [HR^ . 

(b) ^OJIy^^HTB flpyroB flOxasaTBJibCTBO tbopbmm Xon4)a-noHTparHHa-<I>pBiiflBHTajia. 

3. (a) Jlfl-R jiio6oro a £ BbinojineHO r]~^a = . 

(b) OTo6pa}KeHHe Xoncjsa aBJiaeTca jioKajibHO-mpueuaAbHUM paccAoenueM, T.e. ^jia 
JI1060H TOHKH a G 5^ cymecTByBT roMBOMop4)H3M h : ?7~^(S'-^\{— a}) S^\{—a} x S^, ^Jia 
KOTOporo pri o h — rj. 
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(c) OTo6pa}KeHHe Xon(J)a flBJiaeTca paccAoenueM e cmucac Ceppa, i.e. ^jih jiio6o- 
ro nojiHSflpa X , ero OTo6pa>KeHHa Fq : X h roMOTonHH ft'.X^S^ OTo6pajKeHHfl 
fo = V°Fo cymecTByeT {HaKpueawuiflu) roMOTonHH Ft : X ^ OTo6pajKeHHfl Fq, ^jih 
KOTOpOH ft =1] ° Ft- 

YKasaHHe. /^OKasaTejibCTBO fljia jiOKajibHO-TpHBnajibHbix paccjioenHii anajiornHHO ^o- 

KaSaTejIbCTBy ^JIH HaKpblTHH. 

(d) OTo6pa}KeHHe [5^,5''^] — ^ [S''^,S'^], onpe^ejieHHoe KOMnosHiineii c OTo6pajKeHHeM 
Xon(|)a, SBJiaeTca roMOMop4)H3MOM. 

(e) 9to OTo6pajKeHHe mohomop4)ho. YKasaHHe. IlycTb ^jih OTo6pajKeHHH Fq : ^ 
KOMno3HLi,Hfl 1] o Fq TOMOTonHa OTo6pa}KeHHio B TO^Ky a £ . Bo3bMeM HaKpbiBaiomyio 
roMOTonHKi Ft. Tor^a Fi{S^) C 7y~^(a) = 5^. Snai^HT, Fi nponycKaeTca ^^epes a noTO- 
My roMOTonHO OTo6pa>KeHHio b TOHxy. Cjie^OBaTejibHO, h F roMOTonno OTo6pa}KeHHio b 

TO^Ky. 

(f) 9to OTo6pajKeHHe snnMopcjjHO. 

(g) IIojiy^HTe eme o^ho ^OKasaTejibCTBO TeopeMbi Xon(J)a-noHTpHrHHa-'l>peii^eHTajifl. 

4. * (a) ^JiH opneHTHpyeMoro 3-MHoroo6pa3Hfl K u n = 2 nocTpoiiTe 6HeKLi,HK) 
deg-^ ^ Z. 

(b) JXjih 3-nojiH3flpa K iin~2 nocTpoiiTe GneKiiHio deg^^ H^{K; Z) |Pr06[ 3.1.4]. 
TeopeMa IIoHTparHHa. JI,A}i S-nojiuadpa K UMeemcx cmpneKV,ux deg : [K, S'^] — > H^{K 

u, dAJi jiKi6ozo 7 e H^(K; Z), 6ueKV,UM deg^^ 7 = ^ ^^if) ^ . 

27 U Id [K ; ^) 

TeopeMa IloHTparHHa HHTepecna ^ajKe ^jih 3-MH020o6pa3uu K (b stom cjiy^ae 
HMeeTCH 6ojiee npocTaa (|)opMyjiHpoBKa OTBeia — cm. TeopeMy KJiaccHcjsHKaiiHH BexTop- 
Hbix nojieii — h 6ojiee npocToe ^OKaaaTejibCTBO |CRSj 1. Onpe^ejieHne npoHSBe^eHHa 
U : H^{K; Z) x H^{K; Z) — > H^{K\ Z) anajiornHHO onpeflejieHHio onepaiiHH Sq b nynxTe 
'npenflTCTBHe Ban KaMnena k njianapHOCTH rpacJjOB', cm. [FF891 §16]. Bnpo^eM, sto 
onpe^ejieHHe ecTecTBeHHO noaBJiaeTCH npn H3y^eHHH MHOJKecTBa [K,S'^], nosTOMy 
HHTaTejib MOJKeT nonbiTaTbCH nepeoTKpbiTb ero caMOCTOHTejibHO. 

OTo6pa»ceHHa nojiHs^pa b ccjiepy MeHBinen pasMepnocTH. 

IlpHBefleM 6e3 flOKaaaTejibCTBa onncaHne MHOJKecTBa [K, 5'"] ^Jia {n + l)-nojiH3flpa 

K. 

BBe^eM Ha [5™, 5"] CTpyxTypy rpynnbi anajiorn^HO BbimeonHcaHHoii CTpyxType 
rpynnbi na [5", 5"]. IlojiyHeHHyio rpynny o6o3HaHHM 7r,„(5"). 

5. (a) MHOJKeCTBO 7r„+l(5'") naXO^HTCH bo B3aHMH0-0flH03HaHH0M COOTBeTCTBHH c 

MHOJKecTBOM ocnameHHUx 3av,enAeHuu b S'"''"^ c tohhoctbio flo ocnameHHOzo Ko6opdu3Ma. 
(b) TeopeMa IIoHTparHHa (1938). 7r„+i(S'") = Z2 Oaji n ^ 3. 

6. TeopeMa AAeKcandepa. JI1060H coxpaHflromnii opnenTaiiHio Kyco^HO-jiHHeiiHbiii ro- 
MeoMopiJ)H3M Z?" —>■ _D" HSOTonen TOJKflecTBeHHOMy. 

7. * TeopeMa ^peudenmaAM,. 

(a) S : 7r„+/j(S'") — > 7r„+fc+i(S'"+^) ecTb anHMopcJjHSM npn n ^ 2/c — 1. 

(b) S : 7r„+fc(5'") — > vr„-|_fe+i(S'"+^) ecTb h30mop4)H3m npn n ^ 2/c — 2. 

(c) * kerE : 7r3(S'^) — >7r4(S''^) nopojK^aeTca OTo6pajKeHHeM 2?7. 

(d) IIojiy^HTe flpyroe ^OKasaTejibCTBO TeopeMbi IIoHTpflrHHa. 

8. (a) IlycTb A — noflnojiHS^p nojiHS^pa X vi f : S"" — nenpepbiBHoe OTo6pa- 
jKeHHe. Onpe^ejiHTe rpynnbi H^~^^{X, A; tTs^S"')) (aHajiornnno BbimenpHBeflennoMy onpe- 
^ejiennio rpynn KoroMOJiorHfi) n nocTpoiiTe npenflTCTBHH o(/) € H^~^^{X, A;Trs{S'^)) k 
npoflOJiJKennio f X. SaMenanne. IlpenflTCTByiomaH paccTanoBKa 6yfleT '6ojiee ^eM 
koijhkjiom': ecjin noflnojiHS^p Z C X nsoMopcJaen rpanniie (s + 2)-CHMnjieKca, to cyMMa 
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sjieMeHTOB rpynnbi 7rs(5") no s-MepHbiM CHMnjieKcaM no^nojiHS^pa Z pasHa Hyjiio, ^a- 
jKe ecjiH caM Z ne jiBjiHeTCH rpaHHijeii (s + 2)-CHMnjieKca. Bojiee o6iri;ee yTBepx^eHHe 
flOKasano b (d). 

B ocTaBLUHxcfl nyHKTax mm nponycKaeM KOseJxJjHijHeHTbi 7rs(S'"). 

(b) ^Jia HenpepbiBHoro OTo6pa»;cnHa g : (F, B) {X, A) onpc^ciHTC roMOMopcJ)H3M 
g* : A) H^~^^(Y, B) m flOKajKHTe, hto nocTpoenHbie npenaTCTBHH ecTecTBenHbi, 
T.e. o{f og)=g*o{f). 

(c) Onpe7i;ejTHTe roMOMop4)H3M j* : H'^~^^{X, A) H''~^^{X) (cp. c nynKTOM 'TOHHbie 
nocjieflOBaTejibHOCTH' rjiaBbi 4) h ^OKaxHTe, hto jo{f ) = 0. 

(d) o{f) ■ Hs^i{X) = 0. OnpeflejieHHe rpynnbi Hg^i{X) anajiornHHO npnBe- 
fleHHOMy B na^ajie rjiaBbi 4; yMHOKeHne • nponcxo^HT h3 CKajiflpnoro yMHOxennH 

Cn{X)-Cn{X)^Z. 

TeopeMa CTHHpofla. /(aji n ^ 3 u (n + l)-noAU9dpa K cyinecmeyem 6ueK'nuR 
[K, 5*"] ^ Z) X H"+^{K)/Sq^p2H"-^{K; Z). 

Bojiee moHHO, dAsi jiw6ozo 7 G H'^{K;'L) cymecmeyem 6ueKV,usi deg~^7 — » 

3flecb p2 : H"'{K;Z) — > H'^(K) — npHBeflenne no MOflyjiio 2. Onepaiina 
Sq^ : H^~^{K) H"'~^^{K) onpe^ejiaeTCfl tbm ycjiOBneM, ^to ^jia OTo6pa>KeHHH 
j-.^(n-i) _^gn-i^ npoflOJixaeMoro na K^"\ sjieneHT Sq^/92(dcg/) HBjifleTca 
npenjiTCTBHeM k npoflOJixennio OToSpaxennfl / na Bce K. (9to ycjiOBne paBHOcnjibno 

TOMy, HTO nocjicri^oBaTrabnocTb [K,S"'~^] H"'~^{K,Z) ^'^ °^^) ■H""+^(iV') MnoxecTB c 
OTMeHennbiMH TOHxaMn TO^na.) 

9.* (a) 9to onpeflejienne KoppexTHO, T.e. npenaTCTBne fleiicTBHTejibHO nponycKaeTca 
nepes p2. 

(b) OnepaiiHfl Sq^ ecTecTBenna no K. 

(c) ^Jifl 4-nojiH3flpa K n OTo6pajKeHHH / : K^^^ S^, npo^ojiJKaeMoro na K'-^^ no- 
CTpoHTe npensjTCTBHe Sq^(deg/) € H'^{K;n3{S'^)) k npoflOJi^Kennio OToSpaxennfl / na 
Bce K (anajiorHHHO sa^a^e 9). IlojiyHHTCfl OTo6pa}KeHHe Sq^, ^jia KOToporo nocjie^o- 

BaTejIbHOCTb MHOXeCTB C OTMeHeHHblMH TOHKaMH 

TOHHa. 

(d) ^Ji-H KortHMa a. £ Z'^{K]'L) sjieneHT Sq^[a] npeflCTaBJiaeTCH Kon;HKJiOM 
h € Z'^iJKjl), onpeflejiennbiM no (jaopnyjie 6(<toi234) = a(croi2)a(c234). 

(e) IlycTb K — opneHTnpyeMoe neTbipexMepnoe MHoroo6pa3He n KJiacc a G H^{K; Z) 
flBOHCTBeneH no IlyanKape Kjraccy Da ^ H2{K]'L), npeflCTaBjiHioin;eMycfl Bjio^KenneM 
h : N ^ K saMKHyToro opnenTHpyeMoro 2-MHoroo6pa3Hfl (i.e. c(i)epbi c pyHKaMn) N. 
Tor^a Sq^a ecTb cyMMa ToneK (co snaKOM) b hN fl h'N, r^e h' — norpyxenne, 6jiH3Koe 
K h. 

(f) EcjiH a e H^iK;Z), to /sq2„ = /i o /„, r^e 1 G H\CP^;Z) = ifaCCP^Z) = Z - 
o6pa3yiom;a5J n OTo6pa>KeHHa /sqSa : K — > K{Z, 4), /i : CP^ K^Z, 4) a fa : K ^ CP^ 
cooTBexcTByiOT KjiaccaM Sq^a, 1 n a npn H30Mop(|)H3Max H'^{K;Z) = [K,K{Z,A)], 
H^{CP^; Z) ^ [CP3, /4:(Z, 4)] H z) ^ [K, CP3] H3 TeopeMbi 3iijieH6epra-MaKJieiiHa 
HHxe. 

OTo6pa»ceHHa b npocTpancTBa 3HJieH6epra-MaKJieHHa. 

HonbiTaBniHCb o6o6ni,HTb name Bbinncjienne MHOJKecTBa [K, M.P^] na 2-nojiH3;ip K, 
jierKO HaiiTH Taxoii 2-nojTH9,T;p K, hto [if, MP^] ^ H^(K). HanpnMep, K = S^. OflnaKO, 
TeopeMy Xon(|)a no MO/iyjiio 2 Bce-Taxn mojkho o6o6in;HTb na MnoroMepHbiii cjiy^aii. 



121 



IlycTb nojiHS/ip K (nanpHMep, 2-MHoroo6pa3He) pacnojiojKen b M™. HasoseM nenpe- 
pbiBHbiM OTo6pa>KeHHeM f : K ^ RP" ceMeiicTBO npsMMx f{x) b TOHxax x K, napaji- 
jiejibHbix 4)HKCHpoBaHHOMy noflnpocTpancTBy R"+^ C R™ h nenpepbiBHO saBHcainHx ot 
X. FoMOTonHOCTb TaKHx OTo6pa}KeHHii H MHOJKecTBO [ii', RP"] onpeflejifliOTCH anajiornHHO 
npeflbiflynieMy. 

10. [S'\RP"] = Z2 AJifl w ^ 2 H [S-SRP"] = [S\ S*"] = AJia « = 2, 3, . . . , n - 1. Yxa- 
saHHe: HcnojibsyiiTe uaKpumue S" — >RP". 

TeopeMa SftjieHGepra-MaKJieiiHa flJiH RP"^^. ^/t^ n-nojiusdpa K cyinecmeyem 
6ueK^usl deg : [K,RP'^+^] H^{K). 

CjiyHaii n = 1 ecTb TeopeMa XoncJ)a no Mo^yjiio 2. TeopeMa 9HJieH6epra-MaKjieHHa 
fljiH RP" HHTepecHa ^ajKe ^jih n — 2(vi ^ajKe ^jia 2-MHoroo6pa3HH) . ^OKasaTejibCTBO mm 
npHBO^HM TOJKe fljia n = 2 (o6iri,Hii cjiynaii aHajiorHT^en) . 

Ha6pocoK onpedeACHUM, odnoMepHou zpynnu kozomojiozuu H^{K) u donaaa- 
mejibcmea meopeMU 9uAeH6epza-MaKMeuHa djiM MP"^. <I)HKCHpyeM pasjioacenHe 
RP° G RP^ C RP^ C RP^. KaK h panbine, 6yfleM KjiaccH(i)HLi;HpoBaTb TOJibKO KAemoHHue 
OTo6pa}KeHHfl, T.e. nepeBO^Hiri,He BepniHHbi 2-nojiH3;ipa K b TOHxy RP°, pe6pa b RP^ h 
rpaHH B RP^. /Iji-h KjieTO^Horo OTo6pajKeHHH f : K M.P^ , xax h b TeopeMe Xon(J)a no 
MOflyjiK) 2 onpeflejiHM npenjimcmeywinuu kov^ukji 7(/) (paccTanoBKy ijejibix nnceji na 
pe6pax, jiJiR KOTopoii cyMMa nnceji no rpaHHn,e jik)6oh rpann paBHa Hyjiro) n KorpaHHiiy 
5a BepniHHbi a. Tax xax [S^jfiP^] = (cm. Koneu; nyHKTa 'xapaKTepncTHnecKne Kjiaccbi 
fljifl 3-MHoroo6pa3HH'), to 7(/) = ^{g) BjieneT f ^ g. 

KaK H paHbme, jiio6afl roMOTonna KjieTO^Horo OTo6pajKeHHH / mojkct 6biTb aaMenena 
na KAemoHHyw, T.e. TaKyro, ^jih KOTopoii o6pa3bi BepniHH nojiHS^pa K naxoflHTCfl na 
RP^, a pe6ep — na RP^. Tax KaK [S'^,RP^] = 0, to / ~ g Tor^ia h tojibko Tor/ia, Kor^a 
lif) ~ 7(5) — '^'^1 + • • • + Sgs flJia neKOTopbix BepniHH ai, . . . , as (z K . HasoBeM TaKne 
paccTaHOBKH 7(/) n 7(g) kozomojiozuhhumu. 

OnpeflejiHM rpynny H^{K) h OTo6pa>KeHHe deg KaK h b flOKaaaTejibCTBe TeopeMbi 
Xon(J)a no MO^yjiio 2. Tor^a OTo6pa}KeHHe deg onpe^ejieHO KoppeKTHO. HmeKTHBHOCTb 
SToro OTo6pa}KeHHa flOKa3biBaeTCH aHajiornnno nnteKTHBHOCTH OTo6pa}KeHHH deg h3 
TeopeMbi Xoncjaa no MO^yjiio 2. CropieKTHBHOCTb ^OKaBbiBaeTca anajiorn^HO TeopeMe 
BpyniJiHHCKoro c Hcnojib30BaHHeM [S'^,RP"^] = h 3aMeH0H Z na Z2. □ 

/loKasaTejibCTBa TeopeMbi 9HjieH6epra-MaKjieHHa ^Jia RP""*"^ CBOflHTca k npe^bi^y- 
meMy, nocKOJibKy b cnjiy ycjiOBHH [S'*;RP"+^] = jno6oe OTo6pa}KeHHe if'^^ RP"+^ 
MOJKHO npoflOJiJKnTb na Bce K n jiio6yio roMOTonnio na K'^^^ mojkho npo^ojiJKHTb na Bce 
K. 

/lajiee mm HcnojibayeM hohhthh nenpepMBHoro OTo6pa}KeHHH b 6ojiee o6iri;He npo- 
CTpancTBa h roMOTonnii TaKnx OTo6pa}KeHHH, cm. [FF89j . 

11. [S'2, CP"] ^1^ [S\ CP"] = AJia i = 1, 3, 4, 5, . . . , 2n. YKaaaHHe: ncnojibsyiiTe 
MHOzoMepuoe paccAoenue Xon(^a 5'^"+-'^ CP" h o6ii],ee nojiojKeHne: [5*% CP"] = [S\ CP^] 

TeopeMa 3HJieH6epra-MaKJieHHa flJia CP". /I^m n-nojiuadpa K cyinecmeyem 
euenuuM deg : [K, CP"] H^{K; Z). 

Cjiynaii n = 1 oneBH^en. Cjiy^afi n — 2 (|)aKTH^ecKH 6biji paccMOTpen b ^ByMcp- 
Hoii TeopeMe Xon4)a: [K; CP^] = [K; S^] — H^{K; Z), nocKOJibKy jiio6oe OTo6pa>KeHHe 2- 
nojiHS^pa K b CP^ h jiio6afl ero roMOTonna BbiTecnaiOTCfl na S'^ — CP^ C CP^. 

12. (a) ^OKajKHTe TeopeMy 9HJieH6epra-MaKJieHHa fljia CP'' (^OKaaaTejibCTBO o6ii],e- 
ro cjiy^aa anajiorn^Ho) . "yKa3aHHe. PaccMOTpnM TonKy v ^ CP*^ € CP^ C CP^ C CP''. 
KaK H Bbime, [K, CP''] HaxoflHTca bo BsanMHO o^noBHa^HOM cootbctctbhh c mhojkcctbom 
KJiemoHHUx OTo6pa»;eHHH f : K ^ CP"' (TaKnx, hto /(if^^-*) = v n f{K^^^) C CP^) c 
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TOHHOCTbK) KJiemOHHUX TOMOTOnHH ft (laKHX, HTO ft{K^^'') — V, ft{K'-^^) C CP^ H 

ft{K^^^) C CP^ 7;jTa jrroGoro t). B HacTiiocTH, [if, CP"*] = [if, CP^]. ^ajibHeflmee anajio- 
rHHHO flOKasaTejibCTBy TeopeMM 3iijieH6epra-MaKjieiiHa fljia RP""*"^. 
(b) HaiiAHTe [K,{S^)'']. 

HanoMHHM, HTO fljifl jiio6oro n cymecTsyeT TaKoii (xaK npasHJio, 6ecKOHeHHOMepHbifl) 
nojiHSflp 

ifCZ,/!), ^TO [S'",ii:(Z,n)] h [S'\ ii:(Z, n)] = ^Jia jiio6oro i ^ n. 

HanpHMep, K{Z,1)^S^ n K{Z, 2) ^ CP°° . 

TeopeMa 3HJieH6epra-MaKJieHHa. JJaji Aio6ogo noAuadpa K cymecmeyem 6ueK- 
UUSideg:[K,K{Z,n)]^H''{K;Z). 

13. (a) /loKajKHTe leopeMy 3fljieH6epra-MaKjieflHa fljia n = 3 (flOKasaTejibCTso o6- 
mero cjiynafl anajiornHHo) . 

(b) ^Jifl nojiHSflpa K h a6ejieBOH rpynnbi tt onpe^ejiHTe (3006111,6 roBopa, 6ecK0HeH- 
HOMepHbiii) nojiHSflp K(Tr,n) h rpynny H^^K'jir) Tax, HTo6bi cymecTBOBajia 6HeKLi;Hfl 
deg : [K, K{-k, n)] H'^iK; tt). 
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rJlABA 7. BJ10:a<:EHH5I B nJIOCKOCTb 



Ach, alle Weisheit ist so einfach, ist schon so lange und 
so unzweifelhaft ausgeschprochen und formuliert worden! 
Warum gehort sie uns nur zuzeiten, nur an den guten 

Tagen, warum nicht immer? 
H. Hesse, Kurgast. El 

nPEnaTCTBHil BAH KAMHEHA 

BBeflGHHe. 

'IloHflTHe npenHTCTBHH, no-BH^HMOMy, Bnepebie boshhkjio y Ban KaMnena npn peme- 

HHH npo6jieMbI O BJIOJKHMOCTH Tl-MepHblX nOJIHSflpOB B M^" flJIH 71 ^ 2' [No76j . (HanOMHHM, 

HTO J110 60H n-MepHb i H noji HSAP BJioiKHM B R^n+i ■) |FKT94) . |RS96| §2], |RS99| §2], 
|RS99'[ §2], |NN04) . |Sk08l §4]. Ho noKaaaTb ocHOBHyio Hfleio ropas^o npome na asbiKe 
TeopHH rpa4)OB: na npHMepe npo6jieMbi annpoKCHMHpyeMOCTH nyra BJiojKeHHflMH (axKy- 
paTHO c4)opMyjiHpoBaHHOH HHJKe) , npo6jieMbi njianapHOCTH rpacjsoB h paMceeBCKoii TeopHH 
3a^e^JIeHHH (Mi97| . [RS961 §9], |CRS98l §4], (RS981 §1], rARS02[ §4]. 9thm npo6jieMaM h 
TeopHH HOCBHnieHbi HacTOHniHH HaparpacJ) h CTaTbH [PS05) . cooTBeTCTBenno. XIpHBO^HMbie 
pesyjibTaTbi h MeTO^bi, Kax h b ^pyrnx pas^ejibi Teopnn rpacjjOB, MoryT HaiiTH npaKTHHe- 

CKHB HpHMBHeHHfl (npH HpOeKTHpOBaHHH SJIGRTpHHeCKHX, TpaHCHOpTHblX H flpyPHX CXGm) . 

HTo6bi o6T)acHHTb Hfleio HOCTpoeHHfl HpeHHTCTBHH BaH KaMHena, Ha^neM c npHMepa. 

/(oKaaameAbcmeo HenAanapHocmu spacfia K^. BosbMGM jiio6oe OTo6pajKeHHe o6iri;e- 
ro HOJioJKeHHfl / : if 5 — > . Tor^a HepeceHGHHe o6pa30B jiio6bix flbyx pe6ep coctoht h3 
KOHe^Horo HHCJia TO^^eK. 

IlycTb v{f) 6y;ieT ci/mmou no Modyjim 2 Huceji \ fa (1 /t| no eceM neynoptidoneHHUM 
napaM {cr, r} necMeDtcHux pe6ep gpacfia . 

fljia OTo6pa}KeHHfl /o : — > M^, o6pa3 KOToporo H3o6pa}KeH na pnc. [3] cjieBa, 
v{h) = 1. 

IlycTb /, /' : — > M'^ — ^Ba OToGpajKenna o6iri;ero nojioJKeHHa, OTjiH^aiomHecfl tojib- 
Ko Ha BHyTpeHHOCTH pe6pa ab (pnc. [59]). JXjir KajK^oro pe6pa e rp&dpa. pe6pa, necMajK- 
Hbie c e, o6pa3yiOT u,hkji S (sto to caMoe cbohctbo rpacjja -ftTs, KOTopoe Heo6xoflHMO ^jia 
flOKa3aTejibCTBa) . XlosTOMy 

v{f) - vif) = I [/(e) U /'(e)] n f{S)\ mod 2 = 0. 

IlocjieflHee paBencTBO cnpaBe^jiHBO, nocKOJibKy 

Jim6ue dea v^uKJia odineso nojiootceHUJi na njiocKocmu nepecenawmcM e uemnoM nucjie 
moneK. 

9to HHTyHTHBHO o^BBHflHoe yTBepjK^eHHe cjieflyeT h3 4)opMyjibi Biijiepa; flpyroe flo- 
KasaTejibCTBO cm. b |BE82) . 

Jlio6oe OTo6pa}KeHHe / o6Hi,ero nojiojKeHHH mojkbt 6biTb 3aMeHeHO na /o HOCJie^OBa- 

TejIbHOCTbK) HBCKOJIbKHX rOMeOMOp(i)H3MOB HJIOCKOCTH H HeCKOJIbKHX H3MeHeHHH BHyT- 

pBHHOCTH jiHHib oflHoro pe6pa (mm hg flOKa3biBaeM sto HHTynTHBHO o^eBH^noe yTBepjKfle- 
HHe). 

Snai^HT, v(f) = 1 jxjiR jim6ozo OTo6pa»;eHHH / : K^, — > R^. Cjie^OBaTejibHO, ne HJia- 
HapeH. □ 
1. (a) FpacJ) ^^3,3 (pnc. [3]) ne HJianapeH. 



Ax, ucmuHHan Mydpocmb man npocma, 6uAa yoice man daeno, man moHHO u nedey- 
CMUcjieHHO eucKaaana u c^opMyAupoeana! UoneMy CHce ona naM docmynna moAbKO epe- 
MenaMU, moAbKO e xopomue dnu, a ne eceeda? F. Fecce, KypopmnuK, nep. B. KypejiAa. 
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/o(S) = /i(S) 



Phc. 59: HeaaBHCHMOCTb v{f) ot /. SaMennTb /o h /i na / h /'!!! 



(b) IIpH J11060M H3o6pa}KeHHH 6e3 caMonepeceHeHHii rpa(|)a Kq b TpexMepnoM npo- 
CTpaHCTBe B HeM HaiifleTCH napa saiienjiennbix iihkjiob ^jiHHbi 3. 

(c) CxeMa 2-nojiH3^pa '2-octob 6-CHMnjieKca' onpeflejiaeTCH Kax rpa(|) Kj BMecTe c 
Ha6opoM Bcex li,hkjiob ^jihhm 3 b Hen. 3tot 2-nojiH3flp ne bjiojkhm b R*. 

(d) AnajiorH^HO onpe^ejiHTe n-ocTOB (2?! + 2)-CHMnjieKca h ^OKajKHTe, ^to oh ne 

BJIOJKHM B M^". 

(e) 2-nojiH3flp x ne bjiojkhm b R^. 



AnnpoKCHMHpyeMOCTB nyTen BJio»ceHHaMH. 

IlpoGjieMa annpoKCHMHpyeMOCTH nyTen BjiojKeHHflMH HHTepecna ne tojibko c to^kh 
speHHH TeopHH rpacjjOB, ho h c tohkh speHHH TonojiorHH: ona aBJiaeTCH HacTHMM cjiy^aeM 
npo6jieMbi peajiHsaiiHH OTo6pa>KeHHii rpacjaoB b njiocKOCTH |Si69| . |SS83) . |RS98) . [AkOOj . 
|ARS02| . |Sk03'j . HTo6bi o6iacHHTb 3Ty npo6jieMy, npHBe^en saflanH. 

2. (a) OxoTHHK ryjiaeT no jiecHOH ^opojKKe, HMeiomeH (J)opMy npaMOJinneHHoro ot- 
pesKa (fljiHHbi 1 km). IlpH 3T0M OH MOJKGT MGHaTb HanpaBjieHHe CBoero ^BHJKeHHa. Oh 
Be^eT Ha noBO^Ke fljinnoii 1 m co6aKy (i.e. paccTOflnne MejK^y co6aKOH h oxothhkom ne 
npeBOCxoflHT 1 m). ^oxajKHTe, hto nesaBHCHMO ot flBHJKeHHa oxoTHHKa co6aKa MOJKeT 
flBHraTbCfl TaK, ^To6bi He nepecexaTb CBoii cjie/i;. 

(b) To jKe fljia ^opojKKH b (jjopMe OKpyjKHOCTH (pa^Hyca 1 km). 

(c) ^Ba oxoTHHKa nponiJiH (paBHOMepno ne Menaa nanpaBJienHa, b OTJiH^ne ot a h 
b) no npaMOJiHHeiiHbiM flopojKKaM, nepeceKaiom,HMca no^ npaMbiM yrjiOM b to^kb, otcto- 
ameH OT KajKfloro ns hx kohiiob na 1 km (pnc. 1601 na KOTopoM /(/i) n /(/2) — nyTH 
oxothhkob). KajKflbiii h3 hhx bgji na noBOflKe fljinnbi 1 m co6aKy. /[oKajKnTe, hto o^na 
co6aKa nepeceKajia cjie^bi ^pyroii. 




\ 



Pnc. 60: TpancBepcajibHoe nepece^enne ne annpoKCHMnpyeMO BJioiKennaMn (flo6aBHTb 
o6o3HaHeHHa ip{Ii), (^(12)!!!) 
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3. (a) OxoTHHK (paBHOMepHO He MeHHH HanpaBJieHHa) ^BHrajiCH no jiecHofi flopojKKe 
B 4)opMe OKpyjKHOCTH flHaMeTpoM 1 KM, cflejiaB ^Ba o6opoTa. Oh bgji na noBOflKe fljinnoii 
1 M co6aKy, KOTopaa b KOHiie flBHJKeHHH Bepnyjiacb b HCxo^Hyio TO^Ky. /JoKajKHTe, hto 
co6aKa o6a3aTejibHO nepecexajia CBoii cjie^ (b neKOTopbiii MOMenT BpeMenn, otjih^hmh ot 
KOHe^Horo) . 

(b) BepHO jiH (a) 6e3 npe^nojiojKeHHH o tom, hto co6aKa b KOHije flBHJKeHna Bepnyjiacb 

B HCXO^Hyro TOHKy? 

(c) ^OKajKHTe anajior (a) ^jih cjiy^aa, Kor^a oxothhk c^ejiaji mpu o6opoTa. 

(d) JXjih KaKoro HHCJia o6opoTOB b (a) co6aKa o6fl3aTejibHO nepecexajia CBoii cjie^? 

IlpHBefleM 4)opMajibHbie onpe^ejienHH. 06o3Ha^HM Hepe3 / := [0, 1] 0Tpe30K h ^^e- 
pe3 := {x ^ C : \x\ = 1} OKpyjKHOCTb. BjiooKenueM Ha3biBaeTca H3o6pa}KeHHe 6e3 
caMonepeceHeHHii (hjih, 4)opMajibHO, nenpepbiBHoe HH-beKTHBHoe OTo6pa}KeHHe, ecjin mm 
pa6oTaeM c KOHenuuMU rpa4)aMH hjih 2-HOJiH9flpaMH) . 

IlyTb : / — > Ha hjiockocth Ha3biBaeTca annpoKCUMupyeMUM eAoofcenuMMU, ecjia 
cymecTByeT ckojib yro^no 6jih3khh k neMy nyTb 6e3 caMonepece^eHHii. Hjih, 4)opMajibHO, 
ecjiH fljia jiio6oro e > cymecTByeT Taxoe BjiojKeHne / : / ^ , ^to paccToaHne mgjk- 
^y TOHKaMH f{x) H 1^(2;) MeHbine e ^jia jho6oh tohkh x (£ I. AnajiorH^HO onpe^ejiaeTca 
annpoKCHMHpyeMOCTb BjiojKeHHaMH v^ukau (/? : S"^ — > , a TaxjKe npoH3BOJibHoro OTo6pa- 
jKenna : G — > rpacjja G. 

CTporne 4)opMyjiHpoBKH 3aflaH 2 h 3. a TaKOBbi: 

ecjiH o6pa30M (p{I) nyra (/s : / — > R^ aBjiaeTca 0Tpe30K hjih OKpyjKHOCTb, to stot nyTb 
annpoKCHMHpyeM BJiojKeHHaMH; 

TpancBepcajibHoe nepece^enne ip : Ii U I2 ^M.'^ (pnc. [60|) ne annpoKCHMHpyeMO bjio- 
jKeHHaMH; 

KOMno3Hii;Ha ip : —> C M.^ flByKpaTHoii naMOTKH h CTaH^apTHoro BKjiiOHeHHa ne 
annpoKCHMHpyeTca BjiojKeHHaMH. 




Phc. 61: IlojiaHKH h TponHHKH 

HpHBe^eM SKBHBajieHTHyro (J)opMyjiHpoBKy 3aflaHH 3. a (sKBHBajienTHOCTb flOKa3aHa 
B [Mi97) ). PaccMOTpHM ^Be nojiaHKH (i.e. ^Ba xpyra), coe^HHenHbix ^ByMa TponHHKaMH 
(T.e. nojiocKaMn) a n b, xax na pnc. 1611 Co6aKa 6erajia no nojianxaM h TponnnxaM n 
Bepnyjiacb b ncxo^Hyio TOHxy. KajK^biii pa3, Korfla co6aKa nepe6erajia c oojianKn na Tpo- 
oHHKy, ona 3anHCbiBajia o6o3HaHeHHe SToii TponnnKn. B 3a^aHe 3. a yTBepjKflaeTca, hto 
ecjiH nojiy^Hjiacb 3anncb abab, to co6aKa o6a3aTejibHO nepecexajia CBoii cjiefl (b neKOxo- 
pbiii MOMGHT BpeMenn, OTjin^nbiii ot KoneHHoro). 

4. (a) riyxb HJIH H,HKJi B rpacjje Ha3biBaeTca auAepoeuM, ecjin oh npoxo^HT ho xajK- 
^OMy pe6py rpacjaa poBno o^hh pa3. 9HJiepoB nyTb hjih h,hkji b rpacjae na hjiockocth an- 
HpoKCHMHpyeM BjiojKeHHaMH Tor^a n tojibko Tor^a, Kor^a oh ne HMeeT TpaHCBepcajibHbix 
caMonepeceHenHH (pnc. [60|) . 

(b) CymecTByeT nyTb, ne coflepjKaninii TpancBepcajibHbix nepece^eHHii h Bce paBHO 
He aHHpoKCHMHpyeMbiii BjiojKenHaMH. 
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(c) KoMno3HLi,Ha (fi : ^ I CZ M.'^ nponsBOJibHoro OTo6pa}KeHHH h CTan^apTHoro bkjik)- 
^eHHfl annpoKCHMHpyeTCfl BjiojKeHHflMH. 

(d) IlycTb P — rpa4), roMeoMop4)HbiH 6yKBe P. KoMnosHiina (y9 : P — > / C npoH3- 

BOJIbHOrO 0T06pa}KeHHfl H CTaH^apTHOrO BKJIIOHeHHH annpOKCHMHpyeTCH BJIOJKeHHHMH. 

IIpHMepbi K sa^aHe 4b npHBe^enbi na pnc. 1621 r^e ^jia Harjifl^HOCTH HapHCOBan ne 
caM nyTb, a 6jiH3KHii k neny nyTb o6iri,ero nojiojKeHHH. Cm., BnpoHeM, |Mi97) . |Sk03'j . 

5. IlyTH Ha pHC.[62]He annpoKCHMHpyeMbi BJiojKeHHHMH. 



m_ 
TUT 



a 



fil) 



L 



b) 



c) d) 
Phc. 62: IlyTH, ne annpoKCHMHpyeMbie BjiojKeHHHMH 



yKasaHHe: mojkho CBecTH k HenjianapHOCTH rpa(|)OB KypaTOBCKoro h ^^3,3. IlyHK- 
THpnaa jihhhh na pnc. 1621 noMoacex c^ejiaTb 3to. 

npo6jieMa annpoKCHMHpyeMOCTH nyTH BJiojKeHHHMH noxojKa na KJiaccH^ecKyro npo- 
6jieMy njianapHOCTH rpacjjOB (i.e. peajiHsyeMOCTH rpacJjOB b njiocKOCTH 6e3 caMonepece^e- 
HHii) H flajKe cbo^htcs k pacnosnaBaHHio njianapHOCTH rpa4)0B (o^HaKO ^hcjio rpa(i)OB, 
njianapHOCTb KOTopbix na^o BbiacHHTb, ^jia o^Horo ^aHHoro nyTH, BejiHKo). npo6jieMa 
peajiHsyeMOCTH rpacjsoB pemaeTca, nanpHMep, KpnTepneM KypaTOBCKoro (cm. (jaopMyjiH- 
poBKy B nyHKTe 'njianapHOCTb h pofl yTOJimenHii h rpacjjOB'). JIilh npo6jieMbi annpoKCHMH- 
pyeMOCTH BJiojKeHHHMH aHajiorHHHoro KpHTepna ne cymecTByeT |Sk03'| . nosTOMy nojiesHO 
Hcnojib30BaTb npeusimcmeue Ban KaMuena k annpoKCHMHpyeMOCTH BJiojKeHHHMH. 

HeTpyflHO TaKHce ^OKasaTb, ^^to npo6jieMa annpoKCUMupyeMocmu ejiooiceHUJiMU uazo- 
puniMUHecKU paspemuMa |Sk03'j . O^HaKO HHTepecHO nojiy^HTb 6oAee Sucmpuu ajiropHTM 
pacnosHaBaHHfl annpoKCHMnpyeMOCTH BJiojKeHHHMH. Bosmojkho, KpHTepnii b TepMHHax 
npenflTCTBHfl Ban KaMnena flacT TaKoii 6ojiee 6biCTpbiH ajiropHTM. 

IIpenHTCTBHe Ban KaMnena k annpoKCHMHpyeMOCTH BJioxceHHSMH CHMnjiH- 
i];HajiBHoro nyTH. 

HTo6bi 06'bflCHHTb Hfleio nocTpoeHHa npensTCTBHe Ban KaMnena, npHBe^eM Ha6pocKn 
neKOTopbix pemeHHii. 

Ha6pocoK nepeozo pemenuji aadanu 3. a. Mbi ncnojibsyeM nepe4)opMyjinpoBKy na asbi- 
Ke nojiHHOK H TponnnoK. HasoBeM nyTb co6aKH HeaameuAueuM, ecjin bo BpeMa flBnjKenna 
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no TponHHKaM ona ne nepecexajia cboh cjie^bi. ^ocTaTO^HO ^OKasaTb yTBepjK^eHHe aa^a- 
HH fljia HesaTenjiHBbix nyTefi. 

Bo3bMeM HesaTeiijiHBbiii nyTb /. IIocTaBHM na KajK^oii nojisHKe hojib, ecjin to^^kh 
Bxo^a co6aKH na nojisHKy h ee Bbixo^a c nojisHKH pacnojiaraiOTCH, k&k na pnc. [63l a), 
H e^HHHiiy B npoTHBHOM cjiy^ae, xax na pnc. I63[ b), c). IlycTb v{f) 6y^eT cyMMofl 
mod 2 3THX AByx ^Hceji. ^Jia nyTH / co6aKH na pnc. [6T]i;(/) = 1. Hcho, ^to v{f) sa- 
BHCHT TOJibKO OT pacnojioJKeHHa OTpesKOB nyra co6aKH na TponnnKax. Xlpn HSMeneHHH 
TaKoro pacnojiojKeHHa na OflHoii TponnnKe ^hcjio na KajK^OH nojisHKe HSMeHHTca, no3TO- 
My v{f ) He H3MeHHTca. Tax xax ot jiK)6oro pacnojiojKeHHfl OTpesKOB nyra na TponnnKax 
MOJKHO nepeiiTH k jiio6oMy flpyroMy yKasannbiMH onepaiiHHMH, to v{f) = 1 ^jia aw6ozo 
nesaTeiijiHBoro nyTH /. IlosTOMy co6aKa o6a3aTejibHO nepecexajia CBoii cjiefl. □ 




(a) 1 (b) 1 (c) 



Pnc. 63: Kax CTaBHTca Hncjia na nojianKe 



Ha6pocoK emoposo pemenuM aadanu 3. a. Pas^ejinM BpeMa paBHOMepnoro flBH^Kenna 
oxoTHHKa na mecTb paBHbix npoMejKyTKOB. IlycTb ei, . . . , eg — cooTBeTCTByronine OTpeaxn 
nyTH / co6aKH. IIojiojkhm e^+g := e^. Mojkho cnnTaTb, hto stot nyTb o6ni,ero nojiojKeHHa. 
Tor^a jiio6bie ^Ba h3 OTpesKOB nepeceKaiOTca b Kone^HOM ^ncjie Tonex. IIojiojkhm 

'vif)-= |e^neJ| mod 2. 

^jia nyTH /o co6aKH, noKasannoro na pnc. [6T]i;(/o) = 1. 

AnajiorH^HO flOxasaTejibCTBy nenjianapHOCTH rpa4)a (npHBeflennoMy bo BBeflennn) 
v{f) ne saBHCHT ot /. /JencTBHTejibno, ecjin OTo6pa»;eHHa / n /' OTjinnaiOTca TOJibKO 
BnyTpennocTbio nyTH 7^ (pnc. [64]), to 

vif) - v{f') = |(e, U n (e,+2 U e,+3 U e,+i)\ mod 2 = 0. 

Xlocjieflnee paBencTBO cnpaBe^jinBO, nocKOJibxy nyTb 6^+2 U 6^+3 U 6^+4 mojkho saMKnyTb 
flo n,HKJia, ne flo6aBJiaa hobmx nepece^ennii c n,HKJiOM U e^. JI1060H nyTb / o6ni,ero 
nojiojKenna (co6aKH) MOJKeT 6biTb saMenen na fo nocjieflOBaTejibnocTbio necKOJibKHx ro- 
MeoMop(i)H3MOB njiocKOCTH H necKOJibKHx HSMenenHH BnyTpennocTH jinmb Oflnoro pe6- 
pa (mm ne ^OKasbiBaeM sto HHTynTHBHO oneBH^noe yTBepjK^enne) . SnannT, v{f) = 1 ^jia 
AK)6ozo nyTH / co6aKH. Cjie^OBaTejibHO, jik)6oh nyTb co6aKH HMeeT caMonepeceneHna. □ 

IlyTb (f : I ^M.'^ nasbiBaeTca cuMUAUv^uajibHUM, ecjin cymecTByeT paaGneHHe OTpesxa 
na Taxne MajienbKne OTpesonxn, hto na xajK^OM OTpesonxe nyTb jinneeH, n ^to o6pa3bi 
jiio6bix flByx OTpeso^KOB ne nepeceKaiOTca hjih coBnaflaiOT. Hjih, (jaopMajibno, ecjin ^jia 
neKOToporo n cymecTByiOT Taxne ^ncjia = ao < ai < . . . < a„ = 1 , ^to 

(1) cyjKeHHe (p\[ai_i,ai] JiHHeiiHO ^Jia jiio6oro i ~ 1, . . . ,n m 

(2) o6pa3bi OTpesKOB [a.i_i,ai] jih6o ne nepecexaroTca, jih6o coBna^aroT. 
By^eM CTHTaTb Bce BCTpenaromneca nyTH CHMnjiniinajibnbiMH (c pasHbiMn n). 
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Phc. 64: HesaBHCHMOCTb v{f) ot / 



/^jifl CHMnjiHiinajibHoro nyTH ip cymecTByeT OKpecTHOCTb Oip{I) rpa4)a ^{I), npe/i;- 
CTaBjieHHaa ecTecTBenHMM o6pa30M b bh^g o6T3eflHHeHHa 'nojiAHOK' (i.e. ^hckob, OKpyjKa- 

lOmHX TO^KH f{ai)) H 'TpOnHHOK' (i.e. ^HCKOB-'jieHTOHeK', COe^HHHKliri,HX nOJiaHKH B^OJIb 

pe6ep rpa4)a Cm. pnc. [65liiJifl nyTH na pHC.[62l b). (9to ymoAineHue rpacjja (p{I), 

onpe^ejieHHoe b nynxTe 'yTOJimeHHH h po^ rpa4)a'.) XlepecjaopMyjinpoBKa CBoiicTBa an- 

npOKCHMHpyeMOCTH BJIOJKeHHHMH HE a3bIK nOJISHOK H TponHHOK npoBO^HTCa aHajiorHHHO 

nepe4)opMyjiHpoBKe sa^a^n 3. a. HasoBeM nyTb /:/—*■ Otp{G) HeaameuAueuM, ecjm na 
TponHHKax HGT ero caMonepeceHenHH. 

Ha6pocoK pemenuji aadauu 5 (doKaaamejibcmea neannpoKCUMupyeMocmu ejioatcenusi- 
Mu) djiM, nymu na puc. [gH b). Mm o6o6iri,aeM nepBoe pemeHne 3a;ia^H 3. a h HcnojibsyeM 
nepe4)opMyjiHpoBKy na asbiKe nojiflHOK h TponHHOK (pnc. I65p . BosbMeM HesaTeiijiHBbiH 
nyTb /. IlocTaBHM na jieBoii cpe^Heii nojianKe hojib, ecjin to^kh Bxo^a nyTH na nojianKy 
H ero Bbixo^a c nojianKH pacnojiaraiOTca Kax na pnc. 1631 3-)) h e^HHHiiy b npoTHBHOM 
cjiynae (pnc. [63l b). Ilo npaBoii nojisHKe nyTb npoxoflHT Tpn pasa. PaccMOTpnM TOJibKO 
nepBoe h nocjie^Hee npoxojKfleHne nyTH no opaBoii nojiaHxe n nocTaBHM na neii hojib 
HJiH e^HHHiiy no TOMy jKe npaBHJiy. IlycTb v{f) 6y^eT cyMMOii mod 2 sthx fiflyx HHceji. 
/^jifl nyTH / na pHC.[62l b) v{f) = 1. /Jajiee flOxasaTejibCTBO ^ocjiobho noBTopaeT nepBoe 
pemeHHe sa^aHH 3. a. 



Phc. 65: IIojihhkh h tpohhhkh 

6. /JoKajKHTe anajiorHHHO, hto nyTH na pnc. [62] a), c) ne annpoKCHMnpyeMbi BjiojKe- 
hhhmh. 

TeopeMa annpoKCHMHpyeMocTH. CuMnjiuv;uajibHuu nymb ip : I ^Mj^ , ne omo6- 
pacHcaminuu hu oduu ompeaoK e mouKy, annpoKCUMupyeju OAOotceHusiMU mozda u moAbKO 
mosda, Kosda npenHTCTBne Ban KaMnena v{(p) S '^2^'^'' nyjieeoe. 

B ocTaBmeiica ^acTn SToro nynxTa mm hphbo^hm onpeflejienne ^ncjia c{ip), BexTopa 
v{tp) H flOKaaaTejibCTBO Heo6xoflnMOCTH b TeopeMe annpoKCHMnpyeMOCTH. SnaKOMCTBO c 
9THM flOKasaTejibCTBOM peKOMen^yeM na^aTb c OTo6pajKeHHH n / c pnc. 1621 b). ^o- 
KasaTejibCTBO floCTaTO^nocTn b TeopeMe annpoKCHMnpyeMOCTH (xoToporo mm s^ecb ne 
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npHBO^HM) 6biJio nojiyHeno cjiymaTejieM jieKiinii, no MaTepnajiaM KOTopbix HanHcan na- 
CTOHinHH nyHKT |Sk03'j . 

Onpedejienue cumyjitipHozo zpa(pa A u nucjia c(ip). Bbi6epeM iohkr 
Q — aQ < ai < . . . < a„ = 1 xax b onpe^ejienHH CHMnjiHiinajibHOCTH. BepniHHbi rpa- 
4)a A — TaKHe napbi 

i X j, HTO ip{ai) = ^{a.j) h i> j. 

Pe6pa rpa(J)a A coeflHHHiOT BepniHHbi j x j h (i ± 1) x (j ± 1) SToro rpacjaa (ecjin Taxne 
BepniHHbi ecTb; 3HaKH ± Bbi6HpaiOTCH HesaBHCHMo). Cm. pHC. 1661 jjifl nyTH na pnc. 1621 b: 
BepniHHbi rpacjja — 1 x 7, 2 x 6, 2 x 4, 4 x 6, h pe6poM coe;i,HHeHbi TOJibKO nepBbie ^Be. 
FpacJ) A saBHCHT ne tojibko ot ip, ho h ot Bbi6opa Tonex oq, oi, . . . , a„. 

IlycTb c((/?) — KOJiHHecTBO KOMHoneHT CBflSHOCTH rpa4)a A, ne coflepjKain;Hx BepniHH 
z X (i — 2), I X II n X i. ^Jia nyTH ip na pHC.[62l b) nneeM c{if) = 1. Hncjio c((p) saBHCHT 
TOJibKO OT Lp, HO He OT Bbi6opa ToneK ao, ai, . . . , a„. 




2x6 



2x4. 

Pnc. 66: CnnryjiapHbiH rpacj) A 
UocmpoeHue paccmanoeKU v{f). Mm Hcnojibsyen nepecjaopMyjinpoBKy na HBbiKe no- 

JIHHOK n TpOHHHOK. Bo3bMeM HpOH3BOJIbHbIH HeSaTeHJIHBblH HyTb /. PaCCMOTpHM Bep- 

ninny i x j rpacjja A n nojiHHKy, co^epjKamyio 'p{ai) = Lp[aj). (SaMeTHM, hto k HOJianKe 
MOJKeT npHMbiKaTb 6ojiee ^Byx TponnnoK.) IlocTaBHM b Bepmnny z x j eflnnniiy, ecjiH 
TonKH nepeceneHHfl o6pa30B /[ai_iai+i] n /[aj_iaj+i] c rpannnnon OKpyjKHOCTbio STOii 
HOJiflHKH HepedymmcM na SToii OKpyjKHOCTH (pnc. [63l b), c)) h HOJib b hpothbhom cjiynae 
(pHC.[63l a)). IlojiyneHHyio paccTanoBKy oGoanannM nepea v{f). 

UocmpoeHue npenjimcmeuji Ban KaMnena v((p) € Zj^'''''. JXjir KajK^oii hb c{(p) pac- 
CMOTpeHHbix KOMHOHenT CBflSHOCTH rpa(J)a A BbiHHCJinM cyMMy mod 2 nnceji paccTa- 
HOBKH v{f) B Bepmnnax SToii KOMnonenTbi. nojiyHennbiii Ha6op v{(p) = v{ip, f) € l"^^^ 
HaaoBeM nperuimcmeueM Ban KaMnena ( c Koa^^wuflienmaMU e k annpoKCHMnpyeMO- 
CTH nyTH ip BJio>KeHHHMH. ^Ji-H HyTeH (/9 H / na pnc. 1621 b) HMeeM /) = (1). 

/(oKaaameAbcmeo neaaeucuMocmu v{(p, f) om f. 5Icno, nTO paccTanoBKa saBHcnT 
TOJibKO OT pacnojioJKenna OTpesKOB nyTn na mponuHKax. FaccMOTpnM nsMenenne TaKoro 
pacnojiojKenna na oflnoii TponnHKe pjia jiio6bix ^Byx OTpe3KOB [a^-iai] n [aj^iaj], o6pa3bi 
KOTopbix nepeceKaiOT STy TponnnKy. 

Ecjin i ^ J + 1, i ^ Q VI j ^ n, to ^ncjia b Bepmnnax i x j n (i — 1) x (j — 1) (njin 
i X {j — 1) H (i — 1) X j) rpa4)a A H3MenaTCH na 1, a Hncjia b ocTajibnbix nepmnnax ne 
HBMenaTca. IlosTOMy v{ip, f) ne nsMennTca. 

B cjiynaax i=j — 1, i — n j — n na6op v{ip, /) TaKJKe ne nsMennTca (npoBepbTe!). 

TaK KaK OT jiio6oro pacnojiojKenna OTpe3KOB nyTn na TponnnKax MOJKno nepeiiTH k 
jiio6oMy flpyroMy yKaaannbiMn naMenennflMH, to v((p, /) ne saBncnT ot /. □ 

Heo6xoduMocmb e meopeMe annpoKCUMupyeMocmu cjie^yeT ns Toro, hto ecjin nyTb 
/ MOJKHO TaK H3MennTb na nojianKax, HTo6bi on CTaji HecaMonepeceKaiom,HMCH, to pac- 
CTanoBKa nyjieBaa. 

7. (a) /JoKajKHTe o6paTnoe yTBepjK^enne. 
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(b) EcjiH v{lp) — 0, TO cymecTByeT Taxoe OTo6pa}KeHHe / : / — > o6iri,ero nojiojKenHa, 
6jiH3Koe K Lp, HTO fi fj = 2) fljia jiio6oh napbi i x j pe6ep OTpesxa /, fljia KOTopoii 
BepniHHa i x j rpa(J)a A ne coflepjKHTca b KOMnoneHTe cbhshocth c BepniHHaMH i x (i — 2), 
« X H n X I (laKoe OTo6pa}KeHHe / ne o6a3aHO 6biTb BJiojKeHHeM) . 

(c) IlocTpoHTe anajiorH^HO npensTCTBHe Ban KaMnena k annpoKCHMHpyeMOCTH v^uk- 

AOe BJIOJKeHHflMH H ^OKajKHTe, HTO OHO HenOJIHO. 

IJpenjimcmeue Ban KaMnena V{(p) c v^ejiuMU Koa^cpwuueumaMU CTpoHTca anajiG- 
rHHHO. Heo6xo/];HMbi jinnib cjieflyiomHe HSMeneHHa. Xlpn nocTpoenHH paccTanoBKH b 
BepniHHy i x j CTaBHTCa e^HHHiia, ecjiH tohkh Bxo^a nyTH / na STy nojisHKy h tohkh ero 
Bbixofla c 9T0H nojiaHKH pacnojiaraiOTCH Tax, xax na pnc. [63l b), h MHHyc e^HHHiia nna- 
— KaK Ha pHC.[63l c). Ilojiy^eHHafl paccTanoBKa o6o3HaHaeTca N(ip). JXiia KajK^oii h3 
c((/?) paccMOTpeHHbix KOMnoHeHT CBHSHOCTH rpa(|)a A BbiHHCJiHM cyMMy ^Hceji B BepniHHax 
SToii KOMnoneHTbi. nojiyT^enHbiii Ha6op V{(p) = V{ip, /) £ Z'^^'^'^ naaoBeM npensimcmeueM 
Ban KaMnena (c Koacfjcfjuv^uenmaMU k annpoKCHMnpyeMOCTH nyTH (p BjiojKenHaMH. 

8. nocxpoHxe anajiorH^HO npenaTCTBne Ban KaMnena c n,ejibiMn K034)4)nn,neHTaMH 
K annpoKCHMnpyeMOCTn v,uKAoe BjiojKennaMn n flOKajKHTe, nTO (flajKe) ono nenojino. 



^pyroe nocTpoeHHe npenaTCTBHa Ban KaMnena k annpoKCHMHpyeMOCTH 

BJIOXCeHHaMH. 

9to nocTpoenne sBJiaeTca o6o6ni,eHHeM npHBeflennoro bo BBe^ennn ^oxasaTejibCTBa 
nenjianapnocTH rpa4)a K^, hjih emopoeo pemenna sa^a^n 3. a. Ono cjioacnee npeflbiflyme- 
ro, no nnenno ono mojkgt 6biTb o6o6iri;eHO ^o npenaTCTBna Ban Kannena k bjiojkhmocth 
rpacjjOB B njiocKOCTb (h n-nepnbix nojinsflpoB b 2n-Mepnoe npocTpancTBo) . Bnpo^eM, na- 
CTOaninii nynKT MOJKeT 6biTb nponynjen, nocKOJibKy nocjie^nee npenaTCTBne CTpoHTCa b 
cjieflyiomeM nynxTe nesaBHcnMO. 

IlycTb </j : / ^ — cnMOJiHiiHajibHbiii nyTb o6ni,ero nojiojKenna. Bbi6epeM TO^Kn 
= flQ < ai < . . . < a„ = 1 KaK b onpe^ejienHH CHMojiHiiHajibHOCTH. 06o3na^^nM OTpesoK 
[ai^i,ai] HHCJiOM i. 

06o3na^HM Hepes /* Bepxnioio 'na^flHaronajib' Ta6jiHi];bi n x n, T.e. oGte^nnenne Kjie- 
TOK ixjci<j — \ (oTBeT^aioni,Hx napaM necoce^Hnx pe6ep rpacjja /). Cm. pHC.[67l Jlflsi 




Phc. 67: Bepxnaa na^^Haronajib /* 



jiK)6oro nyTH f : I ~*M.^ o6ni,ero nojiojKenna, ^ocxaxoT^no 6jiH3Koro k n jiio6bix ^Byx 
necoce^nnx pe6ep i,j nepece^enne fi Cl fj cocTonT ns Kone^noro HHCJia TO^eK. IlocTaBnM 
B KJieTKe i X j G I* hhcjio \ fi D fj\ mod 2. IIojiy^eHHyio paccTanoBKy nasoBeM npennm- 
cmeymui^eu n o6o3na^nM Hepea v{f): ecjin nyTb / necaMonepeceKaioninnca, to v{f) — 0. 
PaccTanoBKH mojkho CKjia^biBaTb: fljia SToro npocTO CKjiaflbiBaiOTca nncjia, CToamne b 
KajKfloii KjieTKe (TaKoe cjioacenne nasbiBaeTca noKOMnonenmnuM) . 
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IIoKpacHM B HepHbiii iiBeT KJieTKH i X j Ta6jiHLi,bi /*, ^jiH KOTopbix tpi n ipj — . TaK 
KaK nyTb / 6jih30k k ip, to = b HepHbix KjieTxax. 06o3Ha^^HM ^epes a: MHOJKecTBO 
Bcex paccTaHOBOK nyjieii h eflHHHE; b KjieTxax Ta6jiHLi;bi c nyjiHMH b HepHbix KjieTxax. 
HTaK, iy{f) G X. 

IlpH npeo6pa30BaHHH PaiifleMaHCTepa nyra /, H3o6pa>KeHHOM na pHC.[68l a), paccTa- 

HOBKa I'if) H3MeHHeTCa pOBHO B ^ByX COCe^HHX KJieTKaX Z X J H i X (j + 1) (hJIH j X i VI 
{j + 1) X i). ECJIH O^Ha H3 3THX ^ByX KJieTOK He JiejKHT B /*, TO ^HCJIO B Heii He CTOHT 

H He MeHfleTCfl. PaccTanoBKa e^HHHiibi b KjieTxax Ta6jiHi];bi /*, coce^nHx c pe6poM e, h 
Hyjia B ocTajibHbix KJieTKax Ta6jiHn;bi /* nasbiBaeTCfl aAeMenmapHou KospaHwqeu pe6pa e 
ma6Auv,u I* a o6o3Ha^aeTCfl Se. 




a) b) 
Phc. 68: npeo6pa30BaHHH PaiifleMaHCTepa ^jih rpacjaoB b hjiockocth 

C^ejiaeM yxasaHHoe npeo6pa30BaHHe PaH^eMaiicTepa fljia pe6ep ei, . . . , Ta6jiHn,bi 
/*. 06o3HaHHM nojiyi^eHHbiii nyTb Hepes fei,...,ek- Tor^a 

^U) - '^(/ei,....ej = (5ei + . . . + Sek- 

IloKpacHM B 6ejibiH iiBBT pe6pa i x aj vi aj x i Ta6jiHi];bi /*, ^jih KOTopbix (paj G ipi. 
IIoKpacHM B HepHbiii n,BeT ocTajibHbie pe6pa (TaKHM o6pa30M, rpaHHn,a ^epnoii KJieTKH 
cocTOHT H3 ^epHbix pe6ep, HO MoryT 6biTb H ^pyrne Hepnbie pe6pa). Tax xax / 6jih3ko 
K (p, TO yKa3aHHoe npeo6pa30BaHHe PaH^eMaiicTepa bo3mojkho jinnib ^jih 6ejibix pe6ep 
ei, . . . , Ck. 

Ha30BeM paccTanoBKH 1/1,1^2 G x kosomoaozuhhumu, ecjim vi — V2 ^ &ei + . . . + 5ek 
fljifl HeKOTopbix 6ejibix pe6ep ei, . . . , Cfe. Fpynna H'^{I*) = x/ ^ paccTanoBOK c tohhoctbio 
^o KoroMOJiorH^HOCTH HasbiBaeTCfl deyMcpHou zpynnou kozomoaozuu ( c Koa^^uVjUeHmaMU 
e 7^2) npocmpaHcmea I* onmocumejibHO eso nepnozo nodnpocmpaucmea. ITpenjimcmeue 
Ban KaMnena (c Koacfjcfiuv^ueHmaMU e Z2J onpe^ejiHeTca xax 

TaK KaK v{f) — fljia BJiojKeHHH /, to v{ip) aBJiaeTca npenaTCTBHeM k annpoKCHMnpye- 

MOCTH nyTH (f BJIOJKeHHflMH. 

floKaaamejibcmeo KoppeKmnocmu onpedejienuM, npennmcmeusi v{lp), m.e. neaaeucu- 
Mocmu v{ip) om eu6opa nymu f. IlycTb nyTH f,f':I^M.'^ o6iri;ero HOJioJKenHa, 6jiH3KHe 
K If, OTJiHHaiOTCfl TOJibKO Ha BHyTpeHHOCTH oflHoro pe6pa j. ^Jia KajK^oii Bepmnnbi 
HpoBe^eM HeKOTopbiH HyTb, coe^HHflioniHH 3Ty Bepmnny c 6ecKOHeHHOCTbio, h naxo^a- 
mniicfl B o6iri;eM HOJioJKenHH OTHOcnTejibno ijHKjia /(j) U /'(j)- IlycTb bi, . . . ,bk — Bce Te 
BepniHHbi, fljiH KOTopbix HpoBefleHHbiH nyTb HepeceKaeT n,HKJi f{j) U /'(j) b HenemHOM 
HHCJie TOHeK (Ha6op sthx BepniHH ne saBHCHT ot Bbi6opa nyTeii) . Tor^a 

y{f)-v{f') = 5{h^,j} + ... + 5{hk,j]. 

JI1060H nyTb f : I ^M.'^ o6iri;ero nojiOiKenna, 6jih3khh k tp, mojkbt 6biTb 3aMeHeH na JI1060H 
flpyroH HOCJie^OBaTejibHOCTbio necKOJibKHx roMeoMop4)H3MOB hjiockocth h hcckojibkhx 
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HSMeneHHii BHyTpeHHOCTH jiHinb o^Horo pe6pa (mm ne flOKasbisaeM sto hhtyhthbho one- 
BHflHoe yTBepxfleHHe) . HosTOMy v{ip) ne aaeHCHT ot /. □ 
^pyroe flOKaaaTejibCTBO nojiynaeTCH paccMOTpeHHeM npoHSBOJibHoii roMOTonnH 
ft : K —^M.^ o6iri;ero nojiosceHHH MejK^y saflannbiMH OTo6pa>KeHH5iMH /o, /i : if — > 06- 
mcro no.iojKCima. Bo3bMCM npoHBBOJibiiyio roMOTOnnio /( : I ^M?, t <E [0, 1], o6iri;cro no- 
jioaceHHa, 6jiH3Kyio k Lp. Ha KajK^OM pe6pe j x aj hjih x j TaSjiniibi /* nocTaBHM hhcjio 
mod 2 MOMeHTOB BpeMeHH t, fljia KOTopbix ft{cii) € (sto hhcjio KOHenHO no coo6- 

pajKoiiiiHM o6iri;oro no.iojKCiiHa) . IlycTb ei, . . . , Cfc — bcc pc6pa, iia KOTopbix nocTaBJiena 
e^HHHi],a. TaK xax ft{x) 6jih3ko k (p{x), to h3 </3aj ^ </3j BbiTexaeT ft{cii) ^ /t(j)- HosTOMy 
Ha nepHbix pe6pax ctoht nyjiH. JlerKO npoBepHTb, hto z^(/o) — = 5ei + . . . + 6ek- 

HoSTOMy v{lf) He SaBHCHT OT /. 

9. (a) H^[I*) = Z2, r^e k — hhcjio KycKOB TaSjiHiibi /*, orpannHenHbix HepnbiMH 
pe6paMH (T.e. b rpanHiie KOTopbix moAbKO nepHbie pe6pa) h coflepxamnx xoth 6bi o^ny 
6ejiyio KjieTKy. 

(b) k = c{ip). CymecTByeT ecTecTBenHbiii HSOMopcjansM (IlyaHKape) Zj^"^^ = 
^Ba nocTpoeHHbix npenjjTCTBHH Ban KaMnena nepexoflHT flpyr b flpyra npn 3tom h30- 

M0p(i)H3Me. 

10. (a) B KajKfloii tohkg (x, y) na pe6pe TaSjiHijbi /* nocTaBHM BeKTop c HanpaBjieHneM 
OT f{x) K f{y). Tor^a b Kax^oii KJieTKe Ta6jiHLi,bi I* ctoht neTHOCTb HHCJia o6opoTOB 
BeKTopa npH 06x0^1,0 no cc rpaHHD;e. 

(b) EcjiH neBbipojKfleHHbiii nyTb (p : I ^M.'^ annpoKCHMnpyeM BjiojKenHHMH, to 

(R) dAJi AK)6ozo uenpepueHozo deuDtcenuR moneK x u y no ompeaKy I, e npov,ecce 
Komoposo ip{x) ^ ifiy), a e Komi^e Komopozo moHKU x u y eoaepamammcsi Kaotc- 
doR 6 ceoe ucxoduoe noAoatcenue (m.e. djiR Aio6ogo Henpepuenozo omo6paDtceHUR 
— > {{x,y) G / X / I (fi{x) ^ (p{y)}), hucao o6opomoe eeKmopa om (p{x) k (p{y) e 
npov,ecce smozo deuotcenuA paeno HyAW. 

(c) PaccMOTpHM Sojiee cjia6yio (Jjopny (r) ycjiOBna (R): hucao o6opomoe Herrmo. To- 
r7i,a (r) <;=^ (v{'r) = 0). YcjiOBne v{ip) = cjioxnee (JjopMyjinpyeTca, no ropasflo npoin;e 
npoBepaeTCfl, hbm (r). 

Ilpensimcmeue Ban KaMuena V{(p) c 'hcaumu KOdifxpwuueHmaMU ctpohtch Tax. Bbi- 
6epeM opHcnTan,Hio b n na /. ^Jia Jiio6oro OTo6pa»;ciiHa / : / ^ o6ni;ero nojiojKenHfl, 
flOCTaTOHHO 6jiH3Koro k tp, n jiio6bix flByx necoceflnnx pe6ep nepeceHenne fi D fj co- 
CTOHT H3 KoneHHoro HHCJia ToneK. IIocTaBHM B KJieTKe i X j undeKC nepeceneHun fi ■ fj = 
= ^{signP I P € fin fj}, r^e signP = +1, ecjin BexTopbi opHeHTau,Hii fi n fj (b stom 
nopHflKe) cocTaBjiHiOT 6a3HC opnenTaiinn njiocKOCTH R^, h signP = — 1 b npoTHBHOM cjiy- 
nae. 06o3HaHHM nojiyHennyio paccTanoBKy Hepe3 N{f). 06o3HaHHM Hepe3 X mhoxbctbo 
Bcex paccTanoBOK n,ejibix nnceji b KJieTKax Ta6jiHn,bi c nyjiHMH b Hepnbix KJieTxax. Onpe- 
flejiHM KoroMOJiorHHHOCTb anajiornHHO n nojioxHM V{ip) = [N{f)] £ H^{I*; Z) ;= X/ ~. 

HeTpyflHO noKa3aTb, hto V{(p) 3aBHCHT ot Bbi6opa opneHTaiinii b n na peSpax 
rpa(i)a / jinnib c TOHHOCTbio flo aBTOMop(i)H3Ma rpynnbi iJ^(/*;Z). 

11. (a) Hl{r-i)^U'. 

(b) (i?)^(y(^) = o). 

(c) IIocTpoHTC aiiajior npensTCTBHii v{ip) n V{lp) ^jih annpoKCHMnpycMOCTH v^uKAoe 
BjiojKenHHMH. /],OKajKHTe Hx nenojiHOTy (^ajKe fljia OToSpajKeHnii, o6pa3aMH KOTopbix hb- 

JIHKDTCfl TpnOflbl). 

06o3naHHM Hepe3 I*"^ o6T.e7i,HnenHe nepiibix kjigtok h pe6ep. 
CTan^apTHbiMH o6o3HaHeHHflMH rpynn C^{r*,-) n H^{I*,-) sBJiHiOTCfl 

COOTBeTCTBeHHO. 

IIpenHTCTBHe Ban KaMnena k njianapHOCTH rpatJjoB. 
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B 3T0M nyHKTe ctpohtch npensTCTBHe Ban KaMnena v{K) G H^{K*) k njianapHOCTH 
rpa(i)OB. Ilepefl ero nocTopoeHneM c(i)opMyjiHpyeM ero BajKHeiiniee cbohctbo. 

KpHTepHH Ban KaMnena njianapHOCTH rpacJjOB. rpagfi K njiauapeH mosda u 
mojibKO mosda, Kosda npenamcmeue Ban KaMnena v{K) e H^{K*) nyjieeoe. 

YcjiOBHe KpHTepHfl KypaTOBCKoro (cm. rjiaBy 1), Kone^HO, npome, ^eM ycjiOBne 
v{K) = 0. Ho TOJibKO ycjiOBHe v{K) = o6o6maeTca na BMcniHe pasMepnocTH. 

TeopeMa Ban KaMnena- IHannpo-By. Ilycmb n ^ 2. Uojiuadp K pasMepno- 
cmu n ejioofcuM e R^" moeda u moMKO mosda, Kozda npennmcmeue Ban KaMnena 
V{K) e H'^'^{K*;Zt) nyAeeoe. 

/lajiee b stom nynxTe mm pa6oTaeM tojibko c rpacjaaMH (npenaTCTBne h3 TeopeMbi Ban 
KaMneHa-IHannpo-By npe^jiaraeTca nocTpoHTb anajiornHHO cjiyHaro rpa(J)OB b sa^a^e 
12c). 

Uocmpoenue paccmanoeKU v{f). JlflR JiK)6oro OTo6pa}KeHHfl f : K o6iri,ero no- 

jiojKeHHfl H jiK)6bix ^Byx HecMejKHbix pe6ep <7,t -as K nepece^eHne fa H /r coctoht h3 
KOHe^Horo HHCJia to^gk. IlocTaBHM b cooTBeTCTBHe neynopaflOHeHHOH nape {a, r} Bbi^^eT 

K/W = |/^Tn/r| mod 2. 

06o3HaHHM nepea K* MHOJKecTBO Heynopaflo^ennbix nap necMejKHbix pe6ep rpacjsa K 
(anaKOMbie c nonaTneM 2-nojiH3^pa MoryT npe^CTaBJiHTb ce6e K* 2-nojiH3^poM) . Tor^a 
^{f) — paccTanoBKa nyjieii n eflnnni]; na sjieMenTax MHOJKecTBa K* (hjih na ^ByMepnbix 
rpanflx 2-nojiH9flpa K*). 

Uocmpoenue npenjimcmeuji Ban KaMnena. IlycTb a — Bepmnna rpa4)a K, ne rbjih- 
lomaHca KOHiiOM pe6pa e rpacjja K. Xlpn flBH^Kennn PanfleMaiicTepa na pnc. [Ml b) k 
flo6aBJifleTCfl paccTanoBxa e^HHHn,bi na nape {e', e} ^jih a S e' h nyjia na ocTajibHbix na- 
pax. 9Ty (JjyHKiiHio naaoBeM ajieMenmapnou Kozpanuv,eu 5{a, e} neynopflflO^eHHoii napbi 
{a,e}. 

HasoBeM paccTanoBKH vi , V2 KozoMOJiozunnuMU, ecjin vi — V2 = 
= 5{ai, ei} + . . . + 6{ak, efe} fljia neKOTopbix Bepninn ai, . . . , afe n pe6ep ei, . . . , et- 

Fpynna H^{K*) paccTanoBOK c tohhoctbio ^o KoroMOJiorn^nocTn nasbiBaeTCH dey- 
Mepnou gpynnou kozomojiozuu (c K09(^(^uv,uenmaMU e Ti^) npocTpancTBa K* . Tlpensmi- 
cmeue Ban KaMnena ( c K09(p^u\i;uenmaMU el^i) onpe^ejiaeTca xax 

Tax KaK = ri;jia ejioMcenun /, to v(K) flBjiaeTca npensTCTBHeM k njiaHapHOCTH 
rpacjsa K . Cp. npe^bi^yninii nynxT. 

/(oKaaameAbcmeo Koppenmnocmu onpedeAenusi npenamcmeun v{K), m.e. neaaeucu- 
Mocmu v{K) am eu6opa omoSpaotcenusi f. IlycTb OTo6pa}KeHHa /, /' : X ^ o6ni,ero 
nojiojKeHHH OTJiHHaiOTCH TOJibKO Ha BHyTpeHHOCTH o^Horo pe6pa e. ^Jia KajK^oii Bepmnnbi 
a rpacjsa K npoBe^eM neKOTopbiii nyTb, coeflnnaioinHH STy Bepmnny c 6ecKOHeHHOCTbio, 
H naxoflaninnca b o6ni,eM nojiOiKennn OTHOCHTejibno n,HKJia /(e) U /'(e). IlycTb ai, . . . ,ak 
— Bce Te BepniHHbi, ^jia KOTopbix npoBeflenHbiii nyTb nepecexaeT n,HKJi /(e) U /'(e) b 
nenemnoM ^ncjie TOHex (naGop sthx Bepninn ne saBncHT ot Bbi6opa nyTeii) . Tor^a 

K/)-K/') = '5{ai,e} + ...+J{afc,e}. 

Jlio6oe OToSpajKenne / : ^ o6iu;ero nojioJKenna MOJKeT 6biTb saMeneno na jiio6oe 
flpyroe nocjie^OBaTejibnocTbio necKOJibKnx roMeoMop(J)n3MOB njiocKOCTH n necKOJib- 
Knx HSMenenHH BHyTpennocTn jinnib o^noro pe6pa (mm ne ^OKasMBaeM sto nnTynTHBHO 
oneBHflHoe yTBepjK^enne) . IlosTOMy v{K) ne saBncHT ot /. □ 

/Ipyroe flOKaaaTejibCTBO nojiy^aeTca paccMOTpenneM nponsBOJibnon roMOTonnn 
/f : X — > o6iii;ero nojioJKenna MejK^y sa^annbiMn OTo6pa>KennaMn /o , /i : -ftT ^ R^ 
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o6iri,ero nojiojKeHHH. IlycTb ei,...,efc — see Te napbi {a, (3}, ^jih KOTopbix hhcjio 
MOMeHTOB t c /t(a) £ ft{P) He^eTHO. Tor^a HeaaBHCHMOCTb v{K) ot / BbiTexaeT h3 
paBencTBa v{fo) — v{fi) = 5ei + . . . + 5ek- (SaneTHM, ^to b |RS99t §2] paccTanoBKa 
N{{ft\) onpe^ejiena HenpaBHJibHO.) 

BbiBO^ ycjiOBHfl KpHTepHH KypaTOBCKoro H3 ycjiOBHa v{K) = ocTaBJiaeM HHTaTejiro b 
Ka^ecTBe sa^aHH. XlpHMoii bmbo/i ycjiOBHH v{K) = h3 ycjiOBna KpHTepna KypaTOBCKoro 
CM. B |Sa91) . IlpflMoii bmboa njianapHOCTH h3 ycjiOBHH v{K) = cm. b |Sa91| (K. CapKapna 
noflTBepjK^aeT, ^to b stom BbiBO^e HMeiOTCH npo6ejibi). 

12. (a) B KajK^oii tohkb {x,y) na pe6pe 2-nojiH3;ipa K* nocTaBHM BexTop c nanpaB- 
jieHHeM OT /(x) K J{y). Tor^a b KajK^oii KJieTxe 2-nojiH3^pa K* ctoht HeTHOCTb HHCJia 
o6opoTOB BCKTopa npH o6xofle no ee rpanniie. 

(b) XlocTpoHTe npenaTCTBHC Ban KaMnena V{K) c iiejibiMH KoacJxjDHiiHeHTaMH. 

(c) IlocTpoHTe npenHTCTBHC Ban KaMnena V{K) k bjiojkhmocth 2-nojiH3flpa if b 
(oho nenojiHo!) n k BjiojKnMOCTH n-nojina^pa K b M^" (oho nojino npn n 7^ 2!). 

IlpenaTCTBHe Ban KaMnena mojkho BbinncjiaTb npn noMomn (J)opMyjibi 
v{K) = Sq^vi{K). ^a^nM na6pocKH neo6xoflHMbix onpe^ejiennn. 

Anajiornnno npeflbiflym,eMy MOJKno onpe^ejiHTb npensimcmeue Ban KaMnena 
vi{K) G H^{K*) K BJiojKnMOCTH rpa(|)a K b npaMyro (cp. nynxT 'oTo6pa}Kennfl rpa4)a b 
OKpyjKnocTb'). Xlpn 3tom paccMaTpnbacTca rpacj) K*^^\ Bepmnnbi KOToporo ecTb neyno- 
paflonennbie napbi {a, 6} pasjinnnbix Bepmnn rpacjja K, n Bepmnna {a,b} coe^nnena 
pe6poM c Bepmnnoii {c,d}, ecjin, nanpnMep, a — cn Bepmnnbi bud coce^nne b rpacjje 
(3x0 pe6po o6o3naHaeTca a x (bd)). Ilpn stom nyjKno paccMaTpnBaTb TOJibKO 
Kov,UKAU, T.e. Taxne paccTanoBKn nyjieii n eflnnnn; na pe6pax rpacjaa K*^^\ hto ^Jia 
jiK)6oH napbi {{ab), (cd)} necMejKnbix pe6ep rpacjja K cyMMa Hnceji na HeTbipex pe6pax 
a X {cd), b X (cd), c x [ab], d x {ab) paBna nyjiio. 

OnpeflejiHM onepav^uH) EoKuimeuHa Sq^ : H^{K*) H^{K*). (9Ty onepaiinio mojk- 
no onpe^ejiHTb fljia nponsBOJibnoro nojiH3flpa, no mm orpannHHMca neo6xoflnMbiM s^ecb 
nacTnbiM cjiy^aeM, b KOTopoM onpe^ejienne ^yTb npome.) IlycTb ^ana paccTanoBKa v 
nyjieii n e^nnnn, na pe6pax rpa4)a K*^^\ aBJiaiomaaca Kon,nKJiOM. IIocTaBHM b cooTBeT- 
CTBne KajKfloii neynopa^OHennoii nape {{ab),{cd)} nenepeceKaiomnxca pe6ep rpa4)a K 
cyMMy flByx ^^nceji na 'npoTHBonojiojKnbix' pe6pax a x (cd) n 6 x (cd) (hjih c x (ab) n 
d X (ab)) rpa4)a K*'-^\ IIojiyHennyio 4)ynKn,nio K* ^ Z2 o6o3naHHM ^^epes ly^. SaMCTHM, 
HTO ecjin V = S{x,y} aBjiacTca 3JieMenTapnoH Korpanniieii Bepmnnbi {a,b} rpacj^a K*^^\ 
TO ly^ — S{a X (stjj-fo)}, rfl,e ^epes stxb o6o3naHeno MnojKecTBO pe6ep c Konn,OM b. Ho- 
STOMy OTo6pa»;enHe 1/ ^ onpe^ejiaeT neo6xo^HMyio onepan,nio BoKmTenna. (SaMCTHM, 
HTO anajiornnnaa onepaiina mojkct 6biTb onpe^ejiena n ^jia npon3BOJibnoro nojiH3flpa.) 

/^jifl flOKa3aTejibCTBa 4)opMyjibi v{K) = Sq^vi{K) B03bMeM OToGpajKcnne / : i^T — > 
o6m;ero nojioJKcnna. By^eM c^nTaTb, hto npaMaa C ropH3onTajibna. Bo3bMeM oto6- 
pajKBnne g : K ^M.^ o6m,ero nojiojKenna, ^jia KOToporo gx n fx jiejKaT na Oflnoii Bep- 
THKajibnoii npsMoii fljia jiio6oro x £ K n TOHxa gy Bbime jiio6oh h3 tohck MnojKCCTBa 
gf~^fy flJia JI1060H Bepmnnbi y rpacj^a K. Tor^a {v{f))'^ = v{g) n (J)opMyjia flOKa3ana. 

13. (a) OnpeflCJiHTe 6njinneHnoe yMnoxcenne U : H^{K*) x H^{K*) H'^{K*), ^jia 
KOToporo Sq^x = xU X. 

(b)* CcjaopMyjinpyiiTe n ^OKajKnTe anajior paBencTBa v{K) = Sq^vi{K) ^jia 
2-nojin3flpa K. 

IlpenaTCTBHe Ban KaMnena k pacnpoeKTnpyeMOCTH. 

0To6pa>Kenne : G — > M Kone^noro rpa(|)a G b npaMyio nasbiBaeTca pacnpoenmupy- 
CMUM, ecjin cym;ecTByeT Taxoe BjiojKcnne / : G ^ R^, hto ip — tt o f , r^e tt ; R'^ ^ R — 
opToronajibnaa npoexiina. 
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XIpHBe^eM eme 6ojiee sjieMeHTapnyK) nepecjaopMyjinpoBKy SToro onpe^ejienHH fljisi 
Kyco^HO-jiHHeiiHbix OTo6pa>KeHHH ip o6iri;ero nojioJKeHHa (pnc. I69p . (06iri;H0CTb nojioJKe- 
HHfl 03Ha^aeT a^ecb, ^to HHKaKoii OTpesoK ne nepexo^HT b TOHxy.) JiJia SToro (jsHKcnpyeM 
^exapTOBy CHCTeMy KOop^HHaT na njiocKOCTH. HasoBen pacnoAOCHceHUCM Taxoe H3o6pa- 
jKenne (c caMonepece^enHflMn) rpacjaa G na njiocKOCTH, fljia KOToporo 

(1) a6cLi;Hccbi BepniHH ijejibie, 

(2) ecjiH jxBe BepniHHbi coe^HHeHbi pe6poM b nameM rpacjae, to hx a6ciiHCCbi OTJiHHa- 
lOTCfl poBHO Ha 1, H 3T0 pe6po sBjiaeTca OTpesKOM. 

PacnojioJKeHHe nasbiBaeTca eAOCHceHueM, ecjiH BHyTpenHOCTH o6pa30B jiio6bix flByx 
ero pe6ep ne nepeceKaiOTca. PacnojiojKeHne nasbiBaeTca pacnpoeKmupycMUM, ecjm bo3- 
MOJKHO npeo6pa30BaTb ero bo BjiojKeHne uyiem oflHOBpeMeHHoii nepecTanoBKH BepniHH, 
He H3MeHaioiri;eH hx aGciiHCC, h cooTBeTCTByiomero HSMeneHHa pe6ep. 




Phc. 69: IIpHMep pacnojiojKenHa 




Phc. 70: IIpocTeiiniHe nepacnpoeKTHpyeMbie pacnojiojKeHHa 

14. (a) JlK)6oe OTo6pa}KeHHe 0Tpe3Ka b OTpesoK aBJiaeTca pacnpoeKTHpyeMbiM. 

(b) PacnojioJKeHHa na pHC.[70]He aBjiaiOTca pacnpoeKTHpyeMbiMH. 

(c) (FHnoTesa) PacnojiojKeHne rpacjja b njiocKOCTH, a6cLi,HCCbi BepniHH KOToporo paB- 
Hbi HJiH 1, aBJiaeTca pacnpoeKTpnyeMbiM Tor^a h TOJibKO Tor^a, Kor^a oho ne co^epjKHT 
pacnojioJKeHHa OKpyjKHOCTH c neTHbiM hhcjiom BepniHH, a6cLi;HCCbi KOTopbix paBHbi Hoone- 
pe^HO Hyjiio HJIH e^HHHH,e (pHC.[70]cjieBa) hjih pacHOJiojKeHHa Tpno^a na pHC. I70l cHpaBa. 

(d) PacHOJiojKeHHa 6yKB H n X c pnc. [71] (^ajKe 6jiH3KHe k hhm) ne aBJiaiOTca pac- 
npoeKTHpyeMbiMH. yKa3aHHe. Ecjih ne HOJiy^aeTca, to cm. hh^kc. 

B 3TOM HyHKTe HCCJie^yeTca cjie^yiomaa Hpo6jieMa: kukuc cuMnAuv,uaAbHue omo6pa- 
o6ui,ezo noAOOKenusi jioAJimmcji pacnpoenmupyeMUMU ? IIoHaTHe pacnpoeKTHpye- 
MOCTH (cHpOCKTHpOBaHHOrO BJIOJKeHHfl) B03HHKJI0 B [sigT] . [AkOO] H H3y^ajiocb B |ARS02) 

B CBa3H C Hpo6jieMOH aHHpOKCHMailHH BJIOJKeHHaMH OTo6pa}KeHHH rpacjjOB B HJIOCKOCTb. 

Ho HOBO^y ajiropHTMHHecKoii paspeniHMOCTH Hpo6jieMbi pacnpoeKTHpyeMOCTH h HeB03- 
MOJKHOCTH KpHTcpHH THHa KypaTOBCKOFO MOJKHO CflCJiaTb saMCHaHHA, anajiorn^Hbie npn- 
BCflenHbiM Bbime ho Hpo6jieMe annpoKCHMnpyeMOCTH BjiojKenHaMH. 
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Phc. 71: HepacnpoeKTHpyeMbie pacnojiojKeHHa CeKJiioiiKoro 



TeopeMa pacnpoeKTHpyeMocTH. Ecjiu omodpacHceHue ip : G ^M. pacnpoenmupye- 
Mo, mo napa monen ne Mootcem Henpepueno deuzambca no zpa(^y G man, Hmo6u e npo- 
v,ecce deuotceHUM ux ip-o6pa3u coenadajiu, a cumu uiohku ne coenadajiu, u e peayAbmame 
deuofceHUJi uiohku noMeujiJiucb 6u MecmuMU. 

Jl^jiM, cuMfiAWHuaAbHozo omo6paoKeHUM, ip -.G ^M. o6'mezo noAOOKenuM amo Heo6xodu- 
Moe ycjioeue (Ban KuMnena) aeAsiemcM, docmamoHHUM, ecAU U3 naoKdoil eepmuHU zpacfia 
G euxodum ne Menee mpex pe6ep. 

15. (a) /JoKajKHTe Heo6xoflHMOCTb b TeopeMe pacnpoeKTHpyeMOCTH. 

(b) ^OKajKHTe Heo6xoflHMOCTb anajiorH^Horo ycjiOBHa Ban KaMnena ^jih pacnpo- 
eKTHpyeMOCTH pacnojioJKeHHii, nojiyneHHoro h3 c4)opMyjiHpoBaHHoro Bbime saMenoii V" 
o6pa30B' na 'a6cLi,HCCbi'. 

HanpHMep, cjie^yronine nocjie^OBaTejibHOCTH nap noKasbiBaiOT, hto pacnojiojKeHHH c 
pHcEUne HBjiHiOTCH pacnpocKTHpyeMbiMH (sto pemacT 3afla^^y 14. d): 

aai, eei, did2, C2C1, 626, 62^, did, cic, aio; 

aai, dd3, cci, //i, did2, 6261, C2C1, ^4^3, hh, dzds, /2/, 62^, 626, dsd, aia. 



B |ARS02j ^jifl CHMnjiHn,HajibHbix OTo6pa}KeHHH o6m,ero nojiojKeHHa ^OKasano, hto 
Heo6xoflHMoe ycjiOBne Ban KaMnena fleiicTBnTejibno paBHOcnjibno HCKOTopoMy ajire6pa- 
H^ecKOMy ycjiOBHio, 6ojiee noxojKCMy na BbimeonHcannbie npenaTCTBHH Ban KaMnena. 
Hs SToro, B T^acTHOCTH, BbiTexaeT, hto ycjiOBne Ban KaMnena jierKO npoBepsTb ajiropnT- 
MnnecKn (cm. npsMoe flOKasaTCJibCTBO nnjKc). B [ARSQ2) BbiflBnnyTa TaKJKC rnnoTCsa o 
flOCTaTonnocTn. /JocTaTonnocTb b TeopcMC pacnpoeKTnpyeMOCTH BbiTexaeT h3 |ARS02| . 
|Sk03') . SaMBTHM, ^TO TaKoe flOKaaaTejibCTBO o^^enb nenpsMoe. IIpHMoe ^oxasaTejibCTBO 
npn flpyroM ^onojinnTCJibnoM orpannnennn cm. b |GS) . 

IIpnBefleM nepecjaopMyjinpoBxy neo6xoflHMoro ycjiOBna Ban KaMnena. Hs nepe(J)op- 
MyjinpoBKH 6yfleT Hcno, ^to ero jierKO npoBepnTb ajiropnTMH^ecKH [ARSQ2]. Ynopa^o- 
nennyio napy {A, B) flByx Taxnx pasjin^nbix Bcpmnn rpacjja G, hto (p{A) = tp(B), 6yfleM 
nasbiBaTb npocTO napou n o6o3nanaTb AB. Ilapa AiBi nasbiBaeTca aACMeHmapHO docmu- 
OKUMOU H3 napbi AB, ecjin rpacj) G co^epjKnT pe6pa AA\ h BBi. Ilapa ST nasbiBaeTca 
docmucHCUMOu na napbi AB, ecjin ST mojkct 6biTb nojiy^ena h3 AB nocjieflOBaTCJibnocTbio 
sjiCMcnTapno ^ocTnjKHMbix nap. 06o3Ha^^enne: ST ~ AB. O^CBn^no, ^ocTnjKHMOCTb — 
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OTHomeHHe SKBHsajieHTHOCTH. Heo6xoflHMoe ycjiOBne Ban KaMnena paBHOCHJibHO cjie^y- 
lomeMy (flJi-H pacnojioxceHHii) : hukokuji napa AB ne docmuDtcuMa U3 napu BA. IlpHBe- 
fleHHaa rnnoTesa npHHHMaeT cjie^yioinyio (i)opMy: pacnojiootcenue, Sam Komopozo hukukuji 
napa AB ne docmuotcuMa U3 napu BA, xeAMemcx pacnpoenmupyeMUM. 

HHBAPHAHT BY BJ10}«EHHH TPAOOB B nJlOCKOCTb 

KpHTepnii hsotohhocth. BAOofceHUJi /, 5 : G ^ zpacfia e nAOCKOcmb uaomonHU 
mozda u moAbKO mozda, Kozda ux UHeapuanmu By coenadamm. 



HHBapnaHT By onpe^ejieH ^ajiee b 3tom naparpacj^e. 

CymecTByroT h 6ojiee npocTbie KpnTepHH HSOTonnocTH [SkOSj . IIpHBe^eHHaa Teopena 
HHTepecHa tgm, ^to o6o6iri;aeTCH na CTapmne pasMepnocTH (b OTjiHHne ot ^pyrnx Kpn- 
TepneB HSOTonnocTH) h tcm, hto MOJKeT OKasaTbca nojiesHoii ^jih oiienKH KOAunecmea 
BJiojKeHHH rpacjja b njiocKOCTb. 

^jiH BJiojKeHHH / : G ^ onpe^ejiHM rpynny Hl{G) h HHBapnaHT By w{f) G Hl{G). 
/^jia SToro sa^a^HM opneHTaiiHio na njiocKOCTH h HanpaBjienHH na pe6pax rpacj^a G. 

CoeflHHHM o6pa3bi BepniHH rpa(J)a jiOManoii h BbinpaMHM ee HSOTonneii njiocKOCTH. 
Ilojiy^HM HOBoe BjiojKeHHe /' : G — > . 

^jiH BepniHHbi a h pe6pa he rpa(|)a G, opneHTHpoBaHHoro ot & k c, onpe^ejiHM no- 
Jiyijejioe hhcjio ui{f')axbc Kax KOJiH^ecTBO o6opoTOB BeKTopa c Ha^ajiOM b BepniHHe a h 
KOHiiOM, npo6eraioiri;HM pe6po be ot b k c. AnajiornHHO onpeflejiHM uj{f')i,c X a KaK KOJIH- 
HecTBO o6opoTOB BeKTopa c KOHijOM B BepniHHe a H HaHajiOM, npo6eraK)Hi,HM pe6po be ot 
6 K c. 

1. (a) JXjih J11060H BepniHHbi a h pe6pa be rpadpa G HMeeM uj{f')axbc — ^{f')bcy.a- 
(b) ^Jia pe6ep ab h ed rpacjja G HMeeM 



Sflecb uj{f')xxvz := -i^{f')xxzy H uj{f')yzxx := -i^{f')zyxx, ecjiH pe6po zy opnenTHpoBano 
OT z K y. 

IIocTpoHM HOBbiH rpacj) G. BepniHHbi rpa(J)a G — napbi a x b, r^e a h 5 — paajiH^Hbie 
BepniHHbi rpa(i)a G. Bepmnna a x b coe^HHena pe6poM c BepninHoii axe, ecjin hue 
coe^HHeHbi pe6poM b hcxo^hom rpacj^e G. Anajiorn^HO b x a n e x a coe^HHenbi pe6poM, 
ecjiH 6 H c coe^HHeHbi pe6poM. /Jpyrnx pe6ep b rpacjae G hbt. 

2. (a) EcjiH G — OKpyjKHOCTb c TpeMfl BepniHHaMH, to G — OKpyjKHOCTb c 6 BepniH- 

HaMH. 

(b) EcjiH G — Tpno^, T.e. rpacj) c ^eTbipbMH BepninnaMH 0,1,2,3 h pe6paMH 01,02,03, 

TO G — OKpyjKHOCTb C ^BeHaflH,aTbIO BepniHHaMH. 

(c) EcjiH a X 5 H 6 X a coe^HHenbi nyTeM b rpacjje G, to cyMMa nocTaBJiennbix nojiy- 
iiejibix HHceji na pe6pax SToro nyTH ne aBJiHeTCfl ii,ejiOH. 

BosbMGM na pe6pe (a x 6, a x c) nanpaBjieHHe, cooTBeTCByioin;ee HanpaBjieHHio na 
pe6pe be. 06o3HaHHM nocTpoeHHyio paccTanoBKy ^hcgji uj{f')axbc h ^{f')bcxa Ha (opneH- 
THpoBaHHbix) pe6pax rpa4)a G ^epes 




Phc. 72: PasjiHHHbie BJiojKeHHfl rpacjja b njiocKOCTb 



^if')axcd + w(/')a6xd + ^{f')bxdc + L^if')baxc = 0. 
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Onpe^ejiHM aAeMeHmapHyw KozpaHuv,y S{a x b) BepniHHbi a x b kek paccTanoBKy ^h- 
ceji +1/2 Ha pe6pax rpacjja G, BxoflamHx b o x 6, HHceji —1/2 na pe6pax, Bbixo^amnx h3 
a X 6, H Ha ocTajibHbix. OnpeflejiHM aAeMeHmapuym cuMMempuHHym Kospanuv^y BepniH- 
Hbi a X b KaK 6s{a x b) := S{a x b) + S{b x a). 




Phc. 73: HsMeneHHe HpenjiTCTByiomeH paccTanoBKH 



3. (a) IlycTb /' H /" OTjiH^aiOTCH tgm, hto BepniHHbi ai h aj HOMeniuiH Me- 
CTaMH B jiOMaHoii, coe^HHfliomeH o6pa3bi BepniHHbi rpa(J)a G npn BJiojKenHH /, 
KaK na pncynKe I73r a). B ^acTHOCTH na jiOMaHoii, nocTpoeHHoii jijir /', BepniHHbi 
HMejiH HopiiflOK (ai,...,a„), a na jiOMaHoii, nocTpoeHHoii ^jia /", nopaflOK Bepninn 
(ai, ...,aj_i,aj,Oj+i, a^-i, Oi, a^+i, ...,a„). Torflaw(/") - = X) (±'5s(afe x at) ± (5s(afe x Uj)), 

r^e 3HaKH hjiioc h Mnnyc Bbi6HpaiOTca ne o6a3aTejibHO corjiacoBanHO. 

(b) IlpH fc-KpaTHoii 3aKpyTKe pe6pa jiOMaHoii aiUi+i BOKpyr a^+i, ...jan, H3o6pa}KeH- 
Hoii na pncynKe ITsT b) . uj{f") — uj{f') — ^ kSs{ai x aj). 

(c) HaiiTH uj{f") ~ uj{f') fljiA H3MeHeHHa jiOManoii, H3o6pa}KeHHoro na pncynKe [73ljc). 

(d) * PasnocTb oj{f") — oj{f') anjiaeTca cyMMoii sjiCMenTapnbix cnMMCTpnnnbix Korpa- 
nnn, c n,ejibiMn K034)4)Hn,enTaMn. 

HasoBCM paccTanoBKn ui n 102 kozomojiozuhhumu, ecjin oji — U2 aBjiaeTca cyMMon 
sjiCMenTapnbix cnMMCTpnnnbix Korpannn, c n,ejibiMn K03(J)(J)nn,enTaMn. Onpe^ejinM rpyn- 
ny H}{G) k&k rpynny paccTanoBOK, y/];oBjieTBopaioin;nx ycjionnaM ns aa^aH lab n 2c, c 
TOHnocTbK) flo KoroMOJiomHnocTn. Onpe^ejinM nnnapnanT By KaK 

wif) = Hf)]eHliG). 

KoppeKTnocTb onpe^ejienna nnnapnanTa By BbiTeKaeT h3 3aflanH 3d. Heo6xo^nMOCTb 
B Teopene oneBn^na. ^jih flOKa3aTejibCTBa floCTaTOHnocTH no TeopeMe MaKJienna- 
BflKnccona 06 naoTonnocTn BjioiKennH rpacj^a b njiocKOCTb [Sk05j floCTaTOHno peniHTb 
cjie/iyiomyio sa^any. 
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4. HHBapnaHT By pasjiHHaeT BJiojKeHHH 

(a) OKpyjKHOCTH B njiocKOCTb, OTJiH^aromnecfl oceBoii CHMMeTpneii. 

(b) TpHO^a B njiocKOCTb, OTJiH^aiomHecfl nepecTanoBKoii ^Byx h3 Tpex ero pe6ep. 

5. KjiaccHcjjHiiHpyiiTe noepyofceHUJi (i.e. jiOKajibHbie BjiojKeHHa) rpa4)a b njiocKOCTb c 
TO^HOCTbio flo peryjiHpHoii roMOTonHH (i.e. jiOKajibHoii HBOTonHn). 

KOHOHryPAIXHOHHblE nPOCTPAHCTBA 
H nJIAHAPHOCTb 

IIpenHTCTBHe BspesaHHoro KBa^paia k njianapHOCTH rpatJioB. 

SaMe^aTejibHaa H^ea npHMeneHHH KOHcjsHrypaiiHOHHbix npocTpancTB HMeeT mhofo- 
HHCJieHHbie npHjiojKeHHH KaK B TonojiorHH, Tax h b flpyrnx o6jiacTax MaTeMaTHKH. Iloac- 
HHM 3Ty nfliSK) Ha npHMepe KpHTepna njianapHOCTH rpacjjOB (h nojiHS^poB). KoneHno, npo- 
BepHTb njianapHOCTb rpacjsoB (h nojiHS^poB) npome ne c HcnojibsOBaHneM KOHejanrypaiiH- 
OHHbix npocTpancTB, a no Teopene KypaTOBCKoro (h Xajinna-IOHra) [PrQ4| . |Sk05) . |HJ64| . 

TeopeMa XajiHHa-IOHra. CenaHuu nojiuadp ejiooKUM e mozda u mojibKO mosda, 
Koeda OH ne codepotcum zpa^oe K^, K^^^ ujiu 'aoHmuKa' U'^ (puc. n|y^[). 




Phc. 74: SoHTHK (KHonKa) 

OflHaKO fljiH BJiojKeHHH B CTapniHe pasMepHOCTH anajiora TeopeMbi KypaTOBCKoro (h 
XajiHHa-IOHra) npocTO neT, a bot MeTO^ KoncjjHrypaiiHOHHbix npocTpancTB xopomo pa6o- 
TaeT |RS96[ §6], |RS99[ §4], |Sk02) . |Sk08[ §5]. IlTax, b stom nynxTe ^HTaiejib na npHMepe 
Hsyi^eHHfl njianapHOCTH rpacjjOB (n hojihs^pob) ocboht mbto^, KOTopbiii xopomo pa6oTa- 
eT B MHoroMepHOM cjiyHae, a TaKJKe flBJiaeTca ^acTHbiM cjiy^aeM 6ojiee o6ni,Hx MeTO^OB, 
nojiesHbix fljia orpoMHoro Kpyra sa^a^. 

HaaoBeM 

N = {(x, y)eNxN\x^y} 

eapeauHHUM KeadpamoM rpacj^a (njin ^ajKe nojins^pa njin KOMnaxTa) N. 

1. Ecjin saflana Tpnanryjumna T rpacjaa (njin 2-nojin9flpa) N, to nasoBen cum- 
nAUVjUaAbHUM espesuHHUM KeadpamoM stoPl TpHaHryjifln,nn 2-nojiH3flp (njin 4-nojin3flp) 
T={ctxt6 TxT I (TnT = 0}. PaccMOTpnM (MnnnMajibHbie) TpnanryjiHu,HH rpacjjOB i^i^a 
(Tpnofl), H a TaKJKe 2-nojiH3flpa U (sohthk), cm. pnc. [3j [74l CHMnjinn,najibnbie 

Bspesannbie KBa^paTbi sthx Tpnanryjumnn rpacjsa -fCi,3, nojins^pa U, rpaijia n rpacjaa 
3 roMeoMop(i)nbi cooTBeTCTBenno S^, S'^, c4)epe c 6 py^Kann n ccjaepe c 4 pyHxaMn. 

yxaaanne fljia if 5 n if 3, 3: npoBepbTe, ^to T aBJiaeTCH 2-Mnoroo6pa3neM 6e3 Kpaa, 
BbiHHCJinTe ero siijiepoBy xapaKTepncTHKy n flOKaxcHTe ero opnenTHpyeMOCTb. Opnen- 
TnpyeMOCTb cjie^yeT, nanpnMep, h3 BJiojKHMOCTn 2-nojiH3flpa T bo eapesaHHUu datcouu 
(onpeflejiennbiii b |Pr04| ') rpa4)a njin ^^3,3, KOTopbiii roMeoMop(i)en . 

PaccMOTpHM OToGpajKenne 'nepecTanoBKy coMnojKHTejien' t : N ^ N n cnMMeT- 
pnio a : ^ OTnocHTejibno ijenTpa OKpyjKnocTn. 5Icho, hto = 'v1N h a? = idS^ 
(Taxne OTo6pa>KeHHfl naabiBaiOTca UHeoAwv,ujiMU, cp. rjiaBy 2). 
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2. yKasaHHbiii b sa^a^e 1 roMeoMop(J)H3M nepeBO^HT OTo6pa}KeHHfl t na chmdjihiih- 
ajibHbix BspesaHHbix KBaflpaTax b aHTHno^ajibHbie OTo6pa>KeHHa. 



B SToii KHHre Bce OTo6pajKeHHH MejK^y rpa4)aMH, nojiHSflpaMH h MHoroo6pa3HHMH c^h- 
TaiOTCfl HenpepbiBHbiMH, ecjiH ne oroBopeno npoTHBHoe. /^Jia OTo6pa>KeHHH / BbinojiHeno 
f{y,x) = —f{x,y), T.e. f o t = a o f . TaxHe OTo6pajKeHHfl N nasbiBaiOTCfl aneu- 

eapuanmHUMU. HTax, ecjiu N ejiocHCUM e nAOCKOcmb, mo cyinecmeyem (uenpepueHoe) 
9KeueapuaHmHoe omo6pacifceHue ^ : N ^ . 

Hcnojib3yfl meiofl, rjiabbi 6, mojkho nocTpoHTb ajire6paHHecKoe npenaTCTBHio k cyme- 
CTBOBaHHK) TaKoro 3KBHBapHaHTHoro OTo6pa>KeHHa. Oho OKaaceTca paBHbiM npenaTCTBHio 
Ban KaMnena k njianapHOCTH rpa(J)OB. 

TeopeMa By. Ecjiu d^n nojiusdpa (e HacmHocmu, zpa(pa) N cymecmeyem aneueapu- 
anmHoe omo6paatceHue ^ : N ^ , mo N eAoatcuM e nAOCKOcmb |Wu65) . |SSS98| . 

TeopeMa By HHTepecna, nocKOJibxy noxasbiBaeT, ^to 'MHoroMepHbiii' KpHTepnii Bspe- 
saHHoro KBaflpaTa cnpaBe^jinB h ^jia njiocKoro cjiyHaa. KpoMe Toro, hmghho KpHTepnii 
BspesaHHoro KBaflpaia mojkgt OKasaTbca cnpaBe^jiHB ^jih 6ojiee mnpoKoro Kjiacca kom- 
naKTOB, HeM nojiHS^pbi (cm., BnpoHeM, nynxT 'npensTCTBHe Bspesannoro KBa^paia k njia- 

HapHOCTH KOMnaKTOB.'). 

/^OKasaTBJibCTBO TsopeMbi By ocHOBano na cjieflyiomeM snaMeHHTOM pesyjibTaTe (flo- 
KasaTejibCTBO KOToporo aBJiaeTca ynpajKneHneM; flpyrne ero npHMeHeHHH cm. b cjie^yio- 
mBM nyHKTe). XloHHTHe roMOTonnn onpe^ejieHO b Ha^ajie rjiaBbi 6. 

3. TeopeMa BopcyKa-YjiaMa. [Pr04) 0To6pa}KeHHe f : S" ^ S*™ c(J)epbi na c(J)epy na- 
SbiBaeTca aKeueapuanmHUM (hjih HenemHUM), ecjiH /{— x) = —f(x) ^Jia KajK^oro x G S"". 

(a) HHKaKoe aKBHBapnaHTHoe OTo6pajKeHHe — > ne roMOTonno nocTOSHHOMy. 

(b) HnKaKoe OToGpajKenne S"^ — + ne SKBHBapnaHTHO. 

(c) ^Jia jiio6oro OTo6pa}KeHHH / : S"^ ^ cymecTByeT x ^ Taxoe, hto 
f{x) = f{—x). (T.e. B J11060H MOMeHT BpeMenn na 3eMjie HaH^yTca ^HaMeTpajibHO 
npoTHBonojiojKHbie TO^KH, B KOTopbix TeMnepaTypa h ^aBJienne coBna^aroT.) 

4. (a) /JoKajKHTe TeopeMy By ^jia rpacjjOB. YKasaHHe. HcnojibsyiiTe KpHTepnii Ky- 
paTOBCKoro njianapnocTH rpacjjOB (cm. Bbime), safla^^H 1 h 2, a TaKJKe anajior TeopeMbi 
BopcyKa-yjiaMa (b). 

(b) /JoKajKHTe TeopeMy By fljia nojiHS^poB. yKasanne. HcnojibsyiiTe KpHTepHH 
XajiHHa-IOHra njianapHOCTH nojiHS^poB (cm. Bbime), sa^a^H 1 h 2, a TaKJKC TeopeMy 
Bopcyxa-yjiaMa (b) h ee anajior. 

(c) EcjiH c4)epa noKpbiTa TpcMa saMKHyTbiMH MHOJKecTBaMH, to o^ho h3 hhx co- 
flepjKHT napy anTHnoflOB. 

(d) * XIpH^yMaiiTe h ^OKajKHTe MHoroMepHbiii anajior TeopeMbi Bopcyxa-yjiaMa. 

TeopeMa Mypa o Tpnoflax h npHMep HenjianapHoro 6ecKOHeHHoro ^epesa. 

TeopeMa Mypa. UjiocKocmb ne codepotcum necHemnoso ceMeucmea nonapuo uene- 
pecenawinuxcji mpuodoe. 

IIocKOJibKy jiK)6oe nec^eTHoe no^MHOJKecTBO b (dojihom) npocTpancTBe saMKHyTbix 
orpaHHHeHHbix no^MHOJKecTB njiocKOCTH co^epjKHT exogamy K)ca nocjie^OBaTejibHOCTb, to 
TeopeMa Mypa BbiTexaeT h3 cjieflyiomeii jicmmm. 06o3Ha^HM Hepea T Tpno^. 

JleMMa. Jl^AM, jiK>6ozo eAOCHceHUM /o : T ^ cymecmeyem e > 0, Oam Komoposo 
o6pa3 fe{T) AK>6ozo BAOCHceHUJi fe'-T^ , jieAJiminesocji e-6AU3KUM K fo (m.e. 
|/o(a:), fe{x) \ < s Oaji ak>6ozo X GT), nepecenaemcji c o6pa30M foiT). 



EcjiH / : iV ^ R2 



BJiojKeHHe, TO MOJKHO onpe^ejiHTb HenpepbiBHoe OTo6pajKeHHe 



f -.N ^ S'^ cJjopMyjioii f{x, y) = 
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/^OKaaameAbcmeo. By^eM CHHTaTb Tpno^ T BJiojKeHHbiM b njiocKOCTb npn noMOiri,H 
OTo6pa>KeHHH /o h, tgm caMMM, nponycKaTb /o b o6o3HaHeHHax. BosbMeM hhcjio e na- 

CTOJIbKO MajIbIM, ^TO Ha TpHOflG T = fo{T) MOJKHO nOMeHHTb MeCTaMH flBe TO^KH nyTGM 

Hx HenpepbiBHoro ^BHJKeHHfl, B npoijecce KOToporo paccTOSHHe MejK^y hhmh 6ojibme e. 
HTo6bi nojiy^HTb npoTHBope^ne, flOCTaTOHHO onpe^ejiHTb nenpepbiBHoe OTHomeHHe '<' na 
napax tohgr X, y G T, ^jih KOTopbix \XY\ > e. (9to OTHomeHHe ne o6H3aTejibHO 6yfleT 

TpaH3HTHBHbIM, T.e. yCJIOBHfl A<BTlB<CYLe o6H3aTejibHO BJiexyT A < C.) 

PaccMOTpHM flBHJKeHHe flByx TO^eK — oflHoii b T, a flpyroii b fe{T). B nepBbiii momght 
BpeMeHH OHH coBna^aiOT c TOHKaMH X H fs{Y), cooTBeTCTBeHHO. 3aTeM nepBaa TOHKa 
^BHJKeTCfl Bflpjib (e^HHCTBeHHoii) ^yrH ^ C r OT X K y, a BTopaa TOHxa ^BHJKeTca b^ojib 
flyrn /e(^) C fe{T) ot fdY) k /^(X). Ecjih BexTop, CMOTpamnii ot nepBoii tohkh ko 
BTopoH, noBepneTCH no HacoBofi CTpejixe, to nojiojKHM X <Y; ecjiH npoTHB, to nojiojKHM 
Y < X . 5IcH0, HTO fljia nap ToneK X,Y c \XY\ > e sto OTnomeHne onpe^ejieno (T.e. BexTop 
ne Mor noBepnyTbCH na nyjieBon yroji). Bojiee Toro, OTHomeHne '<' nenpepbiBno 3aBHCHT 
OT X H r. □ 

5. IlycTb K — (flByMepHbiii) MnoroyrojibnnK na njiocKOCTH no — BexTop, fljin koto- 
pbix o6pa3 K + a MHoroyrojibHHKa K npn cflBnre na BexTop a ne nepeceKaeTca c K, T.e. 
K n {K + a) — 0. Torfla ^Ba B03a (t. e. Kpyra flnaneTpa a) ne MoryT noMenHTbca MecTaMn 
npn nenpepbiBHOM ^BHiKennn nx n,eHTpoB no K , Tax ^to B03bi ne CTajiKHBaiOTCH. 

B ocTaBmeiicH nacTn STOro nynxTa n bo BceM cjie^yionieM nynxTe Hcnojib3yeTca no- 
naTne KOMnanma. HnTaTejib MOJKeT nponycTHTb 9Ty ^acTb TexcTa 6e3 yin;ep6a fljia nonn- 
Manna flajibHeiimero hjih nponnTaTb onpe^ejienna b [Ku68) . S^ecb 3aMeTHM jinnib, hto 
nonaTne KOMnaxTa aBJiaeTca o6o6ni,eHHeM nonaTnii rpacjja n BOo6ni,e nojins^pa. KoMnax- 
Tbi ecTecTBenno noaBjiaiOTca npn H3yneHHH flnnaMnnecKHx cncTeM (^ajKe rjiaflKHx!). 

KoMnaKT Ha3biBaeTca oduoMepHUM, ecjin y nero cyni,ecTByK)T noKpbiTna CKOJib yro^no 

MejIKHMH OTKpblTblMH MHOJKeCTBaMH, HHKaKHe TpH H3 KOTOpblX He nepeCeKaiOTCfl. 5ICHO, 

HTO rpacj) aBjiaeTCfl oflHOMepnbiM KOMnaxTOM. 

JI1060H cmsizueaeMUU zpacj), T.e. ^epeBO, njianapen (h3 ccjaopMyjinpoBannoii HHJKe Teo- 
peMbi KjiSHTopa BbiTexaeT TaKJKe, hto jiio6oh cmsizueaeMuu odnoMepHuu KOMnaKui Ueano 
njianapen). Cjie^yioinHH npnMep noKa3biBaeT, hto fljia KOMnaKTOB ^ejio o6ctoht nna^e. 

IIpHMep HCBJioxcHMOCTH. Cyiu,ecmeyem cmMZueaeMUU odnoMepHuu HenAanapHwu 
KOMuaKm. 

9tot npHMep aBjiaeTca (J)OJibKjiopHbiM pe3yjibTaT0M 1930-x roflOB. B xanecTBe TaKoro 
KOMnaKTa mojkho B3flTb N — T X ^0 U U x x [0, 1], r^e T — Tpno^ m x £T. 5Icho, 

HTO KOMnaKT N CTarHBaeM n oflnoMepeH. 



djieMeHuiapHoe donas ameAbcmeo neeAOCHCUMOcmu KOMnuKma N e riAOCKOcmb 
|CRS98j . [K.S99| nojiynaeTca npHMenenneM JleMMbi k /o = /txo- 




Phc. 75: CTarHBaeMbiii o^noMepHbiii nenjianapHbin KOMnaxT 
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UpuBeflfiM dpysoe doKaaamejibcmeo HeejioaicuMOcmu KOMnanma N e UMOCKOcmb. Ero 
npeHMymecTBO b tom, hto oho no^xo^HT h ^jih flOKasaTejibCTBa cjieflyiomero MHoroMep- 
Horo ajiajiora npHMepa HeBjiojKHMOCTH. 

6. JliLn Jiio6oro n cymecTByeT CTarHBaeMbifi n-MepHbifi KOMnaxT, ne bjiojkhmmh b 
M^" |RSS95| AOKasaTejibCTBO Cjie^CTBHa 1.5], |RSQlj . 

JJoKaaamejibcmeo HeejiooKUMOcmu N e nAOCKOcmb, ocHoeauHoe na meopeMe 
BopcyKa-YjiaMa. Xlpe^nojioJKHM, ^to cymecTByeT BjiojKeHne f : N ^ . 3aMeTHM, 
HTO cymecTByeT OTo6pa}KeHHe tp : ^ T, KOTopoe ne CKJienBaeT anTHno^bi (i.e. 
flHaMeTpajibHO npoTHBonojiojKHbie tohkh). Tor^a mm MOxeM onpe^ejiHTb OTo6pajKeHHe 
ip : ^ T X T 4)opMyjiOH -0(5) = {^(s), ip{—s)). Tax k&k ip ne CKjienbaeT aHTHno^OB, to 
'ipS^ n diagT — 0. Cjie^OBaTejibHO, mojkho onpe^ejiHTb OTo6pa}KeHHa 



go-.^S'^S' 4)opMyjioH go{x,y)- ^^"^'"^ 



gk-.T xT ^ 4)opMyjiOH gk [x, y) 



|/(x,0)-/(j/,0)| 
/(x,0)-/(y,i) 
|/(x,0)-/(y,i)| 



0To6pa>KeHHH '0, go h 5fe SKBHBapnaHTHbi OTHOCHTejibHO HHBOJiioiiHii Ha '05'^ C r X r H S"^, 
nepecTaBjiaiomHx coMHOJKHTejiH h anTHnoflbi, cooTBeTCTBenHO. Tax xax |0S'^,diagr| > 0, 
TO jSfSiR TO^KH {x,y) G '05'^ H ^ocTaTO^HO 6ojibmoro k TO^KH go{x,y) h gk(x,y) 6y^yT 
6jih3khmh. Cjie^OBaTejibHO, ohh ne MoryT 6biTb aHTHno^aMH. IIosTOMy go SKBHBapnaHT- 
HO roMOTonHO gk\^s^- Ho gk\^s^ npoflOJiJKaeTca na CTarHBaeMoe npocTpancTBO T x T n 
nosTOMy Hyjib-roMOTonHO. Cjie^OBaTejibHO, go : 05^ — > Hyjib-roMOTonno. SHa^^HT, oto6- 
pajKeHHe go o Tp : ^ SKBHBapnaHTHO h Hyjib-roMOTonno, ^to npoTHBopeHHT Teopene 
Bopcyxa-yjiaMa. □ 



IIpenaTCTBHe BspesaHHoro Ksa^paTa k njianapHOCTH KOMnaKTOB. 

SnaMeHHToii HepemeHHOH npo6jieMoii flBjiaeTca npo6jieMa onncanHfl cesiauux kom- 
nuKmoe, bjiojkhmmx b njiocKOCTb. 

Cbhshmh KOMnaKT nasbiBaeTCfl AOKUAbHO cesi3HUM (hjih KOHTHHyyMOM IleaHo), ecjiH 
fljiH jiK)6oii ero to^kh x h ee OKpecTHOCTH U cymecTByeT Taxaa MeHbinaa OKpecTHOCTb V 

TOHKH X, HTO JIIo6bie flBB TOHKH H3 V COe^HHHIOTCa HeKOTOpbIM nyTeM, IjejIHKOM jie>Kairi,HM 

B U (hjih, SKBHBajieHTHO, ecjiH OH sBjiHeTCH HenpepbiBHbiM o6pa30M flyrn [0, 1]). Kohth- 
HyyMbi IleaHO MoryT 6biTb onenb cjiojkho ycTpoenbi |Ku68j . IIosTOMy y^HBHTejibHO, hto 
HMeeTCfl cjieflyioniHH pesyjibTaT. 

TeopeMa KjisHTopa. KoHmunyyM Ueano eAootcuM e moeda u moAbKO mosda, 
Kosda OH He codepaicum KOMnanmoe K^, K^^^, Ck^ u Cks^ (puc. \76]) . 



PncyHOK [76] noxa OTcyTCTByeT 



Phc. 76: KoHTHHyyMbi KypaTOBCKoro-KjisiiTopa 



ITocmpoeHue KOMuaKmoe Ck^ u Ck-^ 3 ■ BosbMeM pe6po ab rpac})a h othgthm na 
neM HOByio BepniHHy a' . IlycTb P — — {aa'). IlycTb P„ kodhh rpa(|)a P. 06o3HaHHM 
^epes a„ h BepniHHbi rpa4)a P„, cooTBeTCTByiomHe ana'. Tor^a 

Ck,^{Pi U P2 U P^...)[}I. 
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r^e {Pn} — nocjie^OBaTejibHOCTb rpacjjOB na njiocKOCTH co CTpeMHiri,HMHCH k Hyjiro ^na- 
MeTpaMH, cxoflHmaflCfl k tohkb x ^ UJ^]^P„. To^ho Tax me mojkho onpe^ejiHTb KOMnaxT 
C/f3 3, B3flB B Ha^ajie K^ ^ BMecTO if 5. 

5IcH0, HTO OTcyTCTBHe noflKOMnaKTOB, roMeoMop4)Hbix oflHOMy h3 rpa(|)OB h K^ ^ 
(fla>Ke BMecTe c OTcyTCTBneM noflKOMnaKTOB, roMeoMop4)Hbix KOMnaxTaM Ck^ h ^Ksa), 
HefloCTaTOHHO ^jiH njianapHOCTH KOMnaxTa (^OKajKHTe!). IIosTOMy jijir HsyHeHHfl yKaaan- 
Hoii npo6jieMbi nyjKHbi HOBbie npenflTCTBHH k bjiojkhmocth b njiocKOCTb. B stom nynxTe 
Mbi flOKajKeM, HTO npennmcmeue eapeaamozo Keadpama nojmo dAsi KOHmunyyMoe UeaHO 
u HenoAHO dAx npouaeoAbuux cgashux KOMnanmoe [Sk98]. 

/(oKaaameAbcmeo meopeMU By Oaji KOHmunyyMoe ITeaHO N. Ilo TeopeMe KjiaiiTopa 
flOCTaTO^HO flOKasaTb, hto ne cymecTByeT SKBHBapnaHTHbix OToGpajKenHii Ck^ vi 

3 — + S"^. IlycTb, HanpoTHB, $ : Ck^ ^ — 3KBHBapHaHTHoe OTo6pajKeHHe. 06o3Ha- 
HHM Hepes Sn OKpyjKHOCTb B P„ , cocTaBJieHHyio H3 pe6ep, He co^epjKaniHx BepniHH a„ h 
a^. ^Jia ^ocTaTO^HO 6ojibmHx n vi m < I nocjie^OBaTejibHO nojiyHaen roMOTonHHecKyro 
TpHBHajibHOCTb cyjKeHHH $ Ha cjieflyiomHe MHOJKecTBa: 

X X 1, Sn X 1, Sn X 0, Sn X Sni, Sm X Si, Sm X dm, Sni X a,„- 

(IlepBbiii nepexofl Bepen, Tax KaK Sn cxoflHTca k x. BTopoii nepexo^ Bepen, Tax KaK 
^\s„xi sBJiaeTCH roMOTonneii MejK^y $|s„xo h ^\s„xi- TpeTHii nepexo^ Bepen, TaK KaK 
Sm cxoflHTCH K X. XlHTbiH nepexofl Bepen, TaK KaK <&|s„xa„ h ^'|s„xa^ 'roMOTonHbi'.) 
Sna^HT, SKBHBapHaHTHO npoflOJiJKaeTCfl na Pm U Sm x (aa')m U (^^o,')™ x Sm- 

3tO npOCTpanCTBO SKBHBapHaHTHO rOMHOMOp(J)HO i^Ts, HTO npOTHBOpeHHT OTCyTCTBHK) 3K- 

BHBapnaHTHbix OTo6pajKeHHii —> S^ . 

HecymecTBOBaHHe SKBHBapHaHTHoro OTo6pa}KeHHfl Ck^ 3 — > 5^ ^OKasbiBaeTca ana- 
jiorH^HO. (CpaBHHTe sto ^OKasaTejibCTBO c ^OKasaTejibCTBOM HeBJiojKHMOCTH B TeopeMe 
KjiaiiTopa |sfeo5] .) □ 

IIpHMep Tpexa^HHecKoro cojienoH^a. TpexaduuecKuu cojienoud S3 we eAoofcuM 
e TiAOCKOcmb, xoniA cymecmeyem aKeueapuanmHoe omo6paoK.eHue $ : E3 — > 5'^ |Sk98) . 
XlpHBe^eM nocTpoeHHe BnaMeHHToro p-adunecKoso cojienouda BneTopHca-BaH /JaniiH- 

ra, KOTOpblH B03HHKaeT B paSHblX OT^ejiaX TOnOJIOrHH H TeOpHH flHHaMHHeCKHX CHCTeM. 

Oh flBjiaeTca nepeceHeHHeM 6ecKOHeHHoii nocjie^OBaTejibHOCTH nojiHOTopHii, KajK^bifi h3 
KOTopbix BDHcaH B npeflbiflymHH CO CTeneHbK) p. Bojiee tohho, B03bMeM nojiHOTopne 
Ti C K^. IlycTb T2 C Ti 6y^eT nojiHOTopneM, npoxo^fliri,HM p pas b^ojib och nojiHOTO- 
pHfl Ti. AHajiorHHHO, nycTb T3 C T2 6yfleT nojiHOTopneM, npoxoflamHM p pas b^ojib och 
nojiHOTopna T2. XlpoflOJiJKaa anajiorH^HO, nojiy^aen 6ecKOHe^Hoe ceMeiicTBO nojiHOTopnii 
Ti D T2 D T3 D . . .. Ilepece^eHHe Bcex nojiHOTopnii Ti h nasbiBaeTca p-a^H^ecKHM cojie- 

HOH^OM Sp. "JopMajIbHO, 

Y^p = {{xi,X2., ■ ■ ■)^l2{S^) ■ X^^S^ ,xl^^^Xi}, Tflfi S^ ^ {x : \x\ = \] . 

3to npocTpancTBO paccnaTpHBaeTca c Tonojiorneii TnxoHOBa (KaK h S h [/„ b HHJKecjie- 
flyiomeM flOKasaTejibCTBe) . 

SaMeTHM, HTO p-a^HHeCKHH COJieHOHfl AOKUAbHO OAOOtCUM 6 nAOCKOCmb, HO He BAO- 

ofcuM Hu e KUKoe 2-MH080o6pa3ue. 

UocmpoeHue SKeueapuaHmHozo omo6paaiceHUM S3 ^ S*^ . PlMeeM 

^ = {{xi,yi,X2,y2, ■■■) \ Xi,yi e S^, x^^^i = x^, 

yf_^_i = yi fljia KajK^oro i n Xi^yi fljia neKOToporo i\. 
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0603HaHHM _ 

Un = {{xi,yi,X2,y2,---)&'^ ■ |x„,?;„| > 4""}. 

Tax KaK \Xn, yn\ ^ 3|x„-|-i, J/n+ll KaJKflOrO n, to \Xn,yn\ > 4^" flJIH flOCTaTOHHO 60JIb- 

moro n. XlosTOMy t/i C t/2 C . . . h S = IJ [/„. Tax xax ?7„ otkpmto, ^ocTaTO^HO no- 

ri=l 

CTpoHTb nocjieflOBaTejibHOCTb Taxax SKBHsapHaHTHbix OTo6pajKeHHH i?„ : ?7„ — s- S"^, hto 
i?„ = i?„+i|;7„. 

06o3Ha^HM Sn — {ix,y) X : \x,y\ ^ 4~"}. ^ocTaTOi^HO nocTpoHTb nocjie^o- 

BaTejIbHOCTb TaKHX SKBHSapHaHTHblX 0T06paJKeHHH 

Tn'-Sn^S^, HTO r„ (x^ , ) = r„+i (x, y) npn {x^,y^)eSn- 

Mbi 6y^eM CTpoHTb TaKHe OTo6pa}KeHHfl r„ nocjie^OBaTejibHO. IlycTb rg : Sq —> — npo- 
H3BOJibHoe SKBHBapnaHTHoe OTo6pa}KeHHe. XIpe^nojioiKHM, ^to r„_i yjKe nocTpoeno. J^Jisi 

flyrn M C 5*^ c KOHijaMH b a h 6 o6o3Ha^HM 'qepea A{M) |(a;, y) e 51 X 51 I arg - G m} 

1 



KOJibijo c rpaHHHHbiMH iiHKjiaMH A{a) H A{b). 06o3Ha^HM e : 



3 ■ 4" 



— . HcnojibByfl ycjio- 




Phc. 77: 0To6pa}KeHHe r„ onpe^ejieno na 6ejibix KOJibijax h npo^ojiJKaeTca na Hepnbie. 
3aMeHHTb g ^ e 



BHe r„ (x, = r„_i (x^ 7 y^) ; mm MOJKeM onpe^ejiHTb OTo6pa}KeHHe r„ na 06'beflHHeHHH Tpex 
KOJieu; (o6o3HaHeHHbix 6ejibiM na pnc. [771 



A 



■ 2tv 



UA 



2n 



47r 



UA 



An 



e; 27r — e 



Tax KaK cyjKeHHa OTo6pajKeHHfl r„_i na OKpyjKHOCTH ^(3e) h y4(27r — Se) roMOTonnbi, to 

£^ H A^-^ + £^ TOJKe rOMOTOnHbl. 

. r27r 
Ha A 



cyjKeHHfl OTOopajKeHHfl r„ na OKpyjKHOCTH ^( ~ 



SnaHHT, 

2n 1 



npoflOJiJKaeTCfl 



. CjieflOBaTejibHO, r„ SKBHBapHanTHO npoflOJiJKaeTca na Sn- Mm 6epeM b 
Ka^ecTBe r„ : S*,! ^ S*^ jiio6oe TaKoe npo^ojiJKeHne. □ 
FHnoTeaa. Cyinecmeyem flpeBOBH^HbiH KOMnanm N , we eAoaicuMuu e njiocKocnib, 
HO dAH Komopozo ecrrib SKeueapuanmHoe omo6paatceHue N ^ . 
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rJIABA 8. BJIO>KEHH5I H 3Ay3JlHBAHH5I (nPHJIO}«EHHE) 

It is a riddle which shares with the universe 
the merit of having no answer. 
W. Maugham, The Moon and Sixpence. 

BBeflCHHe: npo6jieMBi bjioxchmocth h saysjiHsaHHa. 

KaK nncaji E. K. Shmeh, ipemsi KJiaccHHecKHMH npo6jieMaMH TonojiorHH abjihiotch 

(1) npo6AeMa 80MeoMop^u3Ma. Kor^a flannbie jxsa npocTpancTBa N n M roMeoMopcJ)- 
Hbi? KaK onHcaTb MHOJKecTBO roMeoMop4)HHecKHx KjiaccoB MHorooGpaanii h3 sa^aHHoro 
Kjiacca, HanpHMep, saflaHHofi pasMepHOcra nl 

(2) npo6AeMa SAOOKUMOcmu. KaxHe npocTpancTBa N bjiojkhmm b 5™ ^jih ^anHoro 

m? 

(3) npo6AeMa aaysAueaHua. KaxHe BjiojKeHHa f,g:N^ 5™ HSOTonnbi? Kax onncaTb 

MHOJKeCTBO H30TOnH^eCKHX KJiaCOB BJIOJKeHHH N S*™? 

Hflen H MeTO^bi, npHMenfleMbie ^jia HsyHeHHH npo6jieM bjiojkhmocth h saysjiHBaHHSj, 
npHMenaiOTCH h ^jih npo6jieMbi roMeoMop(J)H3Ma (h ^jih flpyrnx npo6jieM TonojiorHH h ee 
npHjiojKeHHii) . 

Onpe^ejieHHe rjiaflKoro h KycoHHO-jiHHeiiHoro BjiojKeHHH npHBe^enbi b nyHKTax 

'HOpMajIbHbie KJiaCCbl yHTHH' H 'npenflTCTBHe yHTHH K BJIOJKHMOCTh'. ^Ba BJIOJKe- 

HHfl f,g : N ^ S™" HasbiBaiOTca (o6neMJieMo) uaomonnuMU, ecjiH cymecTByeT TaKoii 
roMeoMop4)H3M F : S"" x / — > S™ x /, ^to 

(i) F{y, 0) = (y, 0) ^Jia Jiio6oro y G 5™, 

(ii) F{f{x), 1) ~ {g{x), 1) flJia Jiio6oro x £ N, n 

(iii) F(5"" X {<}) = 5"" X {i} fljifl jiio6oro t e /. 

3tot roMeoMop4)H3M F nasbiBaeTCfl (o6T3eMJiioiri,eH) HSOTonneii. (06'beMJiK)iri,eii) 
HSOTonHeii TaKJKe nasbiBaiOT roMOTonnio 5"" x / — > S"" hjih ceMeficTBO OTo6pa>KeHHH 
Ft : S*'" 5™, OHeBHflHbiM o6pa30M nopojKflenHbie OTo6pa}KeHHeM F. 

Hepes CAT 6yfleM o6o3Ha^aTb rjia^Kyro (DIFF) hjih KycoHHO-jiHHeiiHyio (PL) Kaie- 
ropHK). EcjiH onpeflejieHHe hjih yTBepjKfleHiie HMeeT CHjiy b o6eHx KaTeropnax, to CAT 
onycKaeTCfl. Ecjih jiio6bie ffBa BjiojKeHHH N — s- S*™ (o6'beMjieMo) HSOTonnbi, to N nasbiBa- 
eTca HeaayajieuHUM e S™ . 

0. JXbs. PL BjiojKeHHa f,g : N ~* S"^ HasbiBaiOTca PL ne o6neMJieMO uaomonnuMU, 
ecjiH cymecTByeT Taxoe PL BJiosceHHe F : N x I S*™ x /, hto 
F{x, 0) = (/(x), 0) fljifl jiio6oro x e N, 
F{x, 1) = {g{x), 1) fljia jiio6oro x £ N, m 
fIn X {t}) C S"" X {t} fljia jiio6oro t € I. 

(a) JIio6bie flBa PL BjiojKeHHa S'^ ^ (t.g. ysjia) aBjiaiOTca PL ne o6'beMeMO h30- 

TOHHblMH. 

(b) To >Ke fljiH S"" ^ 5". 

(c) ** Onpe^ejieHHe zjiadmu ne oSneMACMOu uaomonnocmu rjia^KHx BjiojKeHHii nojiy- 
HaeTca h3 npe^biflymero onpe^ejieHHa saMenoii PL na DIFF. CymecTByiOT ^Ba rjia^KHx 
BJiojKeHiifl 5"^ — > (T.e. ysjia), ne aBJiaioniHeca rjia^KO ne o6'beMeMO H30TonHbiMH. 

06ii];ee nojioxceHHe. 

TeopeMa. JIw6ou n-Mcpnuu nojiuadp ejiootcuM e M^"+^. 

Ha6pocoK doKaaamejihcmea. 3to ^OKaaaTejibCTBO ^ocTaTO^HO pa3o6paTb ^jia n = 1 
HJIH n = 2. HocTaBHM B cooTBeTCTBHH BepHiHHaM flaHHoro n-HOj[H3^pa N TO^KH npo- 
CTpaHCTBa R^""*"^ o6'mezo noAootcenua,, T.e. Taxne, hto HHKaKne 2n + 2 h3 hhx ne jiescaT 

^'^9mo aaeadna, UMemiu,aji o6inee c MupoadanueM docmouncmeo: omcymcmceue omee- 
ma. y. C. Mo9M, Jlyna u spoiu, nep. aemopa. 
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B o^Hoii 2n-MepH0H njiocKOCTH. (9to bosmojkho, t.k. ecjiH to^kh Ai, . . . , Ak Bbi6paHbi, 
TO MOJKHO B3aTb TO^^Ky Ak+i BHe o6'i>eflHHeHHfl 2n-MepHbix njiocKOCTeii, HaTanyTbix na 
Ha6opbi 2n + 1 TO^eK.) OTo6pa3HM Tenepb KajK^biii CHMnjieKC nojina^pa P" jinneiiHO na 
CHMnjieKC, HaTHHyTbiii na cooTBeTCByiomHe tohkh b R^""*"^. IIojiyHHM OTo6pa}KeHHe /. 

IIpoBepHM, ^TO / — BJiojKeHHe. HyjKHO flOKasaTb, ^TO o6pa3bi jiio6bix ^Byx CHMnjieK- 
COB He HMeiOT 'jiHniHHx' (i.e. otjih^hmx ot o6pa3a nepeceHGHHa) o6mHx TO^^eK. IlycTb, 
HanpoTHB o6pa3bi KaKoro-TO fc-Mepnoro h /-Mepnoro CHMnjieKca nepeceKaiOTCH ne no 06- 
pasy Hx o6iri,eH s-Mepnoii rpann (s = — 1 ^jih HenepeceKaiomHxcH CHMnjieKCOb) . Tor^a 
k + 1 + 1 — s o6pa30B HX BepniHH jiejKaT b neKOTopoM (k + I — s — l)-MepHOM npocTpan- 
CTBe. /Jo6aBHM k sthm o6pa3aM eme 2n + 2 — (A; + / + 1 — ,s) o6pa30B ^pyrnx BepniHH. 
Tor^a nojiyHeHHbie 2n + 2 to^kh jiejKaT b 2n-MepH0ii njiocKOCTH, ^to npoTHBopeHHT no- 
CTpoeHHK) OTo6pa}KeHHa /. □ 

1. (a) Jlio6bie flBa BjiojKeHHH OKpyjKHOCTH b R"* (06'beMjieMo) HSOTonnbi. 

(b) Jlio6bie flfie OKpyjKHOCTH b R** ne aaiienjienbi, T.e. hx mojkho aaKJiro^HTb b nene- 
peceKaiomHeca HeTbipexMepnbie mapbi. 

TeopeMa. JIm6oe n-MHOzoo6pa3ue eAOOKUMO e R^". 

Ha6pocoK doKaaamejibcmea djia PL namezopuu. By^en CHHTaTb, ^^to n ^ 3 (cjiy^aii 
n ^ 2 pa36epHTe caMOCToaTejibHo) h hto flannoe n-MHoroo6pa3He N cbhsho. CymecTByeT 
KycoHHO jiHHeiiHoe OToGpajKenne f : N ^ M^" o6m,ezo nojiootceHusi, T.e. HMeromee KoneH- 
Hoe ^^HCJIO nonapno pasjiHHHbix flBoiiHbix TOHeK xi,yi, . . . ,Xk,yk, r^e f{xi) — f{yi) (a). 
Tor^a na A'^ — {xi, yi, . . . , Xk^ Vk} OTo6pa}KeHHe / HBJiaeTca BJiojKenHeM. Tax xax n ^ 2, 
TO MOJKHO coe^HHHTb AyroH li TOHKy Xi c j/i TaK, ^To6bi flyra li ne nepecexajia ^pyrnx 
TOHeK Xi,yi. Tor^a f(li) — 3aMKHyTaa KpHBaa b R^". Tax xax n ^ 2, to STa xpHBaa nesa- 
ysjiena b R^". IIosTOMy cymecTByeT ^hck C M^" TaKoii, ^to dD^ = f{li). IIocKOJibKy 
n + 2 < 2n, to mm MOJKeM bshtb ^hck o6vnezo nojiootcenux, T.e. n f{N") = fih) 
(b). CymecTByeT OKpecTHOCTb _B^" ^ncKa b R^", roMeoMopcjanaa 2n-mapy, fljia koto- 
poii 

(1) B" — roMeoMop4)HO n-mapy, npn^eM 

(2) rpaHHila h BHyTpenHOCTb mapa B" nepexo^HT npn OTo6pajKeHHH / b rpanniiy h 
BHyTpeHHOCTb Hiapa B^" , cooTBeTCTBenHO (c). 

OnpeflejiHM OTo6pa}KeHHe g : B" B^" (jjopMyjioii g{s,r) := (r/(s),r), r^e s G dB". 
SaMeHHM OTo6pa}KeHHe / na -B" OTo6pa}KeHHeM g. TaKHM o6pa30M mm H36aBHMca ot 
flBOHHMx TO^eK xi,yi. AnajiornHHO fljia ocTajibHMx i = 2, . . . , /c H36aBHMca ot ^bohhmx 
TOHBK Xi,yi H nojiyHHM BJiojKeHHe N b K^" . □ 

2. (a)-(c) ^OKa>KHTe yTBepjK^eHna, OTMeHenHbie b Ha6pocKe cooTBeTCTByiomHMH 6yK- 
BaMH. yxasaHHe k (c): HyjKHO 6paTb pezyAsipuyw OKpecTHOCTb, T.e. 'Tecnyio' OKpecTHOCTb 
6e3 'jiHniHHx' flbip. 

3aMeTHM, HTO flOKa3aTejibCTBO ynTHH zAadKou bjiojkhmocth jiio6oro n-MHoroo6pa3Hfl 
B R2" 6ojiee cjiojkho [Ad_93j, [Pr0 6]. 

He cymecTByeT o^hoh TeopeMM hjih o^Horo onpe^ejienHa, (JjopMajiHsyiomero H^eio 
o6w,ezo noAoofcenuM. "JopMajibHO, ^jia KajK^OH KOHKpeTHoii sa^a^n onpe^ejieHHe o6iri,ero 
nojioJKeHHa CBoe. noApo6Hee cm. |Ru73l 1.6.D], |RS72| . 

/lajibHeiimHe 3afla^H, ccjsopMyjiHpoBaHHM ^jia nponsBOJibHoro n, HHTcpecHO peniHTb 
flajKC fljifl HaHMeHbinero n, y^OBjieTBopaioinero ycjiOBHio. 

3. B SToii sa^aHC noflpa3yMeBaeTCfl PL KaTeropna. 

(a) BjioiKCHHe S" R™ oGiCMjieMO H30TonHO CTaH^apTHOMy Tor^a h tojibko Tor^a, 
Kor^a OHO npoflOJiJKaeTca ^o BJiojKenHa Z?""*"^ M™. 

(b) Jlio6Me flBa BJiojKeHna S" R^"+^ 06'beMjieMo HSOTonnbi npn n^2. 

(c) Jlio6bie flBa BJiojKeHHa S"" — > R^" 06'beMjieMo HSOTonnbi npn n ^ 4. 

(d) * Jlio6bie flBa BjiojKenHa R^ H30TonHbi. 
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(e) JlK)6bie ^Ba BJiojKeHHa S" R™ o6'beMJieMO HSOTonnbi npn 2m ^ 3n + 4. 

(f) * Teopejua SuMaua. Jlio6bie jxa& BJiojKenHfl S"" — > R™ o6'beMJieMO HSOTonnbi npn 
+ 3 §2]. 

SaMeTHM, HTO B rjiaflKoii KaTeropHH yTBepjKfleHHe 3e Bepno, a yTBepjKfleHHa 3d h 3f 
— Hex! 

^jiH ^OKasaTejibCTBa uaomonunecKux auaAozoe npHBe^eHHbix TeopeM (i.e. sa^aH 4ab 
HHJKe) nojiesen cjie^yiomHii 4)aKT (^OKasaTejibCTBO KOToporo nenpocTo). Onpe^ejieHHe 
KOHKopdaHmHocmu BjiojKeHHii nojiy^aeTca h3 onpeflejieHHH HSOTonnocTH 0T6pacbiBaHHeM 
ycjiOBHfl coxpaneHHa ypoBHeii. 

TeopeMa. B KopasMepHocmu 6oAbme deyx KOHKopduHmHocmb eAenem o6neMAeMym 
uaomonuw. 

/loKasaTejibCTBO SToii TeopeMbi aBjiaeTca o6o6Lu;eHHeM floxasaTejibCTBa TeopeMbi 3h- 
Mana o nesaysjieHHOCTH c4)ep (nosTOMy OHeBH^Hoe pemeHne sa^a^H 3 c ero noMombio 
HepasyMHo) . 

4. (a) JlK)6bie ;iBa BJiojKeHHa n-Mepnoro nojiHS^ipa b R^"+^ H30TonHbi npn n > 2. (3Ty 
H cjieflyiomyio TeopeMbi HHTepecno ^OKasaTb ^asce fljia n — 2.) 

(b) Jlio6bie flBa BjiojKeHHa CBasHoro rt-Mepnoro MHoroo6pa3Ha b R^"+^ HSOTonnbi npn 
n ^ 2. 

(c) CbasHaa cyMMa TpHjiHCTHHKa co cbohm sepKajibHbiM o6pa30M KOHKopflaHTna Tpn- 
BHajibHOMy ysjiy, ho hb HSOTonna any. 

H^ea ^onojiHeHHa. 

HHBapnaHTbi (i.e. npenaTCTBHa k uaomonHocmu) BjiojKeHHii mojkho nojiyHHTb, pac- 
CMaTpHBaa flonojineHHe S"™ — fN ^o o6pa3a MHoroo6pa3Hfl N npn BjiojKeHHH b S"™. B 
caMOM ^ejie, ecjiH f,g:N^ S*™ — ^Ba HSOTonnbix BJiojKeHHa, to 5™ — fN = S*™ — gN . 
IlosTOMy J11060H TonojiorHHecKHH HHBapnaHT npocTpancTBa S™' — fN aBjiaeTca HHBapn- 
aHTOM H30TonHH BjiojKeHHH /. BnepBbie 9Ta H^ea 6bijia npHMeneHa JX^k- AjieKcan^epoM 
OKOJio 1910 r. K Hsy^eHHK) ysjiOB b TpexMepnoii ccjjepe. 

SIcHO, HTO Hi{S^ — foS^) — Z ^jia CTaH^apTHoro ysjia /q. ^Jia APyroro ysjia / rpyn- 
ny Hi{S^ — fS^) mojkho BbiHHCJiHTb, pacnojiaraa Becb y3eji, xpoMe nepexo^OB, b njiocKO- 
CTH npoeKiiHH, a nepexo^bi nafl njiocKOCTbio, h npHMenaa nocjieflOBaTejibHOCTb Maiiepa- 
BneTopHca. XIo-BH^HMOMy, AjieKcaH^ep, npo^ejibiBaa TaxHe Bbi^HCJieHHa, saneTHJi, hto 
fljifl jiio6oro y3Jia / nojiy^aeTca Hi{S^ — fS^) = Z, hto npHBejio ero k otrpbithio flBoii- 
CTBeHHOCTH, Hocamefi ero HMa (cm. Bbime). Ho ecjiH bmccto OflHOMepHoii rpynnbi roMOJio- 
rHH HcnojibsOBaTb (ftyHdaMeHmaAbHym zpynny (cm. na^ajio rjiabbi 6 hjih |Pr04l VI]), to 
ysjibi yjKe mojkho pasjiH^aTb. 

(XIpHBe^eM flOKasaTejibCTBO ^jia tcx, kto snaxoM c sthm nonaTHeM. IIo-npejKHeMy 
7ri(5'^ — foS^) = Z fljia CTan^apTHoro y3Jia /q. Hcnojib3ya TCopcMy SeiicJjepTa-BaH KaM- 
nena o (jayH^aMeHTajibHoii rpynne 06'be^HHeHHa, ^jia TpHJiHCTHHKa f : ^ neTpy^HO 
nojiyHHTb, TTTO TTi^S^ ~ f S^) — {^iV \ xyx = yxy) . JXjir pasjiH^enna TpHJiHCTHHKa h Tpn- 
BHajibHoro y3Jia ^ocTaTOHHO nocTpoHTb HeTpHBHajibHbiii roMOMop4)H3M h3 stoh rpynnbi 
B S'3. Ero MOJKHO onpe^ejiHTb 4)opMyjiaMH x — > (12), y — > (23). Sna^HT, 7ri(5'^ — fS^) ne 
a6ejieBa h hb H30Mop(J)Ha rpynne Z.) 

HsjiojKenne flajibHeiiniero pasBnTHa n^en flonojiHenna b TeopHH ysjiOB 
(hjih BOo6iri;e / : S'" — > 5*"+^) ne bxc^ht b namy 3afla^y. OrpannnnMca jinnib (|)opMyjiHpoB- 
KaMH flOCTaTonnbix ycjiOBnii nojiHOTbi nnBapnanTa ^onojineHHa (cm. nyHKT 'npHJiOiKenne: 
06 ysjiax B KopasMepnocTH 1 n 2). 

IIpenaTCTBHa k eAootcuMOcmu nojins^pa b 5™ mojkho nojiy^HTb, ocHOBbiBaacb na 
cjieflyiomen n^ee, TaKJKC Bocxoflameii k AjieKcaH^epy. PaccMaTpnBaa flonojiHenne 5™ — N 
nojiHSflpa N C , mojkho bmbccth Heo6xoflHMbie ycjiOBna na caM nojiHS^p N . 3Ta H^ea 
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npoHJiJiiocTpHpoBaHa na npHMepe BJiojKeHHii rpacjaoB b njiocKOCTb b rjiaBe 0. B o6iri,eM 
cjiynae (i)opMyjia 9HJiepa saMeHaeTca na ee o6o6iri;eHHe — ^BoiicTBeHHOCTb AjieKcan^epa. 
MeTOfl flonojiHeHHH pasBHBajiCfl h b ^ajibHeiinieM. HanpHMep, P. Tom nojiyHHji ycjio- 

BHH Ha KOJIbllO (Ko)rOMOJIOrHH SaMKHyTOrO (m — l)-MH0r006pa3HH, Heo6xO^HMbie flJlR 
BJIOJKHMOCTH B S"^ |Th51) . CM. TaKJKe |ARS01) . IleTepCOH HSyHajI ^BOilCTBeHHOCTb MejK- 

pj (Ko)zoMOJiozuHecKUMU onepav^ujiMU npocTpancTB TV h S™ — N m nojiyHHji neKOTopbie 
HHTepecHbie TeopeMbi HeBJiojKHMOCTH. ^ajibHeiiniHx pesyjibTaTOB ne npHBO^HM BBH^y hx 

Heo6'bHTHOCTH. 

HHBapnaHT /],onojiHeHHH flJiH y3JioB b KopaBMepnocTH 1 h 2. 

TeopeMa IlanaKHpHHKonyjioca. BAOofcenue f : ^ uaomonno cmaHdapmHO- 
My mozda u moAbKO mozda, Kozda 'ni{S^ — fS^) = Z |Pa57) . 

TeopeMa JlesHHa. /]^m jiK>6oeo n ^ 2 zjiadnoe ejiootceHue f : S" ^ 5*"+^ ZAadno 
usomonno cmaHdapmHOMy mozda u moAhKO mozda, Kozda S"~^'^ — fS"^ zoMomonunecKU 
SKeueajienmHO OKpyofcnocmu |Le65) . 

^jifl n — 1 TeopeMa JleBHHa paBHOCHJibna TeopeMe IlanaKHpHflKonyjioca, nocKOJibxy 
ycjiOBHe (S*^ — fS^) ~ paBHOCHjibHO ycjiOBHio 7ri(S'^ — fS^) = Z (BBH^y accjaepHHHOCTH 
npocTpancTBa — fS^). 

Anajior TeopeMbi JleBHHa cnpaBe^jiHB b PL h TOP jioxajibHO hjiockhx KaTeropnax 

npH n 7^2,3 [Pa57| . [St63] . [Le65] . CM. TaKJKB |G162j . HaHOMHHM, HTO (PL HJIH TOP) 

BjiojKeHHe 5" C 5™ nasbiBaeTca (PL hjih TOP) jioKaAbHO-njiocKUM, ecjin KajK^aa TO^xa 
H3 S*" o6jia^aeT Taxoii OKpecTHOCTbio U b S™ , hto napa (U,U H S") (PL hjih TOP) 
roMeoMop(i)Ha nape {B" x b"^^"^,B" x 0). 

KpaTKaa ncTopna HsynenHe ysjiOB e KopasMepnocmu 1, T.e. BjiojKeHHii S"" — > 5*"+^, Ta- 
KOBa. HsBCCTHaa TeopeMa >KopflaHa, BnepBbie flOKasannaa BpayspoM, yTBepjK^aeT, hto 
c^epa S", co^iepjKamaaca b 5*"+^, pa36HBaeT ccjaepy 5*"+^ na ^Be KOMnonenTbi. Jlerxo 
flOKaabiBacTca, hto eAOCHcenue f : S" ^ 5*"+^ neaaysAeHO mozda u moAbKO mozda, Kozda 
saMUKanuji amux KOMnoueum donoAuenuji jieAJiwmcji mapaMU. (TeopeMa JleBHHa b hcko- 
TopoM CMbicjie HBJiaeTca anajioroM SToro yTBepjK^eHHa.) B 1912 r. lUencjajiHC ^oxasaji, 
HTO jiio6afl OKpyjKHOCTb 5^ c S"^ Hesaysjiena. 

yTBepjKeHHe o neaaysjieHHOCTH 5" b 5"+^ nojiy^Hjio HasBanne zunomeau Ulen^Auca. 
B 1921 r. AjieKcaH^ep o6'bflBHJi, hto oh ^oxasaji rnnoTesy llleH(J)jiHca ^jia nponsBOJibHoro 
n. O^naKO, b 1923 r. oh nameji KOHTpnpHMep — snaMeHHTyio poraTyio c(J)epy AjieKcan^epa 
(c noMombio Toii JKe Hflen flonojiHCHHa [Ru73) ). Tcm hc Mcnee, oh ^OKasaji, hto b Kyco^^HO- 
jiHHeiiHoii KaTeropHH rnnoTesa llleHcjjjiHca Bepna ^jia n = 2. 

llocjie noHBJieHHfl poraToii ccjaepbi AjieKcan^epa rnnoTesoii llleHcJjjiHca CTajiH TaKJKe 
Ha3biBaTb yTBepjKfleHHe o nesaysjieHHOCTH AonaAbuo uaockozo BjioxceHiia f : S" ^ S"^^. 
Ona 6bijia ^OKasana TOJibKO b 1960-1973 ro^ax: 

fljia rjia^Koro cjiy^aa npn n ^ 3 b [Sm61) , |Ba65) . 

fljia Kyco^HO-jiHHeiiHoro jiOKajibHO njiocKoro cjiy^aa npn n 7^ 3 (cjie^yeT 113 TOP 
jiOKajibHO njiocKoro cjiy^aa h peayjibTaTOB KHp6H-3H6eHMaHa |Ho90) ). 

fljia TonojiorH^ecKoro jiOKajibHO njiocKoro cjiy^aa b [BTeo] . [Ma59]. |Mo6Q) . (3 aMCTIIM, 
^TO sjieraHTHoe h KopoTKoe ^OKasaTejibCTBO Bpayna TonojiorH^^ecKoro jioxajibHO njiocKoro 
anajiora TeopeMbi CMeiijia-Bap^eHa nocjiyjKHJio na^ajiOM TeopHH 'xjieTO^Hbix MHOJKecTB', 
KOTopaa aaTBM CTajia BajKHofi HacTbio reoMCTpHHecKoii Tonojiornn.) 

Kyco^HO-jiHHeHHbiii cjiyHaii rnnoTeabi llleH4)jiHca fljia n ^ 3 (hjih, SKBHBajieHTHO, 
JiOKajibHO HJiocKHH Kyco^HO-jiHHeHHbiH cjiy^aH THHOTesbi llleH(J)j[Hca ^jia n = 3) ocTaeTca 
HSBecTHoii H TpyflHoii HepemeHHoii npo6AeMou BleH^AUca |RS72| . 

06ii];iiH HHBapnaHT ^onojiHeHHH. 
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^jiH n-MepHoro npocTpancTBa N h BJiojKeHHfl f : N ^ S™ nojiojKHM 

C{f) :=5"-/(iV)^5'»-0/(iV), 

rpfi Of{N) — peryjiapnaa OKpecTHOCTb o6pa3a f{N) b S"". TonojiorHHecKHii h tomoto- 
nHHecKHH THn npocTpancTBa C(/) HBjiaiOTca HHBapnaHTaMH BjiojKeHHH /. 

/JjiH m — n ^ 3 npocTpancTBO C(/) OflHOCBflSHO, h no flBoiicTBeHHOCTH AjieKcaH^epa 
ero roMOJiorn^ecKHe rpynnbi He saBHCHT ot / (cm. TaKJKe sa^any 5b). IIosTOMy HHBapnaHT 
C(/) OTHOCHTejibHO cjia6biH fljia m — n ^ 3. 

06o3HaHHM ^epes i : S*"* ^ ^m+i cTanflapTHoe BKjiioHeHHe. 

5. (a) EcjiH N = S""! U . . . U S'"'', m — ni^3iif:N^ 5™ — nponsBOJibHoe BJioace- 
HHe, TO C(/) ~ 5™-"!-! V ... V S""-"'-!. 

(b) C(zo/)^I]C(/). 

(c) Ji^R CTan^apTHoro BjiojKeHHH / : S'p x 5' ^ S'™ HMeeM 

^(Z") gTn—p—q—l y gm — q—1 \y gm—p—1 

(d) * FoMOTonH^ecKHH THn ^onojineHHH k o6pa3y Topa N — x S'^ MOJKeT saBHceTb 
OT BJiojKennfl b S"™ npn m — p — q ^ 3. yKasanne (11. JlaM6pexTc). PaccMOTpnM paccjio- 

enne Xon(J)a ^ S"^ -'^ S^. BosbMen CTan^apTHoe BjiojKeHne S'^ C S'^. Ero ^onojineHne 
roMOTOHHT^ecKH SKBHBajienTHO . HneeM h~^{S^) = x C 5'^, npH^^eM ^onojineHne 

^O 3TOrO BJIOJKeHHH / eCTb 

C(/) ~ h-'^{S^) ^ 5^ X 5^ 5*2 V 5^ V S*^ ~ C(/o), 

rfle /o : S"^ X S*"^ ^ S"^ — CTanflapTnoe BjiojKenne. AHajiornnno CTpoaTca flBa Bjioacenna 
X S"^ <Z S^^ , flonojiHenna KOTopbix ne roMOTonnnecKn SKBHBajieHTHbi. 

(e) * CymecTByiOT rjia^Kne BjiojKeHHH / : RP^ — > 5** h g : CP^ — > S"^ , ^Jia KOTopbix 
C(/) ~ RP^ H C((7) ~ CP^. (3to 'cTan^apTHbie' BJiojKennfl; ^jih CP^ ^pyrnx h ne cym,e- 
CTByeT |KSQ 5].) 

(f) C(/) peTparnpyeTca na ('MepHflnanajibnyio') OKpyjKHOCTb fljia to = n + 2. 

Ho coo6pa}KeHHHM o6m,ero nojiojKennfl, C(/) ne saBHCHT ot / fiJia to ^ 2n + 2. 9to 
npocTpancTBO o6o3HanHM ^epes CmiN). Tax xax 

C(io/)~I]C(/), TO S*^-'"C(/)~Ca/(/) AJia M>2n + 2. 

Heo6xoduMUM ycjioeucM donojmeHUJi fljia bjiojkhmocth b 5"* aBjiaeTCH (M — TO)-fle- 
na^CTpanBaeMOCTb npocTpancTBa Cm{N), to ecTb cym,ecTBOBaHHe npocTpancTBa C la- 
Koro, HTO 5]*^~™C ~ Cm if)- Ecjih sto ycjiOBne BbinojiHaeTca fl,nsi M — 2n + 2, to oho 
aBTOMaTH^ecKH BbinojiHaeTCfl ^jih jiio6oro M ^ 2rt + 2. 

06iI];HH HHBapHaHT OKpeCTHOCTH. 

Ilo cooGpajKennflM o6iri;ero nojioJKennfl nopMajibnoe paccjioenne I'if) norpyjKenHH 
f : N ^ 5"+^^ ne saBHCHT ot / fl,jisi k ^ n + 1. 3to cma6uAhHoe HopMUAbHoe paccjioeHue 
o6o3Ha^HM nepes Uk{N). Otmbthm, ^to 

t/(i o /) = z/(/) © 1, nosTOMy v{f) ® {K ~ k)e = vrU) flJia K'^n + l. 

Heo6xoduMUM ycAoeueM HopMajibuozo paccAoenuji ^jih norpyjKaeMOCTH MHoroo6pa3HH 
A'^ B 5'"+*^ aBJiaeTCfl cyniecTBOBanne /c-paccjioenna ly na^ N, CTa6HJibH0 SKBHBajienTnoro 
paccjioeHHK) i>k{N). Tax xax © t{N) = (n + to Heo6xo;iHMoe ycjiOBne Hopnajib- 
Horo paccjioeHHH aKBHBajienTHO CTaGnjibnoii TpnBHajibnocTn paccjioennfl vif) ® t{N) h 
TpHBHajibHOCTH HOCJieflHero paccjioennfl (no coo6pa}KeHHflM o6ni,ero nojiojKenna, noTO- 
My ^TO pasMepnocTb paccjioennfl ^(/) © t{N) 6ojibme, hgm n). Teopeny CMeHJia-Xnpnia 
MOJKHO nepe4)opMyjiHpoBaTb Tax: ecAU cyiu,ecmeyem k-paccAoenue v Had N maKoe, nmo 
V (B {K — k)e = vk{N), mo N nozpyoicaeMO e M"+'^. 
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6. C{f) ^ Dv{f)/Su{f) AJifl m ^ 2n + 2. 

HopMajibHoe paccjioeHne i'{f) norpysceHHa / c tohhoctbio flo SKBHBajieHTHOCTH abjih- 
eTca HHBapnaHTOM peryjiapnoii roMOTonHH norpyjKeHHH / (h HHBapnaHTOM HSOTonHH no- 
rpyjKeHHH /, ecjiH oho flBJiaeTca BJiojKeHHeM) . 3tot HSOTonH^ecKHii HHBapnaHT ne o^enb 
CHjibHbiii, noTOMy ^to, nanpHMep, HopMajibHbie paccjioenHa pasjiH^Hbix BjiojKeHHH CTa- 
6HjibH0 SKBHBajieHTHbi. ^Jis BjiojKeHHH / npocTpaHCTBO paccjioeHHH v{f) H peryjiHpnafl 
OKpecTHOCTb Of{N) o6pa3a f{N) b S*™ MoryT 6biTb OTOJKflecTBJieHbi npH noMOiri,H ro- 
MeoMop4)H3Ma K, npH KOTopoM HyjieBoe ceHeHne nepexo^HT b f{N). SaneTHM, ^to 3tot 
roMeoMop(|)H3M K onpe^ejieH HeoflH03Ha^^HO (6ojiee tohho, pa3JiH^aioiri;He sjieMenTbi jiexaT 
B rpynne H\N,tti{S Ok-i))). 

(O 6jih3kom noHaTHH yTOJimenHH h yTOjimaeMOCTH cm. rjiaBbi h 2.) 

KoM6HHai];HH HHBapHaHTOB ^OnOJIHeHHH H OKpeCTHOCTH. 

CoeMeinuM H^ero ^onojineHHH h H^ero OKpecTHOCTH, ^jk. JleBHH, C. 11. Hobhkob h 
B. Bpay^ep nojiy^HJiH pedyKii,uw npo6jieM bjiojkhmocth h HSOTonHH k ajire6paH^ecKHM 
npo6jieMaM (Bnpo^eM, flocTaTO^HO cjiojKHbiM). /JoKa3aTejibCTBO flocTaTOHHOCTH kom6u- 
Haii,UM HHBapnaHTOB flonojiHeHHa h OKpecTHOCTH ycjiOBHii — o^ho h3 HaH6ojiee BajKHbix 
npHJiojKeHHH xupypzuu k TonojiorHH MHoroo6pa3HH. Ho noBO^y pasBHTHH SToro noflxofla 
H npeoflOJieHHH B03HHKaioiri;Hx TpyflHOCTeii cm. |KS05) . |Sk08'j . 

^a^HM onpe^ejieHHe nopMajibHoii CHCTeMbi h ccjsopMyjiHpyeM TeopeMy Bpay^epa- 
JleBHHa. KoMno3HLi,HH Sv{f) = dC{f) C C(/) Ha3biBaeTca npuKAeueamvuuM omoSpaofce- 
HueM a{f,K). TpoHKa S{f,K) — {h'{f),C{f),a{f, k)) Ha3biBaeTCfl HopMajibuou cucmeMou 
napu (/, k). Boo6iri,e, HopMOAbHOM cucmeMa KopaaMepuocmu k na MHOzoo6pa3uu N — 

3TO TpOHKa S — {v, C, a), COCTOflmafl H3 

(i) BeKTopHoro fc-paccjioeHHH i/; 

(ii) npocTpancTBa C; h 

(iii) HenpepbiBHoro OTo6pa}KeHHH p : Sp ^ C . 

ByflCM roBopHTb, hto HopMajibHbie CHCTCMbi {v, C,p) h (z^i, Ci,pi) aKeueajieumHU, ec- 
jiH cymecTByroT h30mop4)h3m paccjioeHHii b : v ^ vi h roMOTonHHecKaa SKBHBajieHTHOCTb 

r : C — » Cl, flJIfl KOTOpblX r Op~pi O Sh. O^BBH^HO, KJiaCC SKBHBajieHTHOCTH HOpMajIb- 

Hoii CHCTCMbi (/, k) hc 3aBHCHT OT K. 9tot Kjiacc Ha3biBaeTCH HopMajibuou cucmeMoii S{f) 

eAOOtCeUUSl f. HopMajIbHaa CHCTCMa BJIOJKeHHH HBJIHCTCfl H30T0nH^eCKHM HHBapHaHTOM. 

Tax KaK jiio6bie ;iBa BJiojKenHa N 5""+^ H30TonHbi npn K > n + 1, to S{f) ne 3aBH- 
CHT OT BjiojKCHHH / npH K > u + I. Qia HopMajibHaa cncTCMa Ha3biBaeTca cma6uAbHou 
HopMajibHou cucmeMou MHOzoo6pa3usi N h o6o3HaHaeTca Sk{N). 

HadcmpouKa T,S na^ HopMajibHoii CHCTeMoii (z/, C, p) — sto HopMajibHaa CHCTeMa 
{v © IjEC, p'), B KOTopoii p' aBjiflCTCfl Ha^CTpoiiKoii na^ p na KajK^OM cjioe. Heo6xo- 
duMoe ycAoeue Epaydepa-JIeeuna fljia bjiojkhmocth MHoroo6pa3Ha N b 5'"+'^ coctoht b 
cymecTBOBaHHH HopMajibHoii CHCTeMbi S Ha TV, TaKoii hto Yi^~^S ~ Sk{N) (acHO, hto 

9T0 yCJIOBHC HC 3aBHCHT OT K). 

TeopeMa Bpay^epa-JIesHHa. ITycmb N — saMKHymoe zjiadnoe n-MHOzoo6pa3ue, 
K > n + 1, fc^3 u cymecmeyem maKasi HopMajibuax cucmeMa S — {v, C,p) na N , nmo 
H^^^S ^ Sk{N) u 7ri(C) = 0. Tozda cyunecmeyem gAudnoe eAOCHcenue f : N ^ 5'"+'^ ma- 
Koe, umo S{f) ^ S. 

^jifl roMOTonn^ecKoii ccjaepbi N TeopeMa Bpay^epa-JIeBHHa 6biJia ^OKa3aHa b [Le65'j . 
a B o6iri,eM cjiy^ae — b |Br68j . Cm. TaxjKe |Gi71j . TeopeMa Bpay^epa-JleBMna BbiTexaeT 
H3 cjieflyiomeii jicmmm. 

JleMMa o KOMnpeccHH h fleHa/i;cTpoHKe. Uycmb F : N ^ gn+k+i _ QjiocuceHue 
saMKHymoso ZAadnozo n-MH030o6pa3UM, k^3,n + k^5u cyinecmeyem maKaM, nopMUAb- 
HUM cucmeMa S = {v, C,p) na N , nmo TiS ^ S{F) u 7ri(C) = 0. Tozda cyui^ecmeyem manoe 
ZAadnoe eAOCHcenue f : N ^ 5'"+*^, nmo S{f) ~ S . 



151 



^OKasaTejibCTBO jieMMM o KOMnpeccHH H flena^CTpoiiKe (npHHafljiejKamee Bpay^epy) 
HcnojibsyeT noHflTne HopMajibHoro HHBapnaHTa h npHBO^HTCH b [CRS04| . 
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